
84 PHOTOGRAMMETRIC E GINEERING

5. CONCLUSION

This exposition is by no means complete, particularly as regards the astro
nomical part of the procedure. Considerable work remains·to be done. Neverthe
less, several important conclusions may be drawn.

(1) For many problems requiring the measurement of small differences, the
mirror stereoscope and parallax bar is a powerful tool. Photogrammetrists
generally agree that the precision of setting a mark stereoscopically is twice
that of usual monocular setting.

(2) The application of sound principles to observations made with simple
instruments can result in astonishing accuracy. This is particularly importan t
in training and educational programs where expensive instrumentation is
generally not available. It will be readily recognized that all of these experiments
could be performed with much higher precision on a stereocomparator, but at
present no suitable stereocomparators are being manufactured. Even if they
were, they would probably cost around '$8,000, while the cost of the mirror
stereoscope and parallax bar is about $400.

(3) The use of stereoscopic vision for the measurement of small differences
greatly reduces the chance of errors due to identification. Such errors are not at
all uncommon in problems like the measurement of spectrograms. Also since the
observations are much simpler to perform, and two plates are measured simul
taneously, a considerable saving in time and strain for the observer may be
expected.

(4) It is a common principle in mathematics that when differences are to be
determined, differences should be observed. At present, star velocity differences
are computed by finding the absolute velocity values separately from each
plate. It may be expected that computation from directly measured spectral
line shifts will considerably increase the accuracy of the difference determination.
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INTRODUCTION

PHOTOGRAMMETRIC measurements are generally founded upon com
plete information about the inner and outer orientation of the camera in the

moments of exposure. In terrestrial photogrammetry, all elements of orientation
normally are assumed to be known from the photography as results of direct or
indirect measurements, but small errors of course are always present. In aerial
photogrammetry, on the other hand, the elements of the outer orientation are
only approximately determined in connection with the photography. Conse
quently, terrestrial photogrammetry normally means a simpler procedure than
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aerial photogrammetry to the extent that it concerns the principles of the
plotting procedure.

But as soon as we s.tart to determine with the theory of errors the real ac
curacy of terrestrial and aerial photogrammetry, we find that the problem is
very similar in both cases. Up to now, however, the theory of errors of terrestrial
stereophotogrammetry does not seem to have been treated to the same degree
as aerial stereophotogrammetry. In particular the error propagation within the
photogrammetric model as a function of the errors of the elements of orientation,
before and after an adjustment of discrepancies in control points, has not been
completely treated in anyone of the existing textbooks. Therefore there will be
discussed some of the main principles which are of interest in this case; also the
principles will be applied to a practical experiment.

For the introduction to the problem, and with the aid of some illustrations

FIG. l.-The principles of terrestrial photogrammetry. The photography.
Some elements of the inner and outer orientation are indicated.

there will be briefly demonstrated the general principles of terrestrial photogram
metry.

In Figure 1 the feature containing the points A and B is photographed from
the stations 0 1 and O2•

The inner orientation of the cameras-the principal point, principal dis
tance and the distortion-is known from the camera calibration; the outer orien
tation-the three coordinates x, y, z of each exposure station, the two angles
¢ and w which determine the direction of the camera axis and the angle K which
determines the location of the pencils of rays around the camera axis-is deter
mined in connection with the photography.

Figure 2 shows the general principles for the determination of the coordinates
of the point Pl.

The rays towards PI from the two stations can be reconstructed from the
image coordinates of the points PI' and Pr". From the left picture we obtain
the angles (¥l and {31 which determine the ray OIPI' from the coordinate plane
as:
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x/
tan 0/ = -

c

Zr' COS a
tan {3' = ---

c

(1)

(2)

In the same manner the corresponding ray from the right picture can be de
termined. Since the direction angles of the camera axis are known from the
photography, the direction angles of the rays OrPr and 02Pr can be determined.

Finally the coordinates of P r can be determined by an intersection from the
known points Or and O2• The figure also indicates that two different determina
tions of the elevations of P r are possible. This gives a welcome check of the meas
urements and computations. A discrepancy in the elevation determination is
known as vertical parallax and the presence of such a parallax makes evident
that something is wrong in the measurements or computations. Normally in
terrestrial photogrammetry, the accuracy of the measurements is so high that such
vertical parallaxes can be neglected. Sometimes, however, they have to be taken

FIG. 2.-The principles of terrestrial photogrammetry. The reconstruction of the rays from
image coordinates and the inner orientation. The determination of object coordinates by inter
section.

into account. In aerial photogrammetry, on the other hand, the vertical parallaxes
have to be corrected before other measurements can be performed. The correc
tion of the vertical parallaxes is the well known procedure of relative orientation.
In aerial photogrammetry the vertical parallaxes usually are called y-parallaxes
due to the orientation of the coordinate systems. The term vertical parallax is
still in use and originates obviously in terrestrial photogrammetry.

If there are control points, given with respect to the stations, discrepancies
are normally found in these points, between the photogrammetrically deter
mined coordinates and the given coordinates. These discrepancies are primarily
due to the small errors in the inner and outer orientation of the cameras and the
plotting instrument, and the errors of the measurements of the image coordi
nates. Normally, the discrepancies of the distance (y -) determination are the
largest compared with x and z and must obviously depend to a great extent upon
the ratio between the distance and the base.

