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ABSTRACT

It is proposed to determine the conditions of bomb release by the use of a single
photogrammetric camera, mounted in the bombing aircraft and photographing a suitable
system of reference points on the ground.

In addition to giving the position of the aircraft as a function of time, the method
allows the determination of the attitude of the aircraft as well.

I. INTRODUCTION

I NSTEAD of measuring the position of
a spatial object with several ground

based instruments, such as cinetheodolites
or ballistic cameras, it is possible to deter
mine the spatial position and attitude of
the object from a single photograph of
ground control points, taken by a photo
gram metric camera which is installed in
the object, provided it can be recovered
after the experiment. The over-all accuracy
of the result of such a method is com
parable to that obtained from methods
based on ground-established instruments.

Proposals for using air borne cameras for
trajectory determination have been made
before by others, for example (1), those
concerned with the application of photo
grammetry to non-topographical problems.
These proposals have been based on the
use of analogue computers. The spatial
resection is simulated either by using a
bundle of rays identical to the bundle
which produced the photograph, or a
bundle different from the original one. The
first principle is used in the universal
plotting machines; the second method is
applied in the automatic rectifiers.

The reasons for disregarding this meth
od until now may well have been:

(a) The limited number of high pre
cision universal evaluation machines or
rectifiers available for non-topographical
use;

(b) The need for highly skilled opera
tors and the subjectivity of the reduc
tioJ;l method.
The analytical method until now has

been considered entirely impractical. This

view has been based less on the complexity
of the analytical solution as compared
with the ground-based intersection meth
od, than on the amount of computing
necessary for a least squares adjustment in
the spatial resection problem. However,
this point, which was significant in the
past, has become of secondar)- importance
with the availability of electronic comput
ing devices. Consequently, the application
of the method of the spatial resection now
offers a practical, independent trajectory
measuring method. The method is es
pecially suited for determining angular
orientations in space.

In the following paragraphs, the resec
tion method is discussed in its application
to high altitude bombing. The statements
are general and, therefore, can be applied
directly to similar problems.

II. ApPLICATION TO RANGE BOMBING

In high altitude bombing it is necessary
to determine the spatial position and veloc
ity vector of the airplane at the moment of
release. In addition a measurement of the
attitude of the airplane is desirable. The
first of these objectives is obtained by
determining a series of points of the trajec
tory of the airplane as a function of time,
symmetrically arranged with respect to
the release point.

Instead of triangulating the spatial
position of each of these points by inter
secting two or more lines of sight originat
ing from ground based instruments, the
triangulation may be done by spatial
resections based on a series of photographs
of ground control points taken from the

* The contents of this paper will be published as BRL-Memo Report No. 787.
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IV. ACCURACY OF THE METHOD

Methods of reduction are treated in
"An Analytical Treatment of the Orienta
tion of a Photogrammetric Camera" (2).
The error theory of the general resection
method has proved to be rather complex.
For our purpose, the problem is simplified
by assuming vertical or" approximately
vertical photographs. In· addition, it is
assumed that the differences in elevation
between the control points are small
compared with the flying height of the
aircraft. Omitting the derivation, there
are the following mean errors of the ele
ments of exterior orientation denoted by
ma, m w , m. for the three rotations lX, w,
K, and mxo' myo' mzo for the coordinates
X o, Yo, Zo of the nodal point, respectively.

Formulas (1) to (6) are rigorous expres
sions if the control points are chosen in
sets of four, arranged symmetrically with
respect to the nadir point in the X, Y
coordinate system on the ground, or cor
respondingly, symmetrically with respect
to the principal point in the oriented x;
y-coordinate system on the plate.

where

c is the focal length of the surveying
camera

Zo the flying height above the plane
of the control points

x, y the oriented plate coordinates with
the principal point as origin (,2=X2
+y2)

J1.o the mean error of unit weight of a
single plate measurement, before
adjustment, and

p = 206265"

airplane. The advantage of such an ap
proach is especially significant in terms of
the total test effort. Ground operations,
originally requiring skilled crews to handle
measuring instruments, synchronization
and communication equipment are re
duced to the maintenance of a certain
number of signals used to mark the control
points which are being photographed from
the air.

