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geological study of aerial photographs, but
who wish a rapid, yet simple, way to
rectify slope and dip estimation.

In conclusion, it is well to repeat that
the illustrations accompanying this paper
are intended to depict the principles, and
not actual conditions of photography and
stereoscopy; also, the magnitude of varia
tion in vertical exaggeration and distortion
produced by each variable discussed may
or may not be significant. Each variable

must be subjected to an intensive quanti
tative test before its relative importance
can be known.
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AN EQUATION FOR APPROXIMATING THE VERTICAL
EXAGGERATION RATIO OF A STEREOSCOPIC VIEW

E. R. Goodale, Staff Photogrammetrist, Creole Petroleum Corporation,
Caracas, Venezuela

AT THE VII International Congress of
r1.. Photogrammetry, attention was called
to the interesting subject of the stereo
scopic estimation of dip-slope angles by
the photogeologist. One of the important
factors involved in estimating dip angles
is the amount any given stereoscope exag
gerates the vertical scale over the hori
zontal.

This vertical exaggeration of the stereo
scopic view need only be determined ap
proximately. However, up to the present
time, the author has not seen any mathe
matical expression of the vertical exagger
ation ratio, although several articles on
the subject have appeared recently in
PHOTOGRAMMETRIC ENGINEERING.

The purpose of this paper is to offer such
an equation and, at the same time, to sub
stantiate it with sufficient proofs to at least
invite its further discussion.

The geometry in this paper is limited to
that concerned with truly vertical air
photographs; also, for simplicity and con
venience, ground relationships are repre
sented in the positive counterpart of the
lens-negative plane.

For use of the equation, the only infor
mation needed is the focal length of the
air-camera lens. All other terms can be
measured on a stereo-pair of contact
prints. The eye base and viewing distance
will correspond to the individual observer
and the stereoscope used, and can easily be
measured.

DEFINITIONS

At this point some of the terms to be

used in the discussion will be defined. No
claims are made for these definitions of
terms other than to clarify their meaning
within the text of this paper. Photogram
metric terms of general usage have the
same definitions as given in chapter XIX
of the MANUAL OF PHOTOGRAMMETRY.

1) Vertical Exaggeration

Exaggerated impression of depth over
image size when viewed stereoscopically.

2) Photo Base

The distance measured between the
center points of two photographs of a
stereo-pair, when the images of all com
mon ground points which lie at the datum
elevation are in coincidence.

3) Photographic Datum Plane

Theoretical plane at the elevation of
any selected photographic image point (in
this paper a low point of the stereo-view),
from which image displacements are
measured, and to which the measurement
of the photo-base is referred.

4) Object Ray

Ray which has passed through the air
camera lens and by which the photographic
impression of a ground object has been
made.

5) Image Ray

Ray reflected from the photographic
image of a ground object to the eye or to
the stereoscope eyepiece.
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6) Stereoscope Focal Distance

Distance from' the image plane to the
stereoscope eyepiece, measured along course
of image rays.

7) Viewing Distance (pertaining to stereo- .
scopic viewing)

a) Without lens instrument: distance
from the image plane to the eye, measured
along course of image rays.

b) With lens instrument: same as
Stereoscope Focal Distance.

8) Eye Axes

Lines of sight along which observation
is directed, which usually converge at the
point on which the eyes are focused.

9) Convergency Angle

Angle defined at the eye by. two posi
tions of the eye axis when the eye lens ro
tates to focus on objects at different dis
tances. That part of the angle of depth
perception which corresponds to one eye.

10) Image Displacement

Parallax difference of any image point
in the stereo-view relative to the low
(datum) point, which can be measured on
two properly aligned photographs of a
stereo-pair. May also refer to the frac
tional part of the parallax difference corre
sponding to one photograph subtended by
the convergency angle of one eye.

11) Image Pla.ne

Plane facing the eye which contains the
images for stereo-viewing. It can be differ
ent for each eye.

12) Plane of Stereoscopic Fusion

Plane parallel to the Image Plane, on
which the fused images appear to lie when
viewed stereoscopically.

13) Print S.eparation Distance

a) With naked eye or simple magnifier
lens-type stereoscope: Variable distance
between common image points which lie
in the photographic datum plane, meas
ured with the photographs in alignment
for stereoviewing. Equivalent to the Abso
lute Parallax of such points.

b) With mirror-type stereoscope: Vari
able distance corresponding to the addi
tional amount of print separation from
that at which the geometric conditions for
no print separation are satisfied.

