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the use of the UNIVAC. The project con-
sisted of five strips of photography, at a
scale of 1:10,000, with each strip twenty-
two models in length. There were four
bands of control points, spaced approxi-
mately seven models apart. The bands are
considered normal to the line of flight,
with the control points located in the
center of the side-lap between flights.
Thus there were eight control points for
each flight. The basis for comparing the
accuracy of results was the degree of fit to
the vertical control and the difference be-
tween independently adjusted elevations
for passpoints common to adjacent strips.
In the graphical adjustment of the project
the correction curves were so constructed
as to reduce the errors on the majority
of the control points to zero. A mean of
the resulting differences on passpoints
common to adjacent strips was 0.82 meter.
The computed adjustment resulted in
residual errors on the control of less than
one meter for four of the five strips. On
the fifth strip the maximum residual error
on a vertical control point was —1.8
meters; however, no vertical control on
this strip could be proven to be in error.
A mean of the resulting differences on
passpoints common to adjacent strips was

PIHOTOGRAMMETRIC ENGINEERING

0.97 meter. It was apparent from examin-
ing the pattern of residual errors that the
greater deviation in fitting the assumed
error surface to the actual error surface
occurs in the longitudinal direction.

A comparison of the economy and effi-
ciency of the two methods indicates the
overwhelming superiority of automatic
computation. The time and cost figures
are based on a twenty-model extension. If
the time rate is .8 hour per model and the
hourly cost is $2.62, then the total time
for the graphical adjustment of a 20-model
extension is 16 hours and the cost is $42.00.
On the other hand, the total time for the
automatic adjustment including prepara-
tion of the data on magnetic tape, the
computing time, and the printing of the
adjusted data would require approxi-
mately thirty minutes. The cost would be
$8.75. Thus the automatic adjustment
method would cost about one-fifth as
much as the graphical method.

The application of automatic computa-
tion for vertical adjustment is in its in-
fancy at Army Map Service; however, if
the results from future use of this method
prove equally encouraging, it will un-
doubtedly be adopted as part of the
standard procedure.

A New Look at Lens Distortion™

JAMES G. LEWIS,
U. S. Geological Survey,
Washington, D.C.

ABSTRACT: A new approach to the interpretation of distortion is pre-
sented. A curve of distortion based on variations of focal length rather
than radial image displacement is proposed. A simple method is de-
scribed relating height errors in the stereoscopic model to lens distortion.

HAT does lens distortion mean to a

; » photogrammetrist? What is his con-
ception of the term ‘“‘distortion,” particu-
larly distortion in the photograph? The
dictionary defines distortion as a twisting
out of shape. If this definition be applied
to the distorted photograph, we would
say that the images are twisted out of

shape relative to the object. This may
seem to be a simple definition; however,
there afe two basic concepts in the defini-
tion, namely: ‘shape’” and ‘“twisted.”
What is meant by the former? The dic-
tionary says: ‘“‘Shape is the quality of a
thing depending on the relative positions
of all the points in its outline or external

* Paper read at the 21st Annual Meeting of the Society, March 7-9, 1955, at Washington,
D. C. Publication approved by the Director, U. S. Geological Survey.
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surface.” If we were to go no further than
the dictionary, we would conclude that
distortion in the photograph is a twisting
of the relative positions of all the points
of the photograph. I emphasize that it is a
twisting of the relative positions of all the
points.

This is a good place to stop, for we have
arrived at a good conception of distortion.
From this we can conclude that the posi-
tion or displacement of one point does not
constitute distortion; neither does the
displacement or position of fwo points,
since no shape is involved. The twisting
or changing of the relative positions of
three points provide the first measure of
distortion. The displacement or twisting
of relative positions of all points gives a
true picture of distortion.