It is obvious from Figure 2 that also very small errors, for instance in the
determination of the azimuth angles c/> of the camera axes, have a strong in
fluence upon the distance determination, and that the errors of the distances
grow rapidly with increasing distances. If the analytical connection between
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FIG. 3.-The normal case of terrestrial
stereophotogrammetry. The principles for the
determination of the coordinates x, y and z are
indicated.

p,
.ydifferent sources of errors and the re

sulting errors in the coordinate deter
mination were known, it would be
possible to determine numerical cor
rections to the elements of orientation
of the cameras; so that the discrepan
cies would vanish in the same number
of control points as the number of
orientation elements which are as
sumed to have an influence upon the
coordinate determination. But if there
are more control points than the used
elements of orientation, there are
superfluous observations, and conse
quently one has the problem of dis
tributing the discrepancies which can
not be compensated by the available
elements of orientation. In such cases
the method of least squares is normally
used. The corrections to the elements
of the orientation are to be deter
mined so that the square sum of the
residuals or corrections to the measure
ments of image coordinates is a mini
mum. This principle means that one
assumes the discrepancies, which can-
not be corrected by the elements of orientation, to depend primarily upon the
errors of the image coordinate measurements. The principles of the least square
method furthermore permits one to determine the standard error of the meas
urements, to determine the accuracy of the elements, and to study the error
propagation to the determination of the coordinates of arbitrary points.

These general principles will be applied to the most important case of terres
trial photogrammetry, the stereophotogrammetrie normal case, Figure 3.

The pictures are assumed to have been photographed at the stations 0 1 and
O2, with the same camera, or with equal cameras having the same principal
distances e and free from distortion. If distortion is present, the measurements
must be corrected; this is no real problem. The camera axes are perpendicular
to the base and horizontal. A phototheodolite and a stereocamera are shown in
Figures 4 and 5.

A coordinate system is assumed to have the origin at the left camera station,
the + x-axis horizontal towards the right station, the +y-axis in the left camera
axis and the +z axis upwards. The image coordinates are denoted x', x", z', Z".

The coordinates of an arbitrary point can be determined from the following
expressions which can easily be derived. See Figure 3.

be be
(3)y=

x' - x" p
yx' bx'

(4)X=--=--
c p

yz' bz'
(Sa)Zl = -- =--

c p
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yzll bz"
z? = -- =--

C P
(Sb)

The difference x' -x" of the image coordinates is thus denoted p and is
called the x- or horizontal parallax. Below only the word parallax will be used.

One also sees that two determinations of the z-coordinate are possible, and
that any disagreement indicates errors of measurements or computations. Of
course, attention has to be paid to the relative elevation of the stations.

FIG. 4.-Wild phototheodolite. FIG. 5.-Wild stereoeamera, b = 120 em.

The given formulas are called the fundamental formulas of stereo-photo
grammetry.

For other cases, for instance the vergent, parallel averted, etc. cases, similar
formulas can easily be derived. See for instance S.

1. THEORY OF ERRORS FOR THE NORMAL CASE

I.I THE FUNDAMENTAL ERROR EXPRESSIONS.

The accuracy of the coordinate determination according to the formulas
(3) - (5) is of course an importan t question. Small errors in the determination
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of the quantities b, e, images coordinates and parallaxes are assumed.

89

y Y
dy = - db + - de

b e

y2
-dp
be

(6)

x x x
dx = - dy + - dx' - - de

y x' e

z z z
dz = - dy + - dz' - - de

y z' e

z z z
= - dy + -dz" - - de

y z" e

(7)

(8)

These equatIOns can be changed into different forms, with the aid of (3) - (5).
For instance, equations (7) and (8) can be converted into:

x y xy
dx = - db + - dx' - - dp

b e be

z y, yz
dz = - db + - dz - - dp

b e be

(7a)

(Sa)z y" yz= - db + - dz - - dp
b e be

From (6) (7) and (8) it is immediately found:
1. Because y generally is much larger than x and z, the influence of the errors,

db, de, and dp is largest upon y.
2. The most important source of error is dp, since the influence is propor

tional to y2. The errors db and de can be assumed to be very small if the meas
urements of the base and the determination of the inner orientation of the
camera are performed carefully.

For an accurate method for the determination of the inner orientation of the
camera, see reference [3]. A regular grid is photographed perpendicular to the
grid from two stations on the normal from the center of the grid. The correc
tions to the preliminary determined data of the inner orientation can con
veniently be determined, and also the distortion. Also the standard error of the
observations can be found in an easy way, and furthermore the standard errors
of the elements of the inner orientation and the error propagation in functions
of the elements.

The next step is to investigate the sources of the error dp. Since p is defined
as p = x' - x" and consequently dp = dx' - dx", it is noted that any error of the
inner or outer orientation that has influence upon the image coordinates x'
and x" causes the error dp. Consequently there must be found the connection
between small errors of the inner and outer orientation on one hand and the
errors dx' and dx". Then formula (6) gives the relation between the y-errors in
control points and the errors of the inner and outer orientation. Knowing this
connection there can be found the corrections to the elements of the inner and
outer orientation from the discrepancies in a sufficient number of suitably
located control points.

From the literature, for instance [1], [2], one finds the differential formulas
for the influence of the errors of the inner and outer orientation upon the image
coordinates.
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The errors of the inner and outer orientation of the left camera (See Figure
6) are defined as follows:

dCI is the error of the principal distance CI at the photography.
dxt' and dzt' are the errors in the positive x'- and z'-directions of the determi

nation of the position of the principal point from the fiducial marks in the
image.

dx", and dz", are the translations of the principal point in the positive x'- and
z'-directions due to rotations of the negative around the z'- and x' -axis in
connection with the photography. Compare Figure 7.

z.' P
,

'I

,
i-------

----t!',

FIG. 6.-The elements of the inner and outer orientation. 0 is the point where the outer per
spective center is assumed to be located. Errors in the real location of the camera are denoted
dbx, dby and dbz.

dbxl, dbYI and dbz1 are the translations of the left camera in the positive x, y
and z directions.

d¢l, dWI and dKI are small rotations around the z, x and y-axis through the
perspective center.

