ANALYSIS OF THE MULTIPLEX MODEL*
William A. Allen

HE purpose of this paper is to determine the exact effects in the multiplex

model of any change in the elements of relative orientation. It has been
found convenient to solve the problem first for the general case. The specific
cases follow directly from the general solution.

Intersecting rays from projectors I and II form a model. The Cartesian
axes are so chosen that the coordinates of the perspective centers are (0, 0, 0),
and (a, b, ¢). A point in the model, (x1, y1, 21), is determined by the intersection
of ray I and ray II. In vector notation, (Fig. 1),

B + Iy = I. (1)

The model can be altered only by a translation and/or rotation of one pro-
jector relative to the other. The construction of the multiplex requires that
the translation be achieved by the three axial movements Ax, Ay, Az. The
rotation must be achieved by the three rotations «, 8, ¥ about the x-axis,
y-axis, z-axis, respectively.

If projector I1 is translated through

s = (A)i + (49)] + (A2)k,
and rotated an arbitrary amount, (1) becomes (fig. 2),
l[ai 4 87 + ck] + [(Ax)i + (Ay)j + (A2)k] — (1 + N)[2d + y1) + 2:k]
— A+ we—wi+@—yit—mk]l=0 (2

provided that ray I and ray II still intersect.
The axesi, j, k are defined as

1= anl + opj + ask
J = aul + anj + axk
k= Olali + aazj + assk,

where

= 1.

| Cpo

This orthogonal transformation can be interpreted geometrically. Pro--
jector II first is described with respect to the i, j, k system. When projector 11
is rotated, the i, j, k base vectors, if rigidly attached to the projector, would
have rotated into the position i, j, k. If the base vectors are not allowed to ro-
tate, then the transformation must be considered a rotation of projector II
with respect to the i, j, k system.

In order to ensure that ray I and ray II still intersect, we must place a
condition on the displacement. Thus, one of the elements of relative orienta-
tion, say Ay, shall be considered a dependent variable. Collecting terms,

[e + Az — (1 4+ N2 — (1 4 p)4li
+ [+ Ay — 1+ Ny — (14 wBlj
+ [e4+ 22 — 14+ Nau — 1+ w)Clk = o,
* Published by permission of the Director, U. S. Geological Survey.
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where

A= au(a = xl) + Otzl(b - y1) + 0131(6 - Zl),
B = ap(a — x1) + oaxn(d — y1) + az(c — 21),
C = Olla(ll = xl) + 0123(17 == y1) + 0133(6 — 21)-

Since 4, j, k are linearly independent, their coefficients can be set equal to
zero and we obtain,

2N+ Ap =a—m+ Ax+ A4
YN+ Bu— Ay=0b — n + B
2N+ Cu c — 21+ Az + C.

Solving by Cramer’s rule,

(@ — x1) + Ax Al
(c — z)+ Az C

_— )

x A
21 C
3)
¢+ Ax X1 A
b Y1 B
¢+ Az %1 C
Ay =
X1 A ’
21 C

In terms of the variables x, v, 2, ray I can be expressed
(1 + N(xid + y1j + zk) = i + 37 + zk.
Collecting like terms
[(1 =Na = «]i + (1 + Ny — y]i + [1+ Nz — 2]k = 0.

Since i, j, k are linearly independent, their coefficients can be set equal to zero.
Solving these three equations,

)‘=x—x1=y—y1_z—zl.

X1 Y1 21

To examine the effect of translation substitute in (3)

where the symbol 8,°, known as the Kronecker delta, is defined as

{1 for o =p
0 for o # p.