DETERMINATION OF DISTORTION

The determination of lens distortion is
one of the measurements made by testing
laboratories in the process of camera cali-
bration. The distortion information is
usually given to the photogrammetrist
either as a tabulated list of values, a plot-
ted curve, or both. Sometimes, such data
may be merely filed by the photogram-
metrist and forgotten. Or he may observe
the distortion curve for a camera lens and
note that the values do not exceed +0.10
mm. He may decide that this lens will
work well with his plotting equipment.
If he notes only the maximum positive and
negative values, he may easily make a
very bad guess, because each tabulated
or plotted value of distortion is as im-
portant as the maximum and minimum.
All values must be considered in evaluat-
ing the lens.

Taken as an example will be an aerial
camera which is sent to a testing labora-
tory for calibration, with concern at this
time only for the bare essentials of deter-
mining distortion. How does the distor-
tion affect the photogrammetrist? Possibly
some quantities will be called by names
that are not in the good graces of the
Society’'s Nomenclature Committee. Ex-
cuse on the gréunds of striving for sim-
plicity is hoped for.

The schematic diagram of a camera in-
cluded in Figure 1, shows only the lens
and the focal plane. The distance from the
lens to the focal plane is so adjusted that a
sharp photograph is obtained.

To determine the distortion of the
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F1G. 1. Schematic diagram showing method of
determining distortion.

camera lens, the procedure is as follows.
The camera is placed above a series of
collimators containing illuminated tar-
gets which have been carefully arranged
to provide precisely known angles from
the lens axis. The targets are photographed.
The distance on the photograph between
the central target and the first angular
target is measured. This distance is then
divided by the tangent of the known angle
between the two collimators. (This angle
is usually 7% degrees or 10 degrees.) The
resulting value is commonly called the
equivalent focal length. The distance on
the photograph from the central target
to the second target is then measured and
this distance is divided by the tangent of
the second angle, for example, 15 degrees.
A second value or equivalent focal length
is thus determined. The process is re-
peated until a value of equivalent focal
length is obtained for each angular target
position.

In Curve A (Figure 2), the equivalent
focal lengths are plotted as ordinates and
the angles as abcissas. The relation be-
tween these values determines the distor-
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CURVE A

Fig. 2. Variation in equivalent focal length
with angle of axis.
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tion of the photograph. Assuming a sym-
metrical distribution, all the distortion
data that are needed by the photogram-
metrist are contained in this curve. These
values are representative of the photo-
graph taken with the camera being tested.
The distortion data cannot be based on a
particular focal length since it is a func-
tion of the relation between focal lengths.
Those who like their distortion data based
on the equivalent focal length, as well as
those who favor the calibrated focal length,
should not object since each focal length
"is included in the data.

Curve B (Figure 3), represents the
usual method of plotting distortion based
on the equivalent focal length, and Curve
C the same lens with distortion data based
on the calibrated focal length. To obtain
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F16. 3. Distortion based on equivalent focal
length (curve B) and calibrated focal length
(curve C).

the data required for plotting either of
these curves, it is necessary to select or
assume a single focal length for the photo-
graph, and to consider that displacements
are measured from an ideal distortion-
free photograph of this focal length. The
difficulty with this method is the funda-
mental one of deciding which focal length
to use. The assumed focal length that is
chosen determines the magnitude of the
quantity that will be called displacement
or distortion. Thus, there arises the un-
enviable situation of creating what ap-
pears to be a variable out of aphysical
characteristic of the photograph which
ought to be considered a constant.

I do not agree that it is advantageous
to rotate or mathematically adjust the
distortion curve. Why should one want to
adjust a quantity which is a characteristic
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of the photograph? We don’t take two
photographs with the camera—one good,
the other distorted; we have only the dis-
torted one with its changing scale. This
changing scale could be plotted directly as
shown in Curve 4, Figure 2.