The directions of the rotations in the formulas below are shown in Figure 6.
Since the rotations always can be assumed to be very small, all the approxi

mations in the definitions of the rotation axis are allowable.
The complete differential formulas for the influence upon the x'- and z'

coordinates of the assumed errors of inner and outer orientation are:

dx' =
x" x'z' x'

- dxt' - - dx", - -- dz,.' + -dcI -
C1

2
CI

2
CI

(
X") x'z'

- 1 + -2 cldc/>I - - dWI + Z'dKI
CI Cl

CI x'
- dbxI + - dbYI
Y y

(9)
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Z,2
dz' = - dzt' - - dzr'

Cl
2
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(10)

For the x" and z" coordinates of the right picture the corresponding expres
sions are obtained:

X,,2

dx" = - dxt" - - dxr"
C2 2

dz"

(11)

(12)

A verification and also a derivation of these formulas can easily be made
by studying the effect upon the image coordinates of the varying individual
errors sources geometrically. Take a ray from a point in the feature through the
origin as fixed, and investigate step by step the effect upon its image coordinates
of small individual translations and rotations of the image plane and the entire
camera. See Figure 7.

The effect of the errors of the image coordinates, as expressed by (9)-(12)
can be found from the expressions (6)-(8).

If it is assumed that Cl = C2 = C and there is used the relation dp = dx' - dx",
there is obtained, for instance for the influence of dp upon y:

2

dy = - ~ (dx' - dx"), and after inserting the expressions (9) and (11):
bc

2 { X,2 X"
2 x'Z' X"Z"

dy = ~ dxt' - dxt" + - dx,' - --dx," + - dzr' - -- dz r"

bc c2 c2 c2 C2

X' X" C C X' X" ( X,2)
- - dCl + - dC2 + -dpXl - - dbx2 - - dbYl + - dbY2 + 1 + - Cd</>l

C C Y Y Y Y c2

(
X1l2) x'z' x"z" }

- 1 + - Cd</>2 +- dCJIl - -- dW2 - Z'dKl + Z"dK2
c2 C C

(13)

The formula using the expressions (4), (Sa) and (Sb) can be rewritten.
From this there is first obtained:

and

XC
x' =-

y

c
x" = - (x - b)

y

(14)

(15)
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ez
z' =-

y

ez
z" = - .

y

(16)

(17)

Obviously it is assumed that, Zl = Z2 = z.
Through inserting the expressions (14)-(17) into (13) there IS obtained,

after some rearrangement:

y2 1 Z
dy = -(dx/ - dx/') +- {x 2dxr' - (x - b)2dxr"1 +- {xdzr' - (x - b)dzr"}

be be qe

z yz+ - {XdWl - (x - b)dwd + - (- dKl + dK2)'
b b

(18)

FIG. 7.-The influence upon the image co
ordinate x' of a rotation dq,' around the z'-axis.
From approximately similar triangles we easily
find that dx' is proportional to x".

FIG. 8.-The influence upon the y-determina
tion of a small error d</>, of the right camera in
the moment of exposure. If the plotting is per
formed under the assumption that the camera
axis had the dashed position at the exposure,
the straight full line at the top of the figure will
get translated and deformed into the dashed
curve, a parabola. A vertical plane would have
been deformed into a parabolic cylinder.
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Formula (18) expresses the influence upon the y-determination, of the errors
of the elements of orientation in the moments of exposure and the error of the
determination of the principal point from the fiducial marks in the pictures
(dx/, dx/').

The expression for the total error dy must also include the influence of the
errors of the settings of the elements of orientation in the plotting instrument
and the errors of the measurements of the parallaxes. The influence of the errors
of the settings of the elements of orientation in the instrument is, of course,
identical to the corresponding terms of (18) but with opposite signs. The influ
ence of the errors of the parallax measurements is given by the last term of (6).

There follows an investigation of the influence of the errors of the elements
of orientation of the photography; for this will be used the expression (18). In
connection with the adjustment of the orientation there will also be included
the errors of the orientation elements in the plotting instrument and the errors
of the m.easurements of the parallaxes.

Formula (18) provides many interesting relations between the different
errors.

The relative importance of the different sources of errors can, for instance,
be found. Of course, those errors which propagate with the square of x or yare
particularly dangerous. The most critical errors are obviously deth and d¢2, but
also dx/ and dx/' cause errors dy proportional to the y2. The determination of
¢l and ¢2 in connection with the photography is also normally rather weak
since the angle cP means the angle between the relatively short base and the
camera axis. Therefore, great care has to be used for the determination of this
angle. Compare Figure 8.

An example will demonstrate the error propagation.
If it is assumed that

x = b/2

y = 20b

dcPl = l'

then the influence upon the y from (18) is

dy = 1/b(400b2 + b2/4)1/3438 = O.l1b.

The error of the y is consequen tly rather large also for the smaIl error of the
angle ¢. The ratio b/y is of course of importance. The influence of assumed
errors in the other elements of orientation can be investigated in a similar way.

