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ABSTRACT: Affinity transformations of planar configurations can be
produced in projector equipment by applying Scheimpflug's principle
of intermediate tilted images. In this paper the deduction of these problems
s based on plain geometrical concepls by which the whole system of rela-
tions is simplified and clarified considerably.

The results include the definition of the affinity parameters, their
reduction to random azimuth angles and their graphical representation
by Mohr's Circle. Proceeding further, appropriate formulae are deduced
to compute the setting data for the rectifiers or reproduction projectors.
Moreover these relations are simplified for layout formulae to find the
transformation range of any given rectifier. Another simplification leads
to a separate adjustment procedure by iterative corrections.

All these theoretical relations were checked experimentally by com-
paring characteristic grid projections to the corresponding and pre-
computed contrcl charts: they were verified to be in perfect accordance.

1. REVIEW oF PROBLEM

HOTOGRAMMETRIC rectifiers are built especially for the purpose of trans-
Pprojecting aerial photographs, taken at random tilt originally, to the hori-
zontal datum plane, so that they can be mounted as mosaics; it is a transforma-
tion of central perspectives. Th. Scheimpflug showed in 1903 that it is possible
to produce affinity transformations by additional translations of the tilted
photograph in its plane, whereby a square grid may be transformed into an elon-
gated rectangular, or into a shear deformed parallelogram grid.

These possibilities offer interesting mathematical and technical applications.
In this paper the relations between the parameters of the affinity transformation
and of the rectifier settings will be deduced, correctly based on concepts of sim-
ple geometry. The results can be applied in computing the settings of any large
affinity transformations within the range of the respective rectifiers. Primarily
the common rectifier types with non tiltable lens (Ref. 1) are considered. But
the formulae can be easily transferred and extended to any other type of pro-
jector or photographic reproduction apparatus.

Affinity deformations may enter the rectifier process also in small amounts,
by one sided shrinkage of the photographic film or the control charts. They can
be compensated directly by appropriate settings in the rectifier. Simple adjust-
ment rules will be given for this process. This optical mechanical solution repre-
sents an alternative approach in determining the instrument settings of affinity
transformation by small iterative corrections. It can also be used as an iteration
method for any large affinity transformation, avoiding any computation.

* The author acknowledges the encouragement given by Col. A. J. Lingard, Dr. J. E. Cleméns
and B. B. Johnstone of the Aeronautical Research Laboratory, Wright Field.
Release for publication given by USAF Technical Information & Intelligence Branch, WPAFB.
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2. GEOMETRY OF AFFINITY TRANSFORMATION

Affinity Transformations are systematic displacements of planar point arrays
Their properties will be described by simple geometrical concepts, and their
characteristics will be defined by special parameters.

2.1 DEFORMATION OF CONTROL CROSS

Any affinity Transformation may be reduced to an elongation Ad along its
principal axis W

Ad = do, (1,

where d is the distance of the point from the neutral axis , and ¢ is the affinity
parameter of resultant displacement; if ¢ is negative, the field undergoes a com-
pression. This relation is applied to the control cross of Figure. 1 which is normal-
ly used in the adjustment process of rectifiers (Ref. 2). The control cross is an
array of four control points (4:14:B:B,) forming the two diagonals 4 and B
approximately perpendicular to each other and intersecting at about the dis-
tance c; the axes system V, W is rotated against 4, B by the azimuth angle w.
The array 414,B,B, is transformed by Eq. (1) into A,"4,’Bi’B,’, whereby the
distances d of 4,B, - - - are the components ¢’’, ¢’ of ¢ respectively. To see the
relative displacements, the diagonal points of 4, for example, have to be put
into coincidence again, while the displacements are observed at the probe diago-
nal B: This operation means that the configuration is rotated by the angle eand
reduced by the ratio c4/c, whereby the points 4,’4,’ move into 414, and By"B,’
into B1B;"’ respectively. The reference point Bi" is set by rotating AOA4:4,’
by 90° into the B-diagonal. Only the displacements of B, are further considered,
as those of B, are of the same amount and antisymmetrical. For small ¢, it is
vectorially

FiG. 1. Transformed check configuration.
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and by similar triangles

/ B\/B,B"

This leads to the important relation:

= w.