STEREO-VIEWING WITH NO PRI T
SEPARATION

/
Stereoscopic viewing with no separation

is an important factor in the derivation of
the equation. I t is employed as a base for
the geometric constructions and therefore
warrants being commented upon.

I t is possible to see stereoscopically
with no effective print separation. For
example, with a mirror-type instrument,
the photographs of a stereo-pair can be
placed so th'at the rays of common image
points enter the eyepieces at the same
angles as though they were in coincidence
on the table below. The mirrors and prisms
make it possible to view thus without
hindrance of overlapping prints.

Also, it is possible to view two photo
graphs stereoscopically with or without
an instrument, gradually reducing the
separation until common image points are
almost over one another. Of course, the
field of view will be reduced by the upper
print's sliding over and covering the detail
of the lower photo, until only a narrow
band can be seen stereoscopically. In fact,
stereo-vision is lost only by the complete
covering up of common detail on the bot
tom print.

Two common examples of stereoscopy
without separation are the vectograph and
anaglyph. Their registry is made by sepa
rating the images of common points dis
tances corresponding to their displace
ments, or parallax differences, referred to a
convenient datum plane. The common
images of points lying on the datum plane
are in coincidence.

ApPROACH TO THE PROBLEM

If possible, it would be helpful to depict
or simulate the condition of stereo-view
ing for the purpose of analyzing the phys
ical and psychological elements involved,
in order to obtain a vertical exaggeration
formula derived by a factual reconstruc
tion of the phenomenon.

Such an approach has already been fur
nished by C. A. J. von Frijtag Drabbe.5

This is a detailed treatise on the physical
and "psychical" elements involved in
monocular and binocular vision which, in
v. Frijtag Drabbe's opinion, contributed
to a proper understanding of stereoscopic
vision. His statements are substantiated
by a series of ingenious and simple experi-



APPROXIMATING THE VERTICAL EXAGGERATION RATIO 609

ments, which to this writer opened the door
to a new and clearer perspective of the
subject of vertical exaggeration.

Of particular importance is v. Frijtag
Drabbe's6 attempt to disprove the long
accepted theory of Wheatstone that the
plane of stereoscopic fusion is located at
the point of convergence of the eye axes
when viewing stereoscopically (see Figure
1). Also, by logical reasoning, the Wheat
stone theory is further refuted by the fact
that it is possible to view stereoscopically
with the eye axes parallel, or even diverg
ing. If the Wheatstone theory were true,
this would not be possible, since there
would be no point of convergence and
hence, no point of fusion.

C. A. J. von Frijtag Drabbe's last two
experiments, first with matches and later
with colored pencils, simulate the "condi
tion of stereo-viewing," and, in the opinion
of the author, prove that the plane where
one appears to observe the "stereoscopic,
three-dimensional reconstruction" lies be
tween the image (pencil) plane (ab) and
the plane passing through j (Figure 1), but
closer to ab than to f.6

In making the experiment described by
v. Frijtag Drabbe, with the red and blue
pencils, the author was able to observe
three images formed by the pencils; two
single images on the outside, and a fused
(red and blue) image in the middle. The
two single images on the outside corre
spond in color to their respective pencils
and appear to lie at the same distance
from the eyes at which the pencils are held.
The fused image, in the center, appears to
lie in a more remote plane; but, at the
same time, maintains its size and focus, as
though it were still on the image plane.

In the above experiment, as the matches
or pencils are removed from the eyes along
the same eye axes, the fused image ap
pears to precede them toward the point of
convergence j, but never quite succeeds
in reaching f. As the matches are made to
approach j, their separation becomes less
until the planes begin to merge; and, in v.
Frijtag Drabbe's words, "that last moment
we can hardly observe."

Experimenting still further along the
lines described by v. Frijtag Drabbe, and
holding the red and blue pencils in the
lines of vision focused on a remote point of
convergence (point j of Figure 1) the pen
cils may be separated still further, at the

same time ·concentrating on the fused im
age. (See Figure 2.)

As the pencils are separated, the fused
image appears to recede still further from
the plane of the single images (ab).