Since dbxl-dbx2 represents the error of the base, projected upon the x-axis,
then

dbxl - dbx2 = - dbx

and it is found that the relative base error propagates linearly with the distance
y. The influence of dbx upon y is of course the same as the influence of db in the
first term of formula (6).

If, furthermore, dCl=dc2=dc, the second term of formula (6) is obtained.
The signs are different because formula (18) refers to the errors of the elements
of orientation at the photography, and formula (6) with the corresponding
errors at the plotting.

From (18) it is further found that several errors of the elements of orientation
can substitute for each other more or less completely. For instance, d¢l and
d¢2 can partly compensate the influence of dx/, dx/', dxr' and dxr". dWl and
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dW2 can compensate for the influence of dzr' and dzr"t:>.. dKl and dK2 can compen
sate for each other, dbYl and dbY2 can compensate the influence of dCl and dC2
but only for a certain distance y.

It is also found that equal errors of some elements can be compensated by
another element. For instance, the influence of d¢l = d¢2 = d¢ can partly be
compensated by dbYl, dbY2 and for a certain distance y by dCl or dC2.

Some errors of the elements of orientation are harmless for points in certain
locations. For instance dzr', dzr", dKl' dK2' dWl and dW2 have no influence upon the
y-coordinates of points which have z = 0 or are located in a plane through the
camera axes.

Several more interesting conclusions can be found from formula (18). It is
of great value to investigate how vertical planes, located at different distances
from the base and perpendicular to the ideal camera axes, in the moments of
exposure, get deformed at the plotting if errors of the elements of orientation
are assumed. .

The results are very similar to corresponding deformations in aerial photo
grammetry.

1.11 ERROR PROPAGATION BEFORE ADJUSTMENT

The true errors of the elements of orientation are never known but normally
an estimate of the standard errors of the elements can be made by statistical
methods. If for instance, from repeated measurements of the elements of orien
tation, the standard error of the measurements has been determined, then the
standard error of the determination of y can be found by the special law of
error propagation, applied to (18).

The measurements of the different elements of orientation are assumed to
be free from mutual correlation, and the standard errors are denoted by m and
a subscript indicating the element.

From the special law of error propagation, and assuming the standard errors
of the elements of orientation at the photography to be equal in both stations,
one obtains the standard error my of y as:

2y4 1 Z2

m. 2 = -- m", 2 + - {x 4 + (x - b) 4) m x 2 + - {x2 + (x - b) 2) m 2
11 b2c2 t b2c2 r b2c2 'r

y2 y2 1
+ {x2+ (x - b)2)mc

2+ -mb",2 + - {x2 + (x - b)2) mby2
b2c2 b2 b2

1 Z2+ - [( y2 + x2) 2+ {y2 + (x - b2) )2 ]m¢2+- {x2+ (x - b) 2) m 2
b2 b2 w

2y 2z2

+ --m.2

b2

(19)

The influence of the standard errors of the settings of the elements of orienta
tion in the plotting instrument and the standard error for the parallax meas
urements have to be added to (19) for the determination of the total standard
error my.

The expression for the total standard error my
2 will consequently consist of

(19) and another set of terms with the same coefficients as (19), but with
special subscripts in the standard errors of the elements of orientation in order
to indicate that these standard errors belong to the plotting procedure.
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The term which expresses the influence of the standard error of the parallax
measurements is (y4/b2c2)mp2 in accordance with (6). m p is the standard error of
the parallax measurement. Similar expressions can easily be established for the
standard errors of the x- and z-coordinates.

After a determination of the standard errors of the measurements of the
elements of orientation of the cameras, of the setting of the elements of orienta
tion in the plotting instrument, and of the parallax measurements, the standard
error of the coordinates x, y, and z can be determined in the indicated way.

It is obvious that a good determination of the coordinates x, y, and z requires
that only very small errors in the elements of orientation from the photography,
from the reconstruction of the orientation in the instrument and from the
parallax measurement procedure, are present. Also the ratio y/b plays an impor
tant role for the error propagation.

If terrestrial photogrammetry is applied to measuring problems where no
control data are available, for instance in meteorology, and a good accuracy is
wanted in the determination of the coordinates x, y, and z, there must be
assumed:

1. A good distance/base ratio.
2. Stabile cameras with an accurately determined inner orientation.
3. Accurate measurements of the outer orientation in connection with the

photography.
4. A high accuracy in the reconstruction of the orientation in the plotting

instrument.
5. A high accuracy in the measurements of the parallaxes.
Here are the reasons why amateur cameras normally cannot be used for

reliable photogrammetric' determinations of the coordinates x, y, and z.
For the determination of coordinate differences the conditions are easier.
One can easily find the influence upon a coordinate difference Yl - Y2 of the

errors of the elements of orientation from the photography in applying (18)
to the coordinates of the two points (XlYlZl) and (X2Y2Z2) and determining the
difference dYl - dY2.

From the corresponding expressions for dx and dz the errors of coordinate
differences in x and z can be determined.

1.2 CORRECTION AND ADJUSTMENT OF THE ELEMENTS OF ORIENTATION

WITH THE AID OF CONTROL POINTS

1.21 THE GENEItAL PROCEDURE

Since obviously considerable errors in the coordinate determination must be
assumed, control points normally must be available for a check of the results.