INTERPRETATION OF DisTORTION CURVES

Curves B and C, which are usually em-
ployed to represent distortion will be
examined. There is nothing mathemati-
cally incorrect with these curves or with
the usual method of treating distortion.
Either Curve B or Curve C contains suffi-
cient information for the photogram-
metrist. I do say, however, that the usual
methods may not be easy to interpret by
the average photogrammetrist. I venture
to say that even one skilled in engineering
or mathematics is likely to misinterpret
the data if care is not taken. As an illus-
tration, let us consider Curve B, which is
based on the equivalent focal length. The
radial displacements are all positive until
we get to the region near 43 degrees. In
Curve C, which is based on the calibrated
focal length, the radial displacements take
on negative values from zero to 15 degrees.
It might appear from this curve that
images in this region are displaced toward
the axis because of angular distortion of
the lens. Such is not actually the case.
Another common misinterpretation of this
curve concerns the scale of the photograph.
Since the curve touches or crosses the X
axis at 0, 15, and 43 degrees, it might be as-
sumed that at these three values the scale
of the photograph is the same.

An examination of Curve 4 (Figure 2),
which is a plot of the variation in focal
length or changing scale of the photo-
graph, shows that the scale at 15 degrees
and 43 degrees is equal, but that the
photograph has a different scale near the
axis. This curve also shows that the focal
length or scale increases continuously
from near the axis to approximately 32
degrees and then decreases continuously
to 45 degrees. There is no real displace-
ment of images toward the axis in the
region of 0 to 15 degrees.

It has been shown how Curve 4 ac-
curately depicts the changing scale of the
photograph. It will now be shown how
this curve is, to a remarkable degree, di-
rectly related to the vertical deformation
of the stereoscopic model. It is possible to
determine the elevation error of many




A NEW LOOK AT LENS DISTORTION

points of the stereo model by merely
reading the ordinate of the curve at the
proper point. It should be noted that this
curve is a representative curve for the
metrogon lens and is only used to illustrate
the principle of determining elevation
error in the stereo model. In most stereo-
scopic instruments a distortion compensa-
tion system is used; to find the height
error under such conditions it would be
necessary to plot the curve representing
the residual distortion. After this is done,
the distortion is treated in the same man-
ner as in the example which follows. For
purposes of illustration, it will be assumed
that Curve 4 in Figure 4 represents un-
compensated distortion where the distor-
tion has been pictured as a change in focal
length.

First, it is necessary to assign a base-
height and width-height ratio for the

152.3mm.| s a5 g
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FiG. 4. Relation of change in equivalent
focal length to deformation of stereoscopic
model.

stereo model—that is, one must decide
where the parallax is to be removed and
the model leveled. Under normal condi-
tions the location of each of the four
points for parallax removal and leveling
occurs approximately 30 degrees from
one camera station and 40 degrees from
the second station. The focal lengths cor-
responding to the 30 degree and 40 degree
points have been marked on Curve 4 and
a line parallel to the X-axis has been drawn
midway between these focal lengths. The
vertical error in the stereoscopic model
for certain points can now be read directly
from the curve. The center of the stereo
model occurs at approximately 17 degrees
and the difference in focal length hetween
the base line and the curve in this region
represents the vertical error at the scale
of the photography. The curve from 20
degrees to 40 degrees is a profile of model
error through the center of the model per-
pendicular to the air base. This curve can
thus be used to determine directly errors
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in the central area, the most sensitive
area of the stereoscopic model. From this
curve, the photogrammetrist can tell
quickly how well a particular camera or
lens will work with his plotting equipment.

ForMm ror CoMPUTING MODEL
DEFORMATION

A computation form (Figure 5) has
been developed which allows the photo-
grammetrist to compute quickly the dis-
tortion error for 15 points well distributed
throughout the stereoscopic model. Mul-
tiplication, addition and subtraction are
the only required operations. The camera
lens distortion is entered opposite the
appropriate angles. The distortion may be
based on the calibrated, equivalent or any
other focal length; it makes no difference
in the final answer. This is true because
the computations are based entirely on
differences in focal length as shown graph-
ically by the focal length curve. The form
supplies instructions for the proper use of
multipliers for the various points in the
model. It might be mentioned that two
lines at the top of the form could be elim-
inated if distortion data were given as a
change in focal length or scale.