“The principal affinity axis W is the bisectrix of the D-direction and

the B-diagonal.”

If the parameter ¢ is of considerable amount and is taken in one single step, the
above statement has to be refined by corrections, as shown in §3.

2.2 MOHR’S CIRCLE

The configuration around Point By, Figure 1 is redrawn to a larger scale in
Figure 2, to clarify the decomposition of the relative displacement vector BiBy'":

FiG. 2. Displacement components.

its amount is co =s according to sim-
ilar triangles, and it should be decom-
posed along the A, B-axes of the
control cross as r=cp, #=cu respec-
tively. The parameters of the affinity
transformation are defined by ratio-
ing those displacements to ¢=1, as:

¢ = s/c composite parameter,

p = r/¢ shear parameter,

u = p/c elongation parameter,
/ B{"B,C = 2w.

Obviously g, p may be interpreted
as an elongation and a shear ratio
respectively. The configuration of
Figure 2 is redrawn in Figure 3 for
the parameter values o, u, p in the

Fic 3. Mohr's circle for affinity parameters.
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direction of the corresponding angles. If the principal axes VIV are rotated
against AB by w, the resultant parameter D(a) rotates by 2w and projects the
correlated components

M= 0 cos 2w, p = o sin 2w

on B, 4 respectively. The arrangement is analogous to Mohr's Circle for the
interdependence of the elements of the stress tensor, expressing basically an
identical affine relationship.

The above results can be deduced also by analytic means as shown in other
papers (Ref. 3), but the geometrical approach as demonstrated here is especially
direct.

2.3 REDUCTION OF PARAMETERS TO EASEL AXES

Normally the control cross will have a random azimuth (wpy in Figure 4) a-
gainst the easel axes R, U with a resultant vector §'p of affinity displacement
(direction Dy, amount s). Now the
control cross has to be reduced to
w=0, as the corresponding displace-
ment vector 5-y(Dy) has a close rela-
tionship to the compensating displace-
ments of the negative carrier. In
Figure 4 W is the bisectrix of B, Dy
and remains invariant for all w. Ac-
cording to Mohr's Circle Dy rotates
by wpy into Dy and B into U by the
same angle. After that the displace-
ment vector §-y(Dy) is resolved into
the components -, %- (Figure 5), by
which the negative displacements can
be directly determined according to §6.

All configurations so far designed

would lie on the projection plane of the F1G. 4. Axes transition.
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F16G. 5. Dy—reduction to basel axes R — U.
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projector device. If they have to be distinguished from those on the negative
plane, the former will be marked by dot superscripts as in Figure 3.
3. POLAR REDUCTION OF AFFINITY PARAMETERS

The reverse problem is to find the setting data wxox of the composite affinity
transformation for given component parameters u*, p* (Figure 6). The problem
is solved in first approximation w*e* by Mohr's Circle:

1g2u* = p*/u*, o* = (p*? 4 w*)r2, (2)

Now the polar parameters w*e™ have to be reduced to the correct setting values
wxox 1l o is of considerable amount, as mentioned in §2.1.

T'his reduction has already been prepared in Figure 1: The set polar parame-
ters w, o effect a deformation on the control cross, resulting in a relative dis-

w
" A R
/ /// /

/|

F16. 6. Composition of affinity components.

placement Ad=By"B,"’ of the check point By, which has to be referred to the
transformed B-axis OBy and reduced by the ratio ¢/c4. For better clarification
and accuracy the Bj-configuration of Figure 1 has been redrawn in Figure 7,
whereby the subscript 1 has been omitted and the componential end points B,
B’ of the g-circle are transferred to the unity circle ¢=1 as O, 0’ respectively.
Now the resulting component parameters u’p’ can be found graphically by re-
solving the vector 00’ upon the direction OB” and normal to it, and by consid-
ering the scale factors m=1/a, m’ =¢4/o. It is convenient to interpret the com-
ponents u’p’ as generated by the vector o' under the azimuth angle ’. The rela-
tions follow directly from the geometry of Figure 7:

p = o sin 2w, = o cos 2w;

lge = o sin w cos w/(1 + o sin* w) = (p/2)/(1 4+ o sin® w);
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F1G. 7. Polar reduction.