The photogrammetrically determined measured coordinates are denoted
with the subscript m and the corresponding given data with a subscript g. The
error of the photogrammetrically obtained coordinates is defined by:

dy = ym - yy (20a)

dx = Xm - Xy (20b)

dz = Zm - Zy. (20c)

Since the y-determination normally is the most critical, one concentrates upon
the treatment of the errors of y. The treatment of the errors of the other coordi
nates can be performed in a similar way.
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- xdbYl + (x - b)dbY2}

(21)

The dy is assumed to be caused by:
1. The errors of the elements of the mner and outer orientation of the

cameras
2. The errors of the settings of the elements of orientation in the instrument
3. The errors of the measurements of the parallaxes.
Since the two first sources of errors have similar formulas for the error propa

gation (18) it is assumed that the differentials are combinations of the sources
of errors under 1 and 2.

It is also seen that the influence of the errors of the parallax-measurements
can be included in the first term of (18).

Formula (18) can therefore be regarded as the error-or correction equation
between the elements of orientation and parallax measurements on one hand
and the errors dy on the other. Since the parallaxes are assumed to be measured
with equal weight, it is suitable to convert the distance error dy into parallaxes.
This is performed by dividing both sides of equation (18) by y2/bc.

The correction formula for the determination of corrections to the approxi
mate elements of orientation from the photography which were used at the
plotting for the determination of ym, is according to (18):

d~c 1 z
-- = dx/ - dxt" + - {x2dxr' - (x - bFdxr"} + - {xdzr' - (x - b)dzr"}

y2 y2 y2

1 c c+ - {- XdCl + (x - b)dc2} - - dbx + - {
y y ~

C+ - [(y2 _ x2)d¢1 - {y2 + (x - b)2d¢d ]
y2

cz cz+ - {XdWl - (x - b)dwz} + - (- dKl + dKz),
y2 Y

A check of the signs of this formula can easily be performed from a simple
geometrical discussion.

If the corrections of the elements are to be introduced into a plotter, the
positive directions of the scales of course at first must be taken into account.

In such cases in terrestrial photogrammetry, when the feature is close to the
cameras, the determination of the control distances Yu from the base to the con
trol points can be affected by a constant error due to the difficulty of locating
the outer perspective centers of the cameras.

In such cases it is suitable to assume a constant correction to all photo
grammetrically determined y-coordinates. If this correction is called dyo the
corresponding parallax correction is found to be - (bcdyo/YZ).

If a determination is desired of the corrections to the elements of the orienta
tion completely from the discrepancies in control points, obviously a great
number of control points must be assumed.

However it is important to remember that some of the elements have
identical or similar influence upon the dy. Such elements, the coefficients of
which are identical or proportional, therefore can replace each other com
pletely, and it is sufficient to determine corrections to one of the elements only.
An example is dKl and dK2 which can be substituted for each other completely.

Other elements can substitute for each other partly, as for instance, d¢l
and dx/. In such cases new variables can be introduced. In other cases the sum
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of equal variables as, for instance, d¢l=d¢2=d¢ can be substituted by another
variable, in this example dbYl or dbY2.

After considerations of these and similar relations one finds that different
combinations of elements can be used for the corrections. The choice should
also be made with a certain reference to the used instruments and the circum
stances at the photography and the measurements of the elements of orientation.

For most cases in close-up terrestrial photogrammetry, the following com
bination seems to be suitable:

(22)

The corresponding elements of the left picture could of course also be used.
If the y-differences of the feature are comparatively small, and the principal

distances of the cameras are determined with good accuracy, the de2 can be
left out since dbY2 under such circumstances can be a sufficient substitution.

Furthermore, in practice, the Wl, W2, Kl and K2 normally are very accurately
determined with the aid of spirit levels. If in addition the elevation differences
within the feature are relatively small and the dzr' and dzr" can be neglected,
the dW2 and dK2 in (22) can be omitted.

After these simplifications, which for normal work with reliable instruments
are allowable, one can concentrate upon the determination of the corrections:

dbx, de2, dbY2 dcP2 and dyo. (23)

Obviously there is a need for at least 5 control points, well distributed in the
feature.

According to (21) and introducing the expression for dyo there is secured 5
equations of the type:

(24)

dybe c x - b (x - b)c
- dbx +-- de2 + dbY2
y Y y2

{
l + (x - b)2} edcP2 _ be dyo

y2 y2

In this equation dy is the difference y", - Yu in each of the control points with
the coordinates x and y.

From the five equations, obviously the corrections of the elements can be
solved, and then applied to compute corrections to the photogrammetrically
determined distances y to other points than the control points with the aid
of (24).

ADJUSTMENT AND ERROR PROPAGATION BY THE LEAST SQUARE METHOD

If there are more than five control points more variables can be introduced
or only the five can be used but the discrepancies are treated by adjustment
procedures.

For the latter case the expression (24) is then written as a working correc
tion equation :

c (x - b) (x - b)e
v = - - dbx + dC2 + dbY2 -

Y Y y2

be dybc
- dyo ---
y2 y2

{l + (x ~2b)} CdcP2

(25)
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TABLE 1

Point Xm Ym dymm Point Xm Ym dymm
------- - ---- - ----

1 0.00 12.00 22 8 1.25 30.81 40
2 0.00 36.00 64 9 0.00 37.54 49
3 -10.00 36.00 83 10 -11.52 37.37 99
4 10.00 36.00 24 11 - 7.08 37.43 87
5 0.00 24.00 39 12 6.86 37.59 62
6 5.00 24.00 57 13 11. 76 37.65 47
7 5.00 24.00 26

If one wishes to determine the corrections so that the square sum of the re
siduals v becomes a minimum, the common principles of the least square method
are used. This means the solution of a system of normal equations formed from
(25). Note that v refers to parallaxes.