In the airplane carrying ou t the bombing
mission, a precision surveying camera
must be installed, and the operation of
this camera requires one additional skilled
operator. In general, neither the additional
weight of the camera (250 Ibs.) nor its
space requirements (10 sq. ft.) will create
a serious problem. The moments of ex
posure are recorded directly in the air
plane. Often there will arise the necessity
to correlate the aerial photographs with
the other phases of the experiment as,
for example, the trajectory of the bomb.
The necessary ground-air time reference
may be established by recording photo
electrically on the ground a short duration,
high intensity flash on the airplane, trig
gered automatically by the surveying
camera at the moment of each exposure.

III. INSTRUMENTATION

An au tomatic plate changing camera,
the Wild RC-7, is available which performs
the changing of 80 plates at an adjustable
rate with a minimum interval of about 3
seconds. The Wild RC-5 with the Aviotar
or Aviogon lens (60 degree and 90 degree
with f=210 and 115 mm, respectively)
appears to be, at the present time, the
camera best suited for the purpose under
discussion. Here the changing of plates
must be accomplished by hand and, there
fore, the necessary time interval between
consecutive photographs will be larger.
This -fact, however, may not be serious
because it should be possible to record
photographically a sufficiently large series
of images on a single plate in the daytime,
provided the control points are marked
by targets in high contrast against the
surrounding area (e.g. white painted alumi
num plates). The establishment "of some
kind of signals equipped with active light
sources in connection with filters on the
camera may prove advantageous for both
day and night work.

Jl.oP
m,,= ---====

V[,2]

Jl.oPcyn
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[ ] denotes summation of the specific
term for the n control points

Assuming certain limits for the maxi
mum values of the oriented plate coordi
nates x and y, i.e. assuming a fixed size
of the photographic plate in the surveying
camera, the following conclusions may be
drawn from the formulas (1) to (6):

(a) The minimum mean error of the
swing angle K (formula (1» is obtained from
maximum radial distances r, and conse
quently is independent of the opening
angle of the lens, the flying height and the
distribution of the control points in
azimuth.

(b) The minimum mean error of the
flying height Zo (formula (4» is obtained
from the maximum radial distances r. In
addition, the mean error is directly pro
portional to Zo, but is independent of the
opening angle of the lens and the distribu
tion of the control points in azimuth.

(c) The minimum mean errors of the
rotational components ex and w (formulas
(2) and (3» are obtained froin maximum
values of x and y, or from points with maxi
mum differences in the absolute values of
the x and y coordinates, respectively. In
addition, the mean errors are directly
proportional to the focal length c, thus
calling for a camera of maximum opening
angle.

(d) The same conditions that lead to the
minimum mean errors of the rotational
components ex and w, as given in (c),
apply for the minimum mean errors of the
X o and Yo coordinates of the nodal point
(formulas (5) and (6». In addition, the
mean errors are directly proportional to
the flying heigh t and inversely proportion
al to the focal length.

(e) Conclusions (c) and (d) both call
for maximum x and y coordinates in order
to obtain minimum mean errors. These
requirements automatically include maxi
mum radial distances r as required under
(a) and (b). Arranging the control points
with regard to optimum geometrical con
ditions, formulas (1) and (4) reduce to a
form in which each mean error is expressed
by a certain constan t divided by the
square root of the number n of control
points carried in the solution. For addition
al control points, the law governing. the
mean errors becomes more unfavorable
because the x and y values of the addition
al control points are incompatible with

TABLE I

n
number of points

1 1
2 0.707
3 0.577
4 0.500
5 0.447
6 0.408

7 0.378
8 0.354
9 0.333

the optimum arrangement. The center
point is without benefit for the determina
tion of K and Zo, because r equals zero.
However, the center point is the best
choice as a fifth control point for deter
mining the rotations ex and w, or the cor
responding translations X 0 and Yo, re
spectively.

From Table I, it is obvious that more
than six control points do not increase the
accuracy of the result sufficiently to war
rant the increase of the computational
effort of setting up additional observation
al and normal equations. One may con
clude from the above statements that the
images of four control points in the corners
of the plate plus the center point provide
the most economical solution. Conse
quently, a square, pattern of ground con
trol points will provide an optimum geo
detic reference system.

(f) Formulas (1) to (6) show that the
mean error of anyone of the elements of
orientation is directly proportional to the
mean error of unit weight J.Lo of the plate
measurements. Therefore, it may be ad
visable to establish ground targets, each
of which is composed of several symmetri
cally arranged markers. The center of
symmetry serves as the geodetic reference
point. The corresponding plate coordi
nates are obtained by taking the arithme
tic average of the coordinate measurements
of the individual markers. Because the
random setting and measuring errors are
subject to the 1/yn law, it may be con
cluded again from Table I that a single
target should be composed of not more
than four or five individual markers.