Ci?= (14 osin®w)?+ (p/2)2;
20" = 2w + €, or

o = ad/cq;

p’ = o sin 2w/, uw = o' cos 2w'.

o = w4 ¢/2;

This chain of transcedent equations constitutes the exact relationship between
the setting values w, ¢ and the resulting transformation components w’, o’,
whi ch should be made equal to w*s* of Eq. (2). These equations cannot be easily

reversed, but nevertheless they can be solved conveniently by iteration. The first
step is started with:

ez ok

w; = w*, oL = o,
The corrections for the nth step are:
AO),, = w* - wn', Ao'n — 0'* - O'rtly

and the starting values for the next step:

Wnp1 = @, + Aw, Tup1 = 0n 1+ Ao
The procedure converges very rapidly to the required setting values

W — Wx, g — Ox.

A numerical example is given in Table 1: the end values are attained already
after the 2. step.
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TaBLE 1
PoLArR REDUCTION

Step| wll| sinw |sin2w q e cA W1 penE0l
G 3 sinwo?|cos 2w “ gl ca 3' |acd
* 0.2000 22.50
0.2000 0.2828

I 22.50 |0.3827 |0.707/ |0.2000 | 0.0960 | 1.0945 | 25.24 | -2T%
0.2828 |[0.04%l% |0.7071 |0.2000 S.48 1.O%62 |0.2703 |+00125
2 19716 |0.338] |06363 |0.1879 |0.0909 | 1.OTT6 | 2236 |+0.1%
02953 (0.0338 (0.7T713 | 0.2278 S.9 1.0381 |0.284S [-0.0017

3 ri9.90 (0.3w0% [0.64O0! | 0.1879 |0.0909 | |.0780 er.SO o

02936, [0.0340 07682 [0.2255 | 5@ | 1.0383 | 0.2828,| ©
W S, w* a*

The arrangement of Figure 7 can also be used for a rapid graphical solution
in connection with the above correction formulae Aw, and AG,.—Another graph-
ical solution of this problem by trial and error is described by K. Schwidefsky
(Ref. 4).

The above analytical computation is preferable, if higher accuracy is re-
quired.

4. RECTIFIER DATA FOR AFFINITY TRANSFORMATION

To set the rectifier for the above determined affinity parameters, it is neces-
sary to compile the respective relations for the rectifier; as to the known details
of this theory, it is referred thereby to the handbooks of photogrammetry
(Ref. 5).

4.1 PERSPECTIVE TRANSFORMATION

The essential rectifier elements are arranged in Figure 8: The negative plane
is transformed to the projection plane as a central projection with the projective
center in L standing for a lens of focal distance fz. The normal lens plane, the
negativeand the projection plane intersect in one common trace.S (Scheimpflug-
condition). The magnification ratio # for the optical axis is

n=b/a = 1gB/lgx,

and the optical distances a, b are according to the lens formula

1
a = <1+—>f](, b= (l-i-n)f/g
n

w

The important vanishing points W, V in the negative and projection plane re-
spectively are fixed by the distances %', /’, which can be expressed by the trian-
gles of Figure 8

[ = I sin @ = [’ sin 8.

The transformation formulae for the central projection turn out most sim-
ply, if the origins of the coordinate systems x, y and x’, y” are put into the vanish-
ing points W, V respectively. The coordinates (x’, y") of the projected point M-
follow then from the similar triangles of Figure 8:
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x = xh/y, y = Hf/y.