The square sum [vv] from the solution of the normal equations will show how
well the discrepancies have been corrected by the used elements.

Under the assumption that the residuals are caused by accidental errors of
the observations of the parallaxes, there can be determined the standard error
of one observation and also the error propagation with the principles of the
least square method can be studied. Although this procedure means a certain
approximation because the residuals may be caused by the uncorrected ele
ments of orientation, which act as sources of systematic errors, a practical ex
ample will show the principles and particularly determine the standard error of
the observations.

1.211 PRACTICAL EXAMPLE

A phototheodolite Zeiss, c = 192.09 mm. image size 13 X 18 em. was used
for stereoscopic photography of a test field. The base was 4.024 m. and 13 con
trol points were located in the field, see Figure 9.

The photography was performed according to the normal case.
The measurements of the negatives were performed in a Zeiss stereocom

parator and the x-, y-, and z-coordinates were computed according to formulas
(3)-(5). •

The computed y-coordinates were compared with the given data. The

TABLE 2

Point db' dc, dbY2 d¢2 dyo' ey

1 -1.601 -0.334 -0.536 -0.214 -5.365 -1.178
2 -0.534 -0.111 -0.060 -0.195 -0.596 -0.383
3 -0.534 -0.390 -0.208 -0.221 -0.596 -0.495
4 -0.534 +0.166 +0.089 -0.198 -0.596 -0.143
5 -0.800 -0.167 -0.134 -0.198 -1.342 -0.523
6 -0.800 -0.376 -0.302 -0.219 -1.342 -0.765
7 -0.800 +0.041 +0.033 -0.192 -1.342 -0.349
8 ":0.650 -0.090 -0.053 -0.194 -0.815 -0.326
9 -0.513 -0.107 -0.055 -0.194 -0.549 -0.269

10 -0.515 -0.416 -0.214 -0.225 -0.554 -0.547
11 -0.514 -0.296 -0.152 -0.208 -0.551 -0.479
12 -0.512 +0.076 +0.039 -0.193 -0.546 -0.338
13 -0.510 +0.206 +0.105 -0.200 -0.545 -0.256

From the coefficients of Table 2 the normal equations, Table 3, are formed and solved.
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errors dy = Ym - Yu are shown in Table 1, together with the location of the points.
The computation of the coefficients of formula (25) is shown in Table 2.

To avoid too large values of the coefficients the following substitutions are
used:

dbx
-= db' (26)
100

dby
__2 = db 2' (27)
100 Y

dyo (28)1000 = dyo'

Furthermore the dy of Table 1 are expressed in units of 0.1 mm.
The term dybc/y2 is called CY '

From the normal equations is obtained the square sum of the residuals as
[vv] =0.0292. As usual the standard error f..t of the measurements is obtained as

f..t= ./~.
11 n-u

(29)

Since the number n of con trol points is 13 and the number of u of used elements
is 5, the [vv] corresponds to a standard error of one observations as 0.06 units
of 0.1 mm. or 0.006 mm.

The corrections to the elements of orientation are obtained as:

db" = - 3.7 mm.

dC2 = + 0.04 mm.

dbY2 = - 17.5 mm.

dcP2 = - 0.000077 radians = - 2'

dyo = + 6.9 mm.

The standard errors of the elements can be obtained in the usual way from
their weight numbers and the standard error of the observations" The weight
numbers are determined from the normal equations in the usual way.

The weight number of, for instance, db' is Qb'b' =33.5168 and the standard
error of db', consequently

mb' = J1.VQb'b' = 0.035 mm.

From the relation

dbx = 100db'

the standard error of bx is found as

mbx = 3.5 mm.

The standard errors of the other elements are in this case:

me. = 0.05 mm.;

m",. = 0.00070 radians = 2.'4

my. = 11.5 mm.
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(30)

1.22. THE ERROR PROPAGATION AFTER THE ADJUSTMENT

The y-coordinates or primarily the parallaxes of arbitrary points can be cor
rected numerically with the aid of the corrections to the elements of orientation.
For this purpose the formula (24) is used.

The standard errors of the corrections can also be found by the same formula,
to which is applied the general law of error propagation. (See reference 4.) The
elements of orientation are now correlated since their corrections have been
determined from the same observations. The correlation is expressed by the
correlation numbers, which can be obtained from the normal equations. The
weight number of the y-correction of an arbitrary point can also be obtained
directly from the normal equations after inserting an extra column containing
the differentials of the expression (24). See reference 3.

If here there is used the general law of error propagation and also the weight
number 1 for the observed parallax introduced, there is obtained from (25), the
weight number of the parallax in an arbitrary point after the adjustment:

c2 (x - b)2 (x - b)2C2 {(x - W} 2

Qpp = -Qb"'b'" + Qcc + QbY2bY2 + 1 + c2
Q</></>y2 y2 y4 y2

b2c2 2(x - b)c 2c2(x - b)
+ - QyoYo + 1 - 2 Q bXC2 - Qb"'bY2

y4 Y y3

2c2 { (x - b)2} 2bc2 2c(x - b)2+ - 1 + 2 Qb"'</>2 + -- QbxyO + Qr2bY2
y y y3 y3

2(x - b)c { (x - b)2} 2bc(x - b)
- ---- 1 + 2 Q C2</>2 - 3 Q C2YO

Y Y Y

2c2(x - b) { (x - b)2} 2bc2(x - b)
- 2 1 + 2 QbY2</>2 - 4 QbY2YO

y Y Y

2bc
2

{ (x - b)2}+ -- 1 + Q</>2YO'y2 . y2

The weight number of the distances y is then obtained from the weight
number of the parallaxes (30) and using the relation dy= -(y2/bc)dp:

y4
Qyy = b2c2 Qpp

The standard errors of the distances yare finally found as

(31)