(g) The mean errors of the geodetic
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reference coordinates are propagated like
the mean errors of the corresponding plate
measurements. In order to suppress suffi
ciently the influence of the mean errors of
the reference coordinates, it is necessary
that the component of the geodetic mean
error, which influences the determination
of a specific orientation element, is no
greater than one third of the mean error
of a plate measurement of unit weight
multiplied by the scale factor Zoic.

Table II giv~s the values of the various
errors calculated by means of formulas
(1) to (6), for a plate size of 180X 180 mm.
and maximum x and y coordinates of
±80 mm. The mean error of unit weight
of a measured plate coordinate, !J.o, is as
sumed to ± 5 microns. n denotes the num
ber of points, for optimum geometrical
condi tions.

Figure 1 shows the mean errors of a
component of translation and the cor
responding component of rotation as a
function of the opening angle of the lens
cone for n=4 control points arranged in
the corners of the plate. The curves indi
cate a minimum for the mean error of a
translation for an opening angle of the
lens cone of 100 degrees. Because of the
flatness of the minimum, the highest over
all accuracy for the problem under con
sideration is obtained with a cone with an
opening angle of about 120 degrees.

According to Finsterwalder (3) each
set of three reference points determines
for the spatial resection problem a critical
surface, which is analytically expressed
by a circular cylinder which contains the
reference points and is normal to the
plane of the three points under considera
tion. I t has become an almost stereotyped
phrase in all textbooks that the spatial
resection is worthless for practical pur
poses, because of the fact that in vertical,
or approximately vertical, photographs
the "critical cylinder" will always affect
the result. Actually, there is no substantial
reason to consider the existence of the "cri
tical cylinder" as a serious limitation to
the practical application of a single vertical
photograph for a spatial resection.

The fact is that for a vertical photo
graph the coefficient determinant of the
observational equations, or of the corres
ponding normal equations, asymptotically
approaches zero for a decreasing opening
angle (J' of the surveying lens. For a unique
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Opening Angle of the Lens Cone -

FIG. I.-Mean error of a component of translation, e.g. of Xo.
Mean error of a corresponding component of rotation, e.g. of a.
fl.O = ±5 microns.
n=4 points in the corners of the plate.
W a in seconds of arc.
mxo in 0/00 of Zoo
Minimum.
Opening angle of the lens cone.
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solution based on an equilateral triangle
this determinant equals, for a vertical
photograph, D = 2e6 tan 9CT/2 indicating the
dominant influence of CT on the reliability
of the resection solution. For CT = 60 degrees
or 90 degrees the value of the determinant
D will be sufficiently different from zero.
Because the forementioned determinant
changes sign as the center of projection
is moved from the inside of the "critical
cylinder" to the outside, there will be a
a zone of unreliability of the solution in the
vicinity of the "critical cylinder." How
ever, it is readily seen that for vertical
or approximately vertical photographs
taken with a 60 degree or 90 degree lens,
the topography of the area heing photo
graphed will seldom cause the location of
the center of projection to be located on,
or in the vicinity of, the "critical cylin
der."

The mean errors tabulated in Table II
indicate the relative accuracy of the spatial
resection method for an approximately
vertical photograph. In addition, there is
a systematic influence of the errors of the

elements of interior orientation of the sur
veying camera. Since the standard for the
measurements is supplied by the dimen
sions of the elements of interior orienta
tion, special care must be taken to cali
brate such a camera and to maintain this
calibration during the flight. Of special
importance is the use of glass plates having
a high degree of flatness. Adequate cor
rections for curvature of the reference
datum and for refraction must be made.

BIBLIOGRAPHY

1. Traenkle, C. A., "Resection in Space by
Projective Transformation." PHOTOGRAM
METRIC ENGINEERING Vol. XX, No.1, Mar.
1954.

2. Schmid, H., "An Analytical Treatment of
the Orientation of a Photogrammetric
Camera." Ballistic Research Laboratories
Report No. 880, Aberdeen Proving Ground,
Maryland. An abstract of this report was
published in PHOTOGRAMMETRIC ENGINEER
ING, Vol. XX, No.5, Dec. 1954.

3. Finsterwalder, S., "Die Geometrischen
Grundlagen der Photogrammetrie" Jahres
bericht der Deutschen Mathematiker- Ver
einigung, Vol. VI-2, 1897: Leipzig 1899.