Inversely, as the pencils· are moved
closer together, the fused image appears
to approach the pencil, or image, plane;
until, with the pencils almost touching,
the fusion is lost due to the tendency to
merge on the part of the images and planes.

Therefore, it can be assumed that, if
the pencils could be made to coincide, the
stereoscopic fusion would coincide with the
position of the pencils.

These experiments prove that the posi
tion of the plane of stereoscopic fusion is
dependent upon three factors, to wit: eye
base; viewing distance; and image .sepa
ration.

It follows, then, that the apparent
change of the plane of fusion is that which
gives the impression of relief.

It can now be stated that the problem
consists in the ability to measure the dis
tance between the various planes of stereo
scopic fusion resulting from many image
displacements and from varying amounts
of print separation.

Is STEREO-VIEWING A PHYSICAL

OR MENTAL PROCESS?

Offering his experiments as a basis for
further investigations, v. Frijtag Drabbe
does not attempt to locate the planes of
stereoscopic fusion mathematically, nor
does he categorically opine as to whether
the stereoscopic fusion is physical or men
tal.

Ignoring the proverb that a fool steps
in where wise men fear to tread, the author
risks advancing the theory that stereo
scopic fusion takes place in the brain. From
experiments, it is apparent that the fusion
does not take place in the field of observa
tion, but results from the separate projec
tion of two images through the eye lenses
to the retina, thence transmitted to the
nerve cells of the brain, which in turn
translate the two images into the ster
eoscopic illusion.

The author believes, moreover, that the
fused image registered in the brain de
pends upon the geometry of the image ra~s

in the same manner as the photographiC
impression depends upon the geometry of
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f

FIG. 1 FIG. 2

the object rays entering the air camera,
with which the photogrammetrist is al
ready quite familiar.

EQUATION

The equation for determining the ap
proximate vertical exaggeration ratio (.Ev )

is based upon the geometry of the object
and image rays as presented in Figures 3,
4 and 5, and is stated as follows:

l.(b. + s)(b + d)
E - .

• - la(b.)(b. + md)
(1)

When:

f. =viewing distance, or stereoscope
focal distance.

fa = focal length of air camera lens.
be = eye base.
s = print separation.
b = photo-base.
d = image displacement.
md = image displacement mul tiplied

by the magnifying power of the
stereoscope. (

When the print separation is equal to the
eye base, i.e., when s = be, equation (1) can
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EXPLANATION OF FIGURE 3

Figure 3 is a vertical section of a stereo
scopic model, showing the spatial relation
ships of object and image rays which form
the three-dimensional view, when the
images' of the low (datum) point are in
coincidence.

It will be noted that the image displace
ments are purposely distributed unequally
between the two photographs and that
the stereoscope eyepieces are centered over
the photographic images of the low(datum)
point.*

From two positions of the air-camera

be simplified to:

E
v

= 2j.(b + d)
fa(b, + rnd)

(2)

lens, established by the coincidence of com
mon images of the low (datum) point, ob
ject rays are projected to points Un C and
Ut of the photographic image. Then, due
to the magnifying power of the stereoscope,
the displaced images U r and Ut are enlarged

* By experimentation, it will be found that
changing the position of the stereoscope eye
pieces along a line parallel to the image plane
does not make any appreciable change in the
height of the intersections which determine the
planes of fusion. It is noted, however, that the
optimum viewing efficiency, with least distor
tion, is obtained when the stereoscope eyepieces
are directly over their corresponding images,
i.e., when the eye axes are approximately paral
lel, or when the print separation is equal to the
eye base.

FIG. 3. Definitions:

Angles 8 and A= Convergency angles formed by object rays.
Angles 8' and A' = Convergency angles formed by image rays.

fa = Focal length of air camera lens.
f. = Stereoscopic viewing distance.
d = Sum of image displacements of high point u referred to photographic datum,

md = Image displacements times magnifying power (m) of stereoscope.
u=Point of intersection of object rays of high point.
u'=Point of intersection of image rays of high point.
e= Position of coincident images of low (datum) point.

Ur = Position of image of point u on right-hand photograph by displacement
from datum point e.

Ul = Position of image of point u on left-hand photograph by displacement from
.datum point e.

ur' and Ul' = Apparent positions of Ur and Ul when viewed through magnifying (stereo-
scope) lenses.

h = True height of high point u at photographic datum scale.
ho' = Stereoscopic height of high point u with no separation.
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EXPLANATION OF FIGURE 4 .