(32)

where Ii- is the standard error of the parallax measurements.
Formula (32) is the theoretically correct expression for the standard error

of arbitrary y-coordinates under the assumed conditions and does not seem to
have been derived earlier. The distribution of the standard error can be shown
graphically after plotting formula (32) for varying x and y. It must be empha
sized, however, that the neglected influence of some elements of orientation
means a certain approximation, particularly in the method used for the determi
nation of the standard error of the observations. But the complete and theoreti
cally fully correct procedure is still more complicated and less suitable for prac-



SYMPOSIUM-NON-TOPOGRAPHIC PHOTOGRAMMETRY 101

tical application. The mean value of the y-errors within a certain area can be
found after a double integration of (32).

It is, of course, also possible to include the errors of the x- and z-determina
tions in the adjustment procedure, since partially the same elements have
caused the discrepancies of x and z as of y. See formulas (4) and (5).

For the theoretically correct determination of the standard errors of x and z
of arbitrary points after the adjustment of the discrepancies of all three co
ordinates in the control points, a procedure similar to that demonstrated above
can be used. The influence of small vertical parallaxes can also be taken into
account.

If the discrepancies of y only have been adjusted as demonstrated above,
the standard errors of x- and z- can approximately be determined from the

t
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FIG. 9.-The location of the control points in
the test field.

L

FIG. 10.-The location of control points for
the simplified correction procedure.

first terms of formulas (7) and (8). In addition the standard errors of the
measurements of the x'z' or x"z" coordinates have to be taken into account.
These measurements are normally monocular in the stereocomparator.

Of. course, the whole adjustment and error propagation procedure can be
varied with respect to the conditions of the photography and plotting. Such
elements as are accurately determined, can be neglected regarding their influ
ence upon the coordinate errors, but the selection of such elements can be made
from case to case only.

Test measurements are consequently necessary for each combination of
cameras, instruments and also operators.

1.23. A SIMPLIFIED PROCEDURE FOR THE DETERMINATION OF THE CORREC

TIONS OF THE ELEMENTS OF ORIENTATION FROM DISCREPANCIES

OF THE DISTANCES

The procedure for correcting the elements of orientation can be considerably
simplified if the control points are located in certain positions. One possible and



db' dC2 dbY2 d"" dy,' -ey Qb' Qc, Qby, Qq., Qyo' 5+1 2.:

7.0760 1.4510 1.4536 1.8069 14.7024 -4.9222 1 0 0 0 0 22.5677 22.5677
0.8029 0.5881 0.3915 3.0371 -1.3150 0 1 0 0 0 5.9557 5.9556

0.5396 0.3133 3.7203 -1.2161 0 0 1 0 0 6.3989 6.3988
0.5423 3.0496 -1.2572 0 0 0 1 0 5.8464 5.8464

37.4230 -10.4297 0 0 0 0 1 52.5027 52.5027
3.6675 0 0 0 0 0 15.4727 15.4727

2.6601 0.5455 0.5464 0.6793 5.5270 -1.8504 0.3759 0 0 0 0 8.4838 8.4838
0.7109 0.4079 0.0294 0.0311 -0.4299 -0.2885 1.4067 0 0 0 1.8678 1.8676

0.2732 -0.2559 2.5172 -0.1087 -0.3210 -2.1003 3.6603 0 0 3.6658 3.6648
0.1204 -0.5125 -0.1279 -2.7326 -4.8073 7.7799 8.3056 0 8.0274 8.0256

0.5247 0.0360 -5.0717 5.2971 -9.9609 8.1124 1.9059 0.8407 0.8435

[vv] = 0.0292
. /0.0292

/l=o/-8-=0.006 mm.

TABLE 3

db'= -0.037 mm.

dC2=+0.04 mm.±0.05 mm.

dby,= -17.5 mm. ±7.9 mm.
d",,= -0.000077 radians = -2'±2.4'

dyo' = +0.0069 mm.

dbx = -3.7 mm.±3.5 mm.

dYo=+6.9 mm.±l1.5 mm.
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(33)

suitable pattern of a minimum of control points is shown in Figure 10.
It is assumed that there are four control points within the stereoscopic field.
Points 1 and 2 are located in the left camera axis and at the distances kib

and kb respectively from the left station.
The points 3 and 4 are located on the perpendicular to the left camera axis

through point 2 and at the same distances k2b from point 2.
b is the base of the photography and k, k i and k2are arbitrary multiples of the

base which have to be chosen so that the control points are located within the
stereoscopic field, and if possible so that the feature is surrounded by the figure
1-3-2-4.

In principle, the points should be located in the horizontal plane through the
camera axes but certain deviations can be allowed, particularly if KIK2 WI and W2
are well determined and furthermore the inner orientation is stable.

It is assumed that the elements db"" dbY2 and d<P2 are to be corrected. There is
added the term for a constant error dyo as introduced above. The correction
formula for the connection between the errors of y and the corrections of the
elements is, according to (18):

y x - b {(X - W} y2
dy = - - dbx + -- dbY2 - 1 + - d<P2 - dyo.

b b y2 b

For each of the control points is obtained an equation of this type in which the
coordinates of the coefficients are inserted according to the coordinates of the
control points according to Figure 10.