In Figure 5, nominal values for the dis-
tortion of the metrogon lens are entered in
the form. For this example, it is assumed
that there is no instrument or printer
compensation for this distortion. The in-
structions as shown at the right margin of
the form are followed to compute the ver-
tical error for the points indicated. Figure
7, shows the approximate location of each
point in the stereoscopic model in relation
toa 5 mm. grid. The angular coordinates of
the points from each projector or camera
station are shown in Figure 8. The value
for vertical error for each point as com-
puted in Figure 6 are at the scale of the
aerial negative. For example, if the nom-
inal camera focal length is 152.4 mm. and
the stereoscopic model is to be measured
in the Kelsh plotter at a 760 mm. projec-
tion distance, then the values in the form
must be multiplied by 5 to be comparable
with model readings.

In order to relate the computations
shown in Figure 5 to a practical example,
it is assumed that it is desired to deter-
mine the accuracy of distortion compensa-
tion for a Kelsh plotter using either a
mechanical cam or diapositive printer type
of distortion compensation. It is further
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VERTICAL ERROR IN MODEL DUE TO RESIDUAL
RADIAL DISTORTION IN PHOTOGRAMMETRIC SYSTEM

(Column— | 2 3__a__s 6 7 8 9 ) ‘
Line | 5° 10° | 15° | 20° J 25 30° 35 I 40° | 45" |  Angle Degrees
oot | o005 ow| 03| 067 .00o| .n9| .08 -.io5 Comere Lens Distort-
‘ 2 oat | |
| 000 000 000 000 000 .000 .00 .000 000 Instrument  Compensa-
| ooi| .o0s 06| 037 067 .00 .19 .08l - jo5|Camera minus instru-
2 | 11.43] 5.67] 3.73| 2.75 | 245 | 1.73 | 1.43| 1.9 | 1.00 |Cotangent Angle
-0 . _ _ _ _ _ _ Multiply Line | B
3 Ol | -.028| -.060| -.102| -.144| - 473 | -.170| -.096| 105 [GLCPY Gl oo Son,
. _ _ _ - _ Enter value of Col. 6
4 A3 | -a73 | -a73 | -a73| -a73| X J73 | x X e el poces
5 J62| 45| 3| .om| .029 0.0 003 x x |Subbrach Line 4 drom
6 | x X X | -.02| -.144| -.173| -.170| - .09 .lo5|Copy Line 3 on his
| |- = = 2 . 7 Enter value of Col. 8
,,7A,F,4x - % il i s Q76 -0% 'O% Line 3 in all spaces
- _ -.077] -.074| 0.0 | Subtract Line 7 from
| & | X X X -006] 048 p5int M|Point N |Point 0| 29! Line
Value in Line 5
o | x X X 035 OBl g9 | OO X | X divided by 2.
| 3 - - . - Value in Line 8
o x X X 003 -.024 -.038 -.037 X X |divided by 2
; .03z] -.009] -.038] -.036 o |Sum of Line 9 and |
no ox | x X |point o |pont B |Point C|Point D| X X |line 10 %"
T 001 i
12 | X 036 X 018 X | 0.0 |point Hl X | X |1/4Value in Line 5
: = _ 056 T =%
13 | X X X X 703 -O058pn G| X | X |3/4Value in Line 8
14 | -020 -08 X | X |puam| X | 000 x | x |bine5muiliplied by
15 X X X ‘ X X | x | -.08 x 224 |Line Bgm;lgipﬁed by
6 | X | X 045 X X X X | X % e Saulligied by
‘ = T = MAIREERA I A et e | RSN h . . . o
7 x| X | x| -.00% X X X : X | X Lite Smaitietied by
ENTER VALUES FROM TABLE ABOVE IN SPACE BELOW AS INDICATED
Line 12, Line 12, Line 14, Line 14, Line 14, Line 16,
| "Col2'| 036|7CoL4’| .018|"Ca.i |- .020| Co 2| =-018| Cal. 7| 900 °C5.3"| 045
Line 13, Line 3, Line 15, Line 15, Line 15, Line I7.|_ __~
'Col. 5| =036 | Col.6 | =058 Col.7 |-.083 | Col.7 |--O83| Col.9 | .226| Col.4 |=.004
000 ~.040 =108 -.10] 226 -041
| ADD |Point E| ADD |Point F ADD |Point P | ADD Point Q | ADD Point S| ADD Point T
8= o
F=o0.62 H =112