The local deformations of the transformed field are checked by the magnification
ratios m., m,, deduced by differentiation:

m, = Ax-/Ax = h'/y, m, = Ay /Ay = (=)HW'f'/y%

An important special case, used afterwards, is the unit magnification m,=1,
with:

yO =n,  m,® = [/
In this case, it can be seen from Figure 8:
MOM®. //WV.

4.2 ZERO STAGE

The affinity transformation is made in subsequent steps. The original square
orid is first projected into an intermediate tilted image with set values of tilt
angles, displacement U of the negative and m,. By making m.=1 the inter-
mediate image is about of the same size as the original; this is practical, as the
intermediate image, after being photographically printed, has to be put into the
negative carrier (M, in Figure 9). Here at first all the setting data for the nega-
tive and projection side are reversed. Therefore the intermediate image M, is
projected back on the projection plane into the original square grid M{ again,
This configuration designated as ‘‘Zero Stage” (subscript 0), is used as reference
position. Its setting data follow from the geometry of Figure 9; at the same time
they are identical with those of the intermediate image after proper inter-
changing of the designations.

Given Data:

Sy Bo. Up-, mz = 1.
Computation:
o' = fr/sin By,
tgag = fr/(fo" — Uy’) cos Bo,
hy' = fr/sin ao,

Uo = f()/ COS Bo/COS ay — hol.

4.3 AFFINITY PARAMETERS AND 7-STAGE

The general transformation of the original grid is characterized by the affin-
ity parameters u, p (or ¢) and by the magnification m.. Those parameters deter-
mine reciprocally the rectifier settings, especially the basic pgrameters f” and 7',
The totality of these parameters and settings constitutes the Transformation-
Stage (T-Stage). The equations for these parameters will be deduced from the
geometry of Figure 9.

A first requirement of the affinity property is that the side lines of the grid
remain parallel, when going from M to M’; this is fulfilled if the vanishing
point distance is maintained:

WM = WM, = v, =h'/ (Vanishing Point Condition).

The affinity elongation of M- compared to M is characterized by the cross
ratio g of the magnifications m., m,, by means of the equations of §4.1:
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qg=my/m. = f/y=f/h.

Now the ratioed elongated y-side of the grid is by definition 1+, and it can be
also expressed as ¢/q,, because the intermediate image is identical in M and M:

L4 w=q/qo=["/), or [ =+ wf. (3)

By this equation f” can be computed, if u is prescribed.

The shear deformation p is generated by translating the intermediate image
by the amount R in the cross direction (x). The vanishing point W,, or W, is
then displaced by the same amount. The shear of the projected grid lines is deter-
mined by this displacement R with reference to L at the distance f," if one relates
the shear deformation to the original grid length:

p = 7’/6 = R/fn,. (“H

The affinity parameters have been deduced by the magnification ratios m.,,
my, which are at first only valid for a small field around the centers M, M-. But
by the vanishing point condition it is made sure that the transformation is a true
affine one in any case for which the affinity parameters are constant over the
whole field. Therefore if the parameters are set correctly for the center, they are
valid over the whole field.

The magnification m, follows from the equation of §4.1, by substituting
V= holi

M, = h’/h(),, or W= mzh()/y

whereby %’ is defined for a given m,. Likewise it follows by substituting into the
transformation formula:

Y = mxf’.

In the case of setting the composite affinity parameter o in the principal
plane U, according to §3, one has to distinguish between the magnification m,* of
the grid x (or 4) axis and the magnification m, to be set in the projector for its
x (or R) axis under the azimuth w. Their relation follows directly from
Figure 7:

My = m.¥/ca.

The remaining parameters of the 7-stage can now be computed at last by
means of the geometrical relations of Figure 9:
sin a = fg/ W,
sin 8 = fr/f’,

U = " cos B/cos a — hy/,

U = m.f" — I cos a/cos B.
A numerical example for the above deductions is given in Table 2 of §7.
There are known also other analytical methods to compute the setting data

for affinity transformations (Ref. 6). The above geometrical deductions, while
correct for any large range, are however easy to overlook and simple to apply.