6,7" =
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Solving,
~ Ax (@ — x1)
% xX—2 yY— N 22— 2 Az (¢ — z)
B x y 3z X a ’
21 c
(4)
Ax a
0 M1 b
Az 21 c
Ay =
X1 a
21 Cc

The effect of an x-movement of projector II can be obtained by setting
Az=01in (4),

X — N Yy — 5N 22— 2

(c — z1)Ax
b

X1 V1 21 X1 — @z

A9 (ey1 — bz)Ax . )

cxXy — a2

The effect of a z-movement of projector II can be obtained by setting Ax =0 in

(4),

X—21 Y- N 22—z — (@ — x)Az
= = = )
X1 Y1 21 cx; —'azn
(6)
(bxy — ay1)Az
- cX¥1 — az

Under certain conditions projector II may be translated and no y-parallax
will be introduced in the model. Assume that the original model is parallax-free.
If projector II is translated in the epipolar plane determined by (x1, y1, 21),
no y-parallax will be introduced at (x1, ¥1, 21). If projector II is translated in
another epipolar plane determined by some other point, no y-parallax will be
introduced at that point. If projector II is translated along the intersection of
the epipolar planes, a line defined as the air-base, no y-parallax will be introduced
in the model.

The equation of the air-base is

B = ai + bj + ck.
Since (a+Ax, b+Ay, c+Az) lies on this vector or its extension,
v(ai + bj + ck) = (a + Ax)i — (b + Ay)j + (¢ + Az)k
a+ Ax b+ Ay ¢+ Az

a b c

y =

)
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Substituting in (4),
x—xl_y—yl_z—zl_Ax ()

X1 Y1 21 a

Thus, (7) specifies the relations among the translatory movements in order
to achieve a scale change in the model, and (8) determines the effect of such a

change.
To examine the effect of x-tilt substitute in (3)

Ax = 0, Az = 0,

an = 1, ap = 0, a3 = 0,
Ao = 0, Qg = COS a, Qg = sin a,
ag = 0, azp = —sina, az = CoS a.
Solving,
(b—9) (1—cosa)
(¢ — x1) "
x—x Y= N z2— %1 (c — =) sin «
—— = = X
%1 N 21 ¥ e (b — y1) (@ — cos @)
+ ® N
21 ¢ (c — =) sin & ©
a 21 + (@a—x1) (1 — cosa)
by — (c— 2) sin «
c znn + (b— ) sin «
Ay = 5
X1 (b — ) (1 — cosa)
+ .
21 ¢ (¢ — 21) sin «
To examine the effect of y-tilt substitute in (3)
Ax = 0, Az = 0,
11 = COS ﬁ, ajp = 0, a1y = sin ﬁ,
Q1 = 0, Oy = 1, Oz = 0,
ogi = — sin ﬂ, Qagy = O, 33 = COS B.
Solving,
a—x1) — (c— 2
( 1) ( 1) it B
- y—y  z—m (c—21) + (a6 — x)
X1 Y1 21 X1 a + a3 = (C = Zl) P ﬁ
21 c 21 + (a - xl) (10)
a x — (c— z)tanB
by + (b — y)(secp— 1)
¢ z1 + (@ — x1) tan B
Ay =
X1 @ x — (c— z)
+ tan B
21 c 21 + (d — xl)
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To examine the effect of swing substitute in (3)

Ax =0, Az = 0,

an = oS 7, oy = sin v, a = 0,

an = —siny, ax = cos7, a = 0,

ag = 0, azp = 0, azy =
Solving,

(¢ — x;) — siny
(c — =)
x—®m  y—yn  F—a b —19) (1—cosy)
X1 V1 Z1 X @ (@ — x1) — siny
+ 2
21 ¢ (b —y1) (1 — cosvy)
i (11)
a x — (b— y)siny

b y 4+ (@ — x) siny

c s 4+ (c—2z2)(1 — cos v)

(@ — %) —siny

(b —y) (1—cosv)

At this point we have accomplished our objective. Equations (3) determine,
for any specified displacement of the movable projector, the altered conditions
of any image point. Equations (5), (6), (9), (10), and (11) determine the
specific effects of x-movement, z-movement, x-tilt, y-tilt, and swing, where
the rotation movements are defined as being around the coordinate axes. The
effect of a y-movement of the movable projector is obvious, and has not been
considered. If the rotation is specified as a finite rotation about an arbitrary
line, the transformation is known immediately, (4nalytical Dynamics, E. T.
Whittaker, page 8). This case occurs frequently in the practical operation of
the multiplex, but shall be deferred because of its somewhat greater difficulty.

Ay =
X1 a

+

21 4
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