The equations in Table 4 are secured.

TABLE 4

Coordinates Coefficients of
Point Ym-Yu

x Y dbx dbY2 dcJ>2 dyo

1 0 k,b -k, -1 -bCk. 2+1) -1 dy.
2 0 kb -k -1 -bCk2+1) -1 dY2
3 -k,b kb -k -k2-1 -blk2+Ck,+1)2) -1 dY3
4 k 2b kb -k +k2 -1 -blk2+Ck2-1)2) -1 dy<

By solving the equations of Table 4 is obtained:

2k22dYl - 2dY2(k2 - k I2 + k22) + (dY3 + dY4)(k 2 - k1
2

)
dbx = --~-_----:----------------

2(k - k l )k22

- 4dY2 + dY3(2 - k2) + dY4(2 + k2)
dbY2 = ---=----------=---------=-------

2k2
2

(34)

(35)

2dY2 - dY3 - dY4 (36)
d<P2 = -~----~

2bk22

dyo = - dYI - kIdbx - dbY2 - b(k 1
2+ l)d<p~1 (37)

In this way the corrections of the elements can be obtained directly from the
discrepancies in the control points and the coefficients k, ki and k2 • These coeffi
cients can be chosen arbitrarily and with respect to the shape and size of the
feature, location of the cameras, etc.
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(38)

For a study of the error propagation from the measurements of the parallaxes
to the elements of orientation and to functions of these elements, there can be
used the formulas (34)-(37) directly after having substituted the measurements.
From the relation

y2
dy = - -dp

be
the corrections dbx etc. can be expressed as direct functions of the errors dp of the
measuremen ts.

For instance from (36) and Table 4 is obtained:

k2( - 2dP2 + dPJ + dp4)
dcf>2 = ---------

2ek2
2

If there is assumed the same standard error f.l of the measurements of the
parallaxes p and no correlation, the standard error of cP2 can be obtained by
applying the special law of error propagation to (38).

The weight number Q<P2<P2 will thus be obtained as the square sum of the
coefficients of dp. And from (38):

(39)

(40)

and the standard error m<p, as

jJ.k2 _
m<p9 = --y6

- 2ek 2
2

In a similar way the weight numbers and standard errors of the other ele
ments of orientation can be found from (34)-(37).

For the error propagation in functions of. the elements, the correlation
numbers have to be determined. These can be found from (34)-(37) as the
product sum of the coefficients of corresponding dy. After substituting the dy
by the corresponding parallaxes one finds for instance:

(41)

By the aid of the general law of error propagation, the standard error of
an)\" function of the elements then can be determined.

The standard error of the observations f.l is of course of great importance since
it appears as a factor in all expressions for error propagation. In principle,
the normal procedure for the study of error propagation, as outlined above, can
be applied in a theoretically correct way only if f.l refers to accidental observa
tional errors. This means in our case that the errors of the neglected elements
of orientation must be 'so small that the accidental observational errors domi
nate. Of course, systematic errors, as for instance distortion, are also neglected
or are assumed to be corrected in all measurements.

Under these assumptions the standard error of the observations can be deter
mined from an adjustment procedure of discrepancies in a great number of
control points by a similar procedure as has been demonstrated above 'under
2.11.

Great attention must be paid to the qualities of the camera, plotter and
operator, in order to find those elements of orientation, the errors of which
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can be neglected in practical work. Consequently, test measurements are neces
sary for photogrammetric equipment and procedures in order to determine the
standard error of the observations. The more carefully this work is done the less
is the approximate character of the formulas for the error propagation.

1.231 PRACTICAL APPLICATION

The formulas (34)-(37) are applied to the data in Table 1 and points 1, 2, 3
and 4 are chosen for the determination of corrections.

The obtained corrections are:

dbx = 27.3 mm.

dbY2 = 15.3 mID.

dtjJ2 = 0.000422 radians = 1.'4

dyo = 58 mm.

After applying the corrections to the discrepancies of the rest of the control
points, there is found the mean square value of the residuals in the remaining
control points of 20 mm. A considerable improvement of the y-determination
has thus been obtained by the used simplified method for determination of
corrections to the elements of orientation. Due to the strong correlation between
the elements of orientation, the corrections can vary rather much for different
combinations of control points.

In many cases in practice it may of course be difficult to place control points
in accordance with Figure 10. But particularly in non·topographic applications
a similar arrangement often ought to be possible. An easy check of the accuracy
of the elements of orientation is in such cases possible, and corrections can
obviously be determined if necessary.

SUMMARY

This paper contains a concentrated demonstration of the theory of errors
for the terrestrial stereophotogrammetric normal case. Particularly the con
nection between the errors of the elements of orientation and the errors of the
distances y from the base to arbitrary points has been treated, since the dis
tance determination normally is the most critical. The error propagation from
the elements of orientation has been demonstrated before and after an adjust
ment of discrepancies in control points. In a practical example the theory has
been applied to the determination of the corrections of the elements and the
error propagation.

Finally, a simplified procedure for the determination of the corrections from
discrepancies in suitably located control points has been demonstrated. Such
a procedure is of particular interest for many non-topographic applications of
photogrammetry, for instance, culture-historical purposes. In such cases the
final plotting of the pictures can be expected to be performed several genera
tions after the photography. The operator will surely appreciate an easy way
to correct the errors which were made in connection with the photography,
particularly if the feature is no longer available for a direct check.

For testing of instruments and operators, the principles, demonstrated above,
may have particular use.
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