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ABSTRACT: For planning aerial photography for aerial triangulation the
main problem is to find such a flying altitude that a maximum of accuracy is
obtained for a minimum of control points. This can be solved mathematically
as demonstrated in the paper. The error propagation formulae in aerial
triangulation are of fundamental importance for the procedure. It is proved
that the most effective aerial triangulation is obtained from comparatively
short strips. High flying altitudes will probably be used in the future for
aerial triangulation over areas with sparse ground control.

INTRODUCTION

I F AERIAL photography is to be planned
for first-order aerial triangulation be­

tween control points of a certain density,
how shall the scale of the photography and
consequently the flying altitude be chosen
in order to obtain maximum accuracy of the
triangulation? Obviously too Iowan altitude
will require too-many photographs and con­
sequently the error accumulation in the tri­
angulation procedure will become unfavor­
able. On the other hand, flying too high
will give too-small a scale in the photographs
and consequently too-strong an enlargement
of the inevitable errors in the photographs.
Such a problem can obviously be treated
and solved only in a theoretical way.

THE PROCEDURE
First it is necessary to find the expressions

for the error propagation in aerial triangula­
tion strips. Such can be theoretically de­
ri ved under certai n assu mptions. I n particu­
lar, uniform conditions of photography and
plotting must be assumed. Systematic errors
in the photographs and of the plotting pro­
cedure (mainly disturbances of the funda­
mental central projections) must be assumed
to be known to the extent that the residual
errors can be treated as acciden tal errors.
Systematic errors can be corrected during
the plotting procedure by optical, mechan­
ical or numerical means. It is also possible to
correct known systematic errors by purely
numerical procedures after a preliminary

triangulation. Simultaneously, the inevi­
table discrepancies in certain elements, for
instance, those of the relative orientation,
can be adjusted and corrections applied to
the results of the preliminary triangulation.
The principles of such corrections were
treated in [1].

The residual, inevitable errors of the
fundamental operations of the procedure are
then to be regarded as the cause of the errors
found in the coordinates of the triangulation
procedure. Assuming that the residual errors
can be treated as accidental errors, the laws
of their propagation can be derived from
well-known procedures in accordance with
the method of least squares.

It can be proved that the standard error
of the y-parallax measurements in photo­
gram metric models can be regarded as a
good approximation of the magnitude of the
residual errors in question, after adj usted
by the method of least squares. Conse­
quently the errors of various triangulation
procedures can be expressed as functions of
this fundamental factor, which can be easily
determined in each actual triangulation
operation. If no strict adjustment according
to the method of least squares were applied,
the standard error of the y-parallax meas­
urements could be approximated by the
mean square values of the residual y-paral­
laxes in at least 15 points after the relative
orientation.

When the formulae for the error distribu­
tion along the triangulation strip are de-
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rived, it is possible to determine such a rela­
tion between the triangulation distance and
the flying altitude that the errors of the
coordinates become as small as possible, for
instance, in the middle of the strip.

Without presenting a complete deriva­
tion of the error distribution formulae, it
will be demonstrated how such formulae
systems can be used for a determination
of the most effective relation between tri­
angulation distance and flying altitude.
Three different triangulation methods will
be treated. In all three it will be assumed
that necessary control points are present in
the first and the last models of the triangula­
tion strip only. No redundant control is as­
sumed; see Figure 14.

1. STEREO-RADIAL TRIANGULATION

In a strip consisting of n wide-angle pairs
of photographs, the standard errors of the
x- and y-coordinates of the nadir point of
the photograph p can according to [2], with
minor approximations, be expressed as:
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FIG. 2. Stereo-radial triangulation standard
errors of the y-coordinates for JIo = 1.
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J..l is the standard error of image coordinate
measurements. See Figures 1-4.

The maximum errors are to be expected
in the middle of the strip or for

If the triangulation distance (between the
control points) is denoted by S and the
average base length by b, the number n of

(3)
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FIG. 3. Numerical stereo-radial triangulation.
Radial standard errors p.h/c = 1.
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FIG. 1. Stereo-radial triangulation standard
errors of the x-coordinates for JIo = 1.
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After substituting this expression into
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FIG. 4. Numerical stereo-radial triangulation.
Mean values of radial standard errors I'hle = 1.

Further if the flying altitude is denoted by
h and the base-height ratio by 0

(15)

(16)n = 5

5 = 2.911

For wide-angle photographs and normal
overlap, 0 = ! and finally from (13)

11 = 0.355 (14)

or

Following these assumptions, the stereo­
radial method will leave the smallest radial
standard error in the middle of the strip,
when the flying altitude is about one-third
of the triangulation distance.

From (9)

or, in other words, the most favorable num­
ber of pairs of photographs is 5 for the
stereo-radial triangulation.

The standard radial error can be fou nd
from (6). For c = 150 mm.,

Ill, = 0.01751'5 (17)

where}.l is to be expressed in millimeters.
Forj.l=O.Ol mm.

111, = 0.000175

For example: for a triangulation distance
of 20 km. the flying altitude would become
7,000 meters and the radial standard error
III the middle of the strip about 3.4 meters.