Fi1c. 5. Effect of nominal metrogon distortion with no instrument compensation. (Values

shown are at the scale

assumed that the compensation device is
designed to correct for nominal metrogon
distortion as shown in Figure 5. If a me-
chanical cam compensation used, a
pair of precise 5 mm. grids would be placed
in the instrument. The parallax would be
removed at the four points marked O in
Figure 7, and the model would be leveled
to these four points. The elevation for each

1S

of the aerial negative.)

of the 15 points shown in Figure 7 would
be read and recorded. The readings would
be referenced to a zero reading for point O.
The values computed in the form in Figure
5 would be multiplied by five. For example,
point T" has a value of 4+0.041 mm. from
the form. When multiplied by five, the
value becomes +0.2 mm. The value, read
in the stereoscopic model for point T,
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VERTICAL ERROR IN MODEL DUE TO RESIDUAL
RADIAL DISTORTION IN PHOTOGRAMMETRIC SYSTEM

Comn—! 2 3 4 5 6 7 8 9
Line  5° 0" 15 200 | 25 | 30° 35 | 40 45° Angle Degrees
) 0 012 035 080 .24 445 .20 -.055 Comera Lens Distort-

L S O S | i . N B ... AP
001 005 .06 .037 067 .00 .19 .08l -.l05 Mstrument Compensa-
- = e " il i e
| | -.00l -.005 -.004 -,002 .03 .24 .026 .037 .0sQCamere minus Instru-

2 | 11,43 5.67 | 3.73 | 275 2.5 | 1.73 | 1.43 | 1.9 | 1.00 Cotangent Angle

- - - _ - Multiply Line | B
3 Ol .028) .05 006 -.028 -.042) - .037| - .04 = .050 [ine"Z. Change 5{9}7
- - &= - = = Enter value of Col. 6

4 042 -.042) -.042 -.042 -.042 X 042 x % et ull s

L 053 .070 057 .048 .014 0.0 .005 X X SubfractineLit:_g 4 from

6 X X X 006 - .028 -.042| -.037 -.046 ~.050 0Py Line 3 on this

) _ _ _ _ _ pay | Enter value of Col. 8 |

7 X X ¥ 046| -.046 - 046 - 046 -.0% - .046 [Teryee o Do B

‘ .004 009 0.0 - Subtract Line 7 from
8 X X X HGE w10 Point M| Point N | Point O 004 Line 6
Value in Line 5
S | x| X X 024 D07 g6 | P03 X X |divided by 2.
Value in Line 8

o x X | X 02¢) .00y .002] 005 X X | divided by 2.

