ADAPTING PARALLAX CORRECTION GRAPH TO PARALLAX MEASUREMENTS

then be interpolated in the same manner, in
reference to these points, as contours are in-
terpolated with reference to control elevations
on a map. See Figure 4.

The correction-graph overlay may be used
as a means of determining corrections to the
observed parallax measurements of any num-
ber of random points on the overlap of a
stereo-pair by simply matching the overlay
to the photograph and visually interpolating
the correction to be applied to the parallax
measurement of each point. Figure 3 suggests
a tabulation form for calculating the correc-
tions to be used in the construction of the cor-
rection graph.

A line graph, as illustrated in Figure 5, may
be constructed from the data shown in Figure
3, and may be used to read elevations directly
without application of the parallax formula.

Systematic Procedure for

Affine Reclification™

SEcTION 1. The subject of this paper is the
production of large-scale controlled photo-
mosaics, based on control obtained from
slotted-templet triangulation in approxi-
mately negative scale.

Despite the limited accuracy of this con-
trol, a high relative accuracy (a good fitting)
_ of the mosaic can be achieved if all five de-
grees of freedom of the optical-mechanical
rectifier are employed instead of the three
used in normal perspective rectification (1).
Through affine rectification, however, the
projection can be deformed in such a manner
that its four corner passpoints are brought
into perfect coincidence with those on the
control sheet. Because the neighboring pho-
tographs of the same and adjacent strips will
be rectified while using the same points, no
discrepancies will be evident in those points
when fitting neighboring rectified photo-
graphs to each other.

The need for affine rectification is especially
felt when dealing with large-scale mosaics
because their scale is usually three or four
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Using the corrected parallax measurement
values from column 10 for the abscissa and
the H, values from column 2 for ordinate, the
several control points listed may be plotted
to any suitable scale.

Since this plotting utilizes the corrected
parallax measurements for points of known
elevation, a line drawn through the plotted
points expresses the relationship between ele-
vation and parallax measurement. Thus, by
the use of corrected parallax measurement as
argument, such a graph provides a simple way
of securing elevations for any number of de-
sired points distributed over the stereoscopic
overlap.

Application of this procedure affords a sim-
ple way of increasing the accuracy of parallax
measurements from aerial photographs, there-
by improving the determination of elevation.

J. VIssER, United Nations,
P. O. Box 1555, Teheran

times larger than the negative scale. After
perspective rectification on three points, the
residual in the fourth point—caused by the
deformation of the control net—will be 0.5 to
1.0 mm. when the mosaic scale is about equal
to the negative scale; this residual will be 2
to 4 mm. when a four-times enlargement is
used. In the first case the residual might be
easily distributed over the four pass-points by
some changes in scale and tilt. In the latter
case, however, this would leave intolerable
discrepancies; consequently another method
must be sought.

Such a method can be found through em-
ploying the two, yet unused, degrees of
freedom of the rectifier, viz. both components
of displacement of the negative carrier, rela-
tive to the rectifying lens. Because the result
is an affine deformation of the projection, the
procedure of using all five degrees of freedom
of the rectifier is called “‘affine rectification.”

In the following, a practical systematic
procedure for affine rectification is developed
in which, step-after-step, the five settings of

* This paper was presented and distributed at the Second United Nations Regional Cartographic
Conference for Asia and the Far East (Tokyo, Japan, Oct. 20 to Nov. 1, 1958.
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the rectifier are solved. The method is based
on using the Zeiss SEG V—Rectifier but
can be applied—after a slight modification—
to any other optical-mechanical rectifier hav-
ing five degrees of freedom.

It goes without saying that in affine rec-
tification the automatic vanishing point con-
trol of the SEG V cannot be used and that
consequently the mechanism for this control
must be uncoupled.

SeEctioN 2. Following the usual procedure,
first by scaling (foot-pedal) and by moving
the control sheet on the easel, the projections
of the points of a diagonal (the points 1 and 3
in Figure 1) are brought into coincidence with
the corresponding points of the control sheet.

The next step—elimination of the discrep-
ancy in point 2—is facilitated if in what fol-
lows, the automatic vanishing point control
is uncoupled. In practice, the automatic
vanishing point control would be uncoupled
at the beginning and would not be used at all.
Then, half the x-discrepancy in point 2 is
eliminated by tilting the easel about the x-
axis; the control sheet is slightly moved until
points 1 and 3 of projection and control sheet
are in coincidence again; and half the y-
discrepancy in point 2 is eliminated by tilting
the easel about the y-axis. By a slight move-
ment of the control sheet, its points 1, 2 and
3 can now be brought into perfect coincidence
with the corresponding projection points;
point 4 however will show a discrepancy.

For point 4 repeating the above procedure
as described for point 2 but with the differ-
ence that only a quarter of the x and y discrep-
ancies is now eliminated, the situation shown
in Figure 3 is obtained; a typical afine def-
ormation.

SectioN 3. Analytically, any affine trans-
formation may be described as a linear trans-
formation with six elements: a scale change
(AN), a change in azimuth (Ay), a translation
in x-direction (C:), a translation in y-direc-
tion (C,), an elongation (or contraction) of

N=
»
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the figure in an arbitrary direction and a
shear deformation in a direction perpendicu-
lar to the latter.

Let the elongation (in the direction of L,
at an angle @ with the y-axis) be: yu, and the
shear deformation (perpendicular to the
latter): p. See Figure 4.