2. MODEL TRIA TGULATION. See [3]

I n a strip consisting of n wide-angle pairs
of photographs the standard errors of the x­
and y-coordinates of the nadir point p of
the photograph can be expressed approxi­
mately as (see [2])
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From (7) and (8)

Furthermore d2 min/dh2 is always positive,
indicating that there is a minimum.

From (12)

Applying the usual procedure

d min 65'
-- = - - + 132 = 0 (12)
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(19)
It . / pen - p)

Illy = I' -V ----/5p(n - p) + 251
e 9n
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e 11 3n

}.l is in this case the standard error of the y_
parallax measurements if the relative orien­
tation was adjusted in accordance with the
method of least squares and if the procedure
of the numerical corrections was applied. If
these conditions were not satisfied the mean
square value of the residual y-parallaxes
be used as a close approximation for }.l. See
Figures 5-8.

From (18) and (19) the most favorable
ratio between the triangulation distance and
the flying altitude can be determined simi­
larly to that used for the stereo-radial
method.

For p=n/2 the radial standard error in
the middle of the strip is

(10)

(11)

(13)
5";22
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220
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e 240 h{j'

After substituting (9) into (6)

Now there is sought a determination of h so
that m,. becomes as small as possible, find­
ing the minimum of the expression

65'
min = -- + 13211

110'
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FIG. 5. Model triangulation standard errors
of the x-coordinates for I-' = I.
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12e

Using the same procedure as demonstrated
above, there is found a minimum of m r for

It = 0.475 or 5 = 2.1!l (21)

Further
150

1£=4 (22)

and for c= 150 111m.

1II r = 0.02221-'5 (23)

For fJ. =0.01 111m. 100

11Ir = 0.000225
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Fly. 6. Model triangulation standard errors
of the y-coordinates for J.l = 1.

FIG.7. Model triangulation. Radial standard
errors I-'hle = 1.

FIG. 8. Model triangulation. Mean values of
radial standard errors J.lhle = 1.
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FIG. 9. Ordinary aerial triangulation standard
errors of the x-coordinates for JL = 1.
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FIG. 12. Ordinary aerial triangulation. Mean
values of radial standard Hrors JLhle = 1.
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FIG. 10. Ordinary aerial triangulation standard
errors of the y-coordinates for JL = 1.
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Using the same procedure as above there
is found a minimum of m r for

See Figures 9-13. J.1. is the standard error of
the y-parallax measurements or the mean
square value of the residual y-parallaxes.
For p=n/2 (in the middle of the strip) the
radial standard error mr is found to be
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FIG. 11. Ordinary aerial triangulation standard

errors of the elevations for JL = 1.
It = 0.43S (28)

and

m, = 4.4 meters

For 5=20 km.

It = 9,400 meters

FIG. 13. Ordinary aerial triangulation.
Radial standard errors JLhle = 1.
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3. ORDINARY AERIAL TRIA GULATION

The standard errors of the three coor­
dinates of the nadir point p of the photo­
graph in a strip of n models of wide-angle
photographs can be expressed with minor
approximations as
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FIG. 14. The location of the control points in the strip consisting of the photographs -1,0,1 .. n -1, n.
The triangles indicate planimetry control and the squares elevation control.

SUMMARY

The most effective aerial triangulation
will be performed from comparatively few
models. The flying altitude and the triangu­
lation distance are mutually dependent and

This means n = 4.
For c=lSO mm.

tn, = 0.0101'",,)

For M = 0.01 I\1m.

111, = 0.0001088

ForS=20km.

It = 8,600 meters

and

tn, = 2.2 meters

(29)

(30)

must be determined with respect to the
tolerances of the final coordinates. These
facts are of the greatest importance for the
accuracy and economy of aerial triangula·
tion.

REFERENCES

1. Hallert, B., "The Principles of Numerical
Corrections in Aerial Photogrammetry,"
PHOTOGRAMMETRIC ENGINEERING, April 1956.

2. ---, "Felteori fOr Stereo-Radialtrianguler­
ing och Modell-Triangulering." Manuscript.
Stockholm 1957.

3. Ekelund, L., "Photogrammetric Triangulation
with Separately Oriented Stereo-Models."
Photogrammetr-ia, 1951-1952: 4.

AUTHOR'S NOTE. Complete derivations of the
fundamental expressions (1)-(2), (18)-(19) and
(24)-(26) will be published in the near future.

T he Use of Astronomically Oriented Base
Lines in Slotted Templet Triangulation *

]. VISSER,

United Nations,
P.O. Box 1555, Teheran, Iran

INTRODUCTION

I N MANY vast areas of the world no geodetic
control whatever exists. For a first re­

connaissance then, maps are often based on
slotted templet triangulation, in which case

a practical minimum of four control points,
situated in the corners of a block, are re­
quired.

These control points are usually obtained
by astronomical determination of latitude
and longitude. This determination however,

* This paper was written during the time I was lecturing Photogrammetry in the International
Training Centre for Aerial Surveys, at Delft, Netherlands.-The Author.