In Figure 4, there has been dropped the
illustration of the object rays. Attention is
confined to the projection of the image rays
first repeating those of Figure 3 as a start
ing point (Figure 4-a); and later, attempt
ing to develop their counterparts below
the photographic datum plane with sepa
ration s equal to be (Figure 4-b).

The separation of the photographs for
convenient stereo-viewing is accomplished
by rotating the convergency angles, to
gether with the image planes, around the
stereoscope eyepieces and through the
angles ex and {3 respectively, until the
images of the low (datum) point lie di
rectly beneath the stereoscope eyepieces.

t Equations (4) and (5) can be more easily
recognized from the simplified geometry of
Figure 5.

to appear at ur' and Ul by which displace
ments d are enlarged to md. Thence, the
image rays are projected to the stereoscope
eyepieces, by which angles 0 and A, formed
by the object rays, become angles 0' and
A', formed by the image rays converging
to the stereoscope ~yepieces. These are
the convergency angles of definition No.
9.

The intersection of the object rays at u
indicates the true height (h), over the
photographic datum, of the point at eleva
tion h.

The intersection of the image rays at u'
indicates the apparent stereoscopic heigh t
(ho'), over the photographic datum, of the
point at elevation h with no print separa
tion.

The standard formula for computing
the approximate magnifying power of a
simple lens stereoscope, 1.3,4 is repeated
here:

10
111=--------

focal length in inches

250

focal length in mms.

From the geometry of the object
figure 3, we have

11 = fa ,dt

b+d

and

f. '1IIdt110' = I

b.+md

or,

(3)

rays in

(4)

(5)

Angles 0 and A have been rotated to lie
at 0' and A',

Likewise, the image planes (correspond
ing to each eye separately), rotated from
ab, assume new positions at ax and by.

Line kc has been constructed perpen
dicular to the image plane ab at point c,
with no separation.

Lines ca' and cb' represent the continua
tions of kc, perpendicular to image planes
ax and by.

The new intersections, which ca' and
cb' produce with the rotated image rays,
provide the following similarities in the
geometry with and without separation:t

1) Angle 'Y plus angle Ii = angle 4>.
2) Angle L plus angle K = angle w. §
3) a' and b' are the counterparts of c.
4) Plane a'b' is the counterpart of plane

abo
5) Points uo' and uo" are the counter

parts of point u'.'
6) ho' is the counterpart of ho',
7) The plane passing through uo' and

uo" is the counterpart of the plane
passing through u'.

I t can be seen from Figure 4-b that the
separating of the prints has the effect of
creating a new reference plane for relief
measurement (a'b'). This plane passes
through the new intersections of the pro
jected image rays of the low (datum) point
with the construction lines ca' and cb'.
From this plane, the stereoscopic relief, with
separation s, is measured vertically to the
plane passing through the new intersec
tions of the projected image rays of the
high point, and is indicated in the figure
as ha'.

In Figure 4-b, this new reference plane
is called the "stereoscopic datum plane
with separation s." It is removed from the
photographic datum plane (ab) by the
distance n., the value of which is found
geometrically by locating plane a'b', as
explained in the previous paragraph.

t These similarities are based on the assump
tion that (J=(J' and A=A', equalities which are
only approximate, due to the rotation move
ments.

§ Angles if> and w will be recognized as "angles
of convergence," defined on page 524 of the
"MANUAL OF PHOTOGRAMMETRy."l As a matter
of interest, if>-W=(J+A.

~ There are four possible constructions for
locating points us' and u,-, only one of which is
shown.
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at qlqvation .h with no sqparation.

Stqr~oscopicDatum PI~ith s~pa

ration ~.

b

FIG. 4. Definitions:
Angles 8 and X=Convergency angles with no separation.

fngles 8' and A' = Conv~rgency angles with separation s.
Angles a and (3 = RotatIOn of convergency angles 8 and A.

Angles a' and (3' = Equal to rotation angles a and (3 by construction~of ax and by.
Angles", and w = Angles of convergence with no separation.