5. TRANSFORMATION RANGE

By means of the above equations it is possible to compute exactly the param-
eters and data of any given affinity transformation, and to check afterwards if
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TaBLE 2
RECTIFIER PARAMETERS, fr=138.9 MM., ¢ =50 MM.
Grid No. |Stge | af? | sina | cosex | lgac | h'tmwd| n UpnmiR
Affn.Parem.| m, | 3 sinB | cos@ | kg | P k U | a
1 o 25.0 |0.4226 | 09063 |O.46b3 | 3287 | 1.3922 [-92.6| O
Mm=0.6 1 3299 |O0.5445 | 0.8388 | 0.6492 | 2SS.I = ~100.0( 238.7
q=0 T 250 |0.422b | 09063 |0.#6b3 | 3287 | 07763 |+9%8| O
w=0 l 1990 | 0.3%03 | 0.9403 | 0.3620 | 408.2 6 - |38
T 1220 |0.2113 | 09774 | 0.2163 | 6574 | 1.673b {+6%0| O
2 19.90 | 0.3%03 | 0.Q403 | 0.3620 | %08.2 3 - |229
2 o 30.0 |0.5000 | 0.83b60 | 0.57T7T4 | 277.8 | 1.0 o |o
M=0.2 l 300 |0.5000 | 0.8660 | 0.5T74% | 2778 | — o |2118
§=0.2 T 30.0 (0.5000 | 0.8660 | O.ST7% | 277.8 | 01937 |+72.2|-55.b
w=0 | 24.62 (0.4166 | 0.Q090 | 0.4583 | 333 % 6 = |39
T 448 |0.2500 | 0.9b82 | 0.2582 | SS55.b | I.T750 |+35.2|-55.b
2 2862 [O.416b | 0.9090 | O.4583 | 3334 3 - |22
3 o 30.0 |0.5000 | 0.8660 | 0.5774| 2778 | I.0 (o] o
M=0.2 | 30.0 | 0.5000 | 0.8660 | O.577%| 27178 - o (2778
§=02 [T my=1|31.29 [05193 | 0.8545 | 0.6079 | 267.5 | 0.68%6 |+1l0.t| O
w =199° [0.9631 | 227% | 0.3865 | 0.9222 | 04192 | 3SQ4 | & = [3%03
3 =0.2936 [T,my=2| 15.05 | 0.2596 | 0.9657 | 0.2688 | 535.1 | 1.5S95 |+654| O
[ Ca= 1.0383 | 19262 | 22774 | 0.3865 | 0.9222 | O.4192 | 3594 3 - |228.0

these are lying within the range of the available projection apparatus. For lay-
out purposes and planning it is however expedient to have simple, explicit and
even approximative formulae by which the principal data and the transformation
range covered by the equipment can be overlooked at a glance.

By transposing Eq. (3), it is

w= ("= 1)/ ]

For normal applications the angles o and 8 are relatively small values (<30°),
for which the cosine-function is not too far from 1. Therefore it is approxi-
mately (Figure 9)

f'—fo' = U — U,

where U— U,=T denotes the whole available U-range. With

Jo = fr/Bo
and substituting one obtains
p=U/fo = UB/fr, (5)
and correspondingly, starting from Eq. (4):
p = R/fy' = RBo/[=. (6)

These equations are identical with those given formerly in Ref. 3, Egs. (31),
(32) and deduced there analytically. The above equations show that the afhnity
parameters are equally dependent on the two factors of the negative displace-
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ment (U or R) and of the tilt angle. As a numerical example for the B. & ..
Autofocus Rectifier with the given data of

fr =~ 139 mm., U ~ 165 mm., R ~ 180 mm., B, = 30°,
the maximum values of the affinity parameters are approximately
Mmz =~ 0.02, pmr =~ 0.67.