.050[ ole| .002[ .008 Sum of Line 9 and

- £ | X X |Point A |Point B |Point C[Point D| X X |Line 10

00]
|2 X i B Q12 X | 0.0 |Point H| X X |1/4 Value in Line 5
.007 R
i3 | X R X X O 003p,iy | X X |3/4Value in Line 8
= = -.002 . Line 5 multiplied b -

14 007 - .009 x X |point R| X .00l x x T2 o

15 X X X X X X 010 x |- .005(Line 8nulliphed by

6 | X X 023 X X X X X x  [Miw Smaihpliad by

| oy ' Line 8 multiplied by
70X x X 031 x| X X X x Lo oge
ENTER VALUES FROM TABLE ABOVE IN SPACE BELOW AS INDICATED
Line 12, Line 12, Line 14,] _ Line 14, [~ Line 14.]_ Line 16,

Co2'| 018 Caa’| 012 °¢5, 1" ~.007 "Cq 2" | ~.009| o7 ~.00l | "C5.3" | .023
Line 13, Line 13, Line 15, Line 15, Line 15, _ Line 17 2
| Col.5'| 014 Cag | -003"Co 7| 010|857 | 010 Cog |=-095 | Caa'| 031

032 .015 003 .00] -.00¢g] 05

ADD |Point E| ADD |Point F | ADD |Point P| ADD |PointQ| ADD |Point S| ADD |Poini T

B _ W .
5 = 0.62 =112

Fi16. 6. Residual vertical error in stereoscopic model for a sample camera where instru-
ment or printer compensation is used.

should be 40.2- mm., if the compensation
is perfect. If the actual reading in the
model varies from this figure, the differ-
ence represents the lack or error in com-
pensation by the instrument. All points
are then compared to give an over-all
picture of the accuracy of compensation
being obtained. The algebraic sign, shown
in the form for each point, indicates the

direction in the model above or below a
datum through the four points marked O.

In Figure 6, the distortion for a metro-
gon lens has been entered in the form op-
posite camera-lens distortion. The values
for nominal metrogon distortion are en-
tered opposite instrument compensation.
It is desired to determine the vertical
error in the stereoscopic model due to de-
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Fic. 7. Approximate model point locations in relation to 5 mm. grid.

ikt Angﬁc:roRDlNATEs Verfcd d'i.slgrt_iun
) M:L_m—o% form.

A| 20° | 20°

B| 25° | 25°

AT S
E| 10° | 25° /

F 20. 30. -—20. “O - 70,

G| 30° | 35° /,’

H| 35° 40° v

M| 0° | 30°

N | 20° | 35° J

o | 30° 40° %o 7 ke

P| 5° | 35

Q| 10° | 35°

R| 25° | 40°

S| 35° | 45°

T| I15° | 20°

Fi1G. 8. Angular Coordinates of Points in the Stereoscopic Model.
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parture of the distortion of this camera
lens from the nominal used for compensa-
tion. The values computed for each point
are multiplied by the ratio of the model
scale to the aerial negative scale. The re-
sulting values will then indicate what
errors will be produced in the model by
lack of compensation for this particular
camera. For example, point 7" has a value
from the form of 40.054 mm. If the
photography is to be used in the Kelsh
plotter, the model will be 5 times the
negative scale and the value for point T°
becomes —+0.22 mms. This value indi-
cates that even after perfect compensation
for a nominal lens there will remain an
error of 4.22 mms. at point 7. The value
here represents the magnitude of the lack
of compensation for this particular camera.
The algebraic sign indicates that the model
reading must be increased by +.22 mms.
to obtain a correct reading at this point.
The model would thus read low by .22
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mms. at point 7. It is a striking fact that
the error at point T is as great for this
camera after compensation as the original
error for a nominal lens using no instru-
ment compensation. Of course, for a point
such as S, the instrument compensation
has reduced the error from an intolerable
amount to an insignificant amount.

CONCLUSION

From this study, it can be concluded
that the usual method of presenting dis-
tortion data carries with it a pitfall of
misinterpretation into which the ordinary
user is very likely to fall. By means of the
approach presented in this paper, the
effect of aerial camera lens distortion on
the accuracy of map compilation can be
reduced to uniform and readily-under-
stood terms. The new procedure is simple
and direct in application and gives results
that leave no room for misinterpretation.

THE KELSH PLOTTER
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