Angles 1', 0, Land K =Ang[es of convergence with separation s.
f. = Stereoscopic viewing distance.
ab = Photographic datum plane, also steroscopic datum and image planes with

no separation.
mdl and mdl' = Image displacements on left photograph, enlarged by magnifying power (m)

of stereoscope.
mdr and mdr' = Image displacement on right photograph, enlarged by m.

kc'=Construction line perpendicular to position of image plane with no print
separation.

ho' =Apparent stereoscopic height with no separation.
ax and by = New positions of image planes, rotated together with angles 8 and A.

ca' and cb' = Continuation of kc perpendicular to rotated image planes ax and by.
n. = Distance between photographic and stereoscopic datum planes with separa

tion s.
h.' = Apparent stereoscopic height of point at elevation h with separation s.
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_---b (photoba5e)----->l

Air Camera Le)is .Plan<z

1----5 (separetion)----+--

FIG. 5

fs
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From the foregoing, two conclusions are
evident:

1) The greater the print separation, the
farther removed from the photographic
datum plane will the new "stereoscopic
datum plane" lie.

2) The more the prints are separated,
the greater will be the stereoscopic relief
(hs') .

n. can also be derived algebraically from
the previously mentioned experiments, by
which n. is seen to be proportional to i.;
to s; and to 1/be• It follows, then, that n.
is proportional to (f•. s)lbe; or,

Restating equation (10) by substituting
equations (4) and (9) for hand hs', we have

EXPLANATION OF FIGURE 5

Figure 5 is also a vertical section of a
stereoscopic model and expresses the
geometry of Figures 3 and 4 in simplified
form. Equations (1) and (2) can also be
derived from this figure. The definitions of
the terms will easily be recognized from
those of Figures 3 and 4.

h,'
E.=-·

mh
(10)

which is equation (1)

(q.e.d.).

I.(b, + s)(b + d)Ev = ,
la(b,)(b, + md)

(6)
1.'5

n =K--• b,

Substituting for ho' from equation (5), and
for n. from equation (7), we have

Returning to the geometry of Figure 4, it
is apparent that

!!{ =~ . therefore It,' =.ho'(f, + n,). (8)
h,' I. + n. ' , I.

11,' = I.' md(b. + s) . (9)
b,(b, + md)

The value of hs', which has just been de
termined by equation (9) is the key to
finding the vertical exaggeration. The ratio
of the apparen t stereoscopic heigh t (hs') to
the true height (h), divided by the magni
fying power of the stereoscope (m), gives
the amount of vertical exaggeration (Ev),

and is expressed algebraically as follows:

CONCLUSION

The vertical exaggeration equation, as
presented here, has been checked visually
by several observers of unequal experience
in stereo-viewing, using several types of
stereoscopes, with varying amounts of
print separation and displacements.

An interesting example of possible ways
of using the equation was called to the
author's attention by Mr. W. R. Drake.
Using the author's data, he plotted a graph
in terms of the calculated vertical exag
geration related to the stereoscopic view
ing distance. For the same air-camera lens,
photo-base, eye base, displacement and
print separation, the vertical exaggerations
for the following stereoscopes were plotted:
Zeiss pocket, Ryker folding, Abrams-model
CF-8, Abrams-model CB-1, Fairchild
Stereo-comparagraph and Fairchild F-71.
The plotted positions fell in a straight line
on the graph.

Plotting a number of such graphs should
make possible selecting the proper stereo
scope and establishing the adequate print
separation to give the desired amount of
vertical exaggeration.

Some of the conditions which affect the
vertical exaggeration, and which are appar
ent from equation (1), are:

1) The longer the focal length of the air
camera lens (fa), the less the Ev.

2) The longer the photo-base (b), the
greater the Ev .

3) The longer the viewing distance (t.) ,
the greater the E v•

4) The wider the eye base (be), the less
the E v •

5)· The greater the magnifying power of

(7)
1.'5n. = --.

b,

when K is the proportionality constant.
The value of K may well be determined

by further experimentation, by finding a
direct way of measuring n•. However, in
using equation (6), is is assumed that K
has a value of one (1), inasmuch as this
agrees with the geometry of figure 4-b.

Should the value of K be proven experi
mentally to be unity, there would be a
strong indication that the theory of rotat
ing the convergency angles and image
planes to allow for the print separation,
as assumed in Figure 4, is correct. (See
second paragraph under "Explanation of
Figure 4.")

Assuming a value of one for K, equation
(6) becomes
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the stereoscope lenses (m), the less
the E•.

6) The greater the image displacements
(d), the less the E •.

7) The more print separations (s), the
greater the E•.
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