These values are very high indeed for one step only. If still higher values are
required, the process can be repeated in multiple stages, whereby the subse-
quent parameters (14u) would be composed by multiplication, and the p by
addition.

6. ADJUSTMENT PROCEDURE BY ITERATIVE CORRECTIONS

Apart from the exact computation of affinity parameters for large trans-
formations, there are other important applications, where the projected configur-
ation shows only small residual affine deviations from the control grid. Such
residual deviations may be encountered for example in aerial photographs to be
reduced to a system of control points by rectifier, as in solving resection prob-
lems or in making mosaics.

In §2.3 this residual deviation, denoted as the displacement vector § 5 of
the control cross, is determined by applying first the adjustment rules of per-
spective transformation of Ref. 3 for example, and is reduced subsequently to the
Easel Axes as vector §'y with the components «-, 7. Now these components can
be interpreted as small increments of the affinity parameters

Ap = u/c, Ap = 7r/c, ¢ = mCo,

where ¢ is the grid constant of the original square grid. On the other hand there
results by differentiation of Egs. (5), (6):

A,LL = A[,v’//fg,, Ap = AR/fOI

By comparison the ratios between the displacements of the negative carrier and
the corresponding afthnity displacements are

AU/u = fy /¢, AR/r- = fo'/¢c,

constituting an identical overcorrection factor k for both the U- and R-compon-
ent:

k= fo'/c = [f/ew = fo'/mico, where ¢, = (14 e = cf'/fo, (7)

by which & can be easily calculated. Incidentally this k-factor is identical with
that of the azimuth overcorrection factor of Ref. 2, Eq. (3) for m.=1, going
back to identical relations with the vanishing point distance.

Numerical values of & for the example of §7 are compiled in Table 2. Practi-
cal adjustments show that for small residual affinity deviations, just one correc-
tion step according to Eq. (7) is sufficient to reduce those deviations beyond the
threshold value of resolution.

7. EXPERIMENTAL CHECKS

The above theoretical relations were checked experimentally: A series of
test grids were prepared with different affinity parameters; see Figure 10: Grid
No. 1 to 3, Form ¢ to be transformed from the original square grids, Form a,
via the intermediate tilted images, Form b. The transformations were made by a
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Form

_ w a

original

_ b

tilted -
intermediale

_ il

me” [espamye affine

L_—SQ™M«©
Grid: | 2 3

F1c. 10. Grid transformation.

B. & L. Autofocus Rectifier. Its setting data were computed by the equations
of § 2, 3 and 4 above, and are compiled in Table 2. The intermediate images
were set according to these data, projected from the negative carrier onto the
grids, Form ¢ on the easel, and checked with respect to coincidence, which turned
out to be perfect within the limits of the instrument resolution.

Grid 1 was designed especially to verify the single step range of the p-affinity
parameter, according to Eq. (5): the computed data are definitely confirmed by
the experimental results.

Grid 2 gives an example for a general transformation with p- and p-parame-
ters to be simultaneously set. This can be performed very conveniently with
rectifiers, where the cross translation of the negative carrier is especially built in.

Grid 3 is identical with Grid 2, but demonstrates how to set the composite
affinity parameter ¢ in the principal plane U, if no R setting is available, as for
example in simple reproduction projectors. The preliminary computation for
the azimuth setting of the intermediate image is compiled in Table 1, while the
computations for the transformation stages are in Table 2. The experiments
also verify the perfect coincidence between the preset projection and the control
chart.

Finally the Iterative Procedure of §6 was checked. The overcorrection fac-
tors k for the above grids were computed according to Eq. (7) and are also com-
piled in Table 2. Starting from a rough setting of the projection and grid con-
figuration, a perfect coincidence can be quickly adjusted by the above iterative
corrections. The convergence was proved to be very rapid, although the factor
% is deduced for small angles «, 8, but which are in this example rather high.
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