For an arbitrary point, P is: Al=/-u and
Am=1-p; thus

Ax = Al*sin a + Am - cos @ = I(u sin a + p cos @)

Ay = Al-cos a — Am-sin @ = I(u cos @« — p sin «)
Further:

l=ycosa+ x-sine,
thus
Ax = (y cos a + x sin &) (u sin & + p cos )
Ay = (y cos @ + « sin &) (u cos @ — p sin a)

In our case, the elements of the necessary
affine transformation will be small because
the residuals (3 R) are small (some millimeters
only), and consequently the total change in

x and y may be found as the algebraical sum
of the individual small changes:

Ax = (y cos @ + x sin &) (u sin @ + p cos a)
+x AN+ y-AY+C,

Ay = (y cos @ + « sin @) (u cos @ — p sin a)
+ y:AN —x- A+ Cy.

Substituting in these equations the known
values x, ¥, Ax and Ay for the points 1, 2 and

FiG. 4
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3 (which—together with point 4—approxi-
mately form a square with side lengths S; see
Figure §5), after some computation the fol-
lowing result is found:

C, = — 3R sinQ
Cy = — 3R cos Q
AN = R/D sin (2 — «) - cos (a + 45°)

I

AY = — R/D cos (@ — a) - cos (a + 45°)
p= %R/S{sin (2 — 2a) + cos (2 — 2a)}
u=3R/S{cos (@ — 2a) — sin (@ — 2a)}.

Substituting the above values, as a check,
in the formulae for Ax; and Ay, the expected
values

Axy = + 3R sin Q
and
Ayy = + 3R cos Q

are found.

SECTION 4. The affine transformation must be
performed in the rectifier. Dr. C. A. Traenkle
(2) derived the formulae for the settings AU
and AR—these respectively are the compo-
nents of displacement of the negative carrier
in the direction of maximum tilt, and in
the direction perpendicular to the latter—as
functions of the required elongation (u) and
shear deformation (p) for rectifiers with only
one easel axis.

Dr. Traenkle based his formulae on the
known equations:

h h
25 —glgi— (gh)2

a a

/i oy h .
yaR —y i —aly
fa faz
in which x, y are the coordinates in the hori-
zontal projection plane x'y' the coordinates
in the negative plane, while in both planes
the principal point acts as the origin of the
coordinate-system, and the x- respectively
x'—axis is in coincidence with the direction of

FOR AFFINE RECTIFICATION
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maximum tilt. Further: z=flying height (in

scale of projection), fo=focal distance of the

taking camera and 7= phototilt.
Differentiation gives:

h At 4 2i h i 2
WA o gl
fﬂ fa2

lel_{’_.lz1_\1_’__/11‘_\l
— Ay} A gr—i gl Ag gr—s gl Agl,

fa fat Ja?

After reduction for scale, azimuth and trans-
lations, this appears to correspond with an
elongation in x-direction for which

Ax

Ay =

o '.Axl
w=1 _fa_
and a shear deformation for which
. Ayt
g

Because the pencil of rays in the rectifier
has the same perspective properties as the
original pencil of rays of the exposure (3), the
above derivation applies after substitution of

. fa
1=—0
fr
(the known relation between the table tilt
B+ and the phototilt 7 where f, =focal distance
of the rectifying lens) and Ax'=AU, Ay!
=AR. We have Dr. Traenkle’s? result:

fr
—=p (2).

Bt

For rectifiers with two easel axes (like the
Zeiss SEG V) and corresponding components
of displacement of the negative carrier AP,
and APy, where the azimuth of maximum tilt
has a random value («), the above formulae
can be easily converted to

AP, = AU sin @ — AR-cos

AU=£-;4 and AR =
Bt

AP, = AU 'cos @ + AR *sin o
(see Figure 6)
Thus
I :
AP, = r < (wsin @ 4 p cos «)
Be
AP, = I .
y = "—'(ucosa — psina).
Be
R
Y
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P
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NOMOGRAMS FOR AFFINE RECTIFICATION
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SYSTEMATIC PROCEDURE FOR AFFINE RECTIFICATION

Substituting in the above the formulae (5)
and (6) of Section 3, then after some com-
putation the following expressions are ob-
tained
fr'R 2 -
AP, = ——-sin (2 — a + 45°)
-
By TR 45°)
U_Bz'DCOS ) — a + 45°).
These, rather simple, formulae (4) are easily
solved by the help of simple nomograms.

CONCLUSION

A systematic procedure for affine rectifica-
tion with a Zeiss-SEG V Rectifier may be as
follows:

1. Scale and orient on diagonal 1.3; remove

discrepancies in 2 with the table tilts.

2. Distribute the residual R; over the

points 4 and 2 with the table tilts.

3. Compute (use nomograms) AP, and

AP, and set these values in the rectifier.

4. Repeat step 1.

5. If necessary: Repeat step 2 etc.

SEcTION 5. The above method has been de-
veloped in the National Cartographic Centre
of Iran for the production of large-scale
(1:5,000) controlled mosaics to be used for
the planning of the canals etc. in irrigation
projects.

With a minimum of ground-control—
traverses perpendicular to the photo-strips
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every 20 kilometers—a reasonable absolute
accuracy (m,=20 m) is obtained by slotted
templet triangulation, while with a minimum
of time spent at the rectifier, a very high rela-
tive accuracy is obtained by application of the
described method of systematic affine recti-
fication.

The necessary amounts of P, and P, are
found from nomograms (see Figure 7). Be-
cause in the SEG V the sines of the table tilts
instead of the table tilts themselves are read
on the dials, the latter are used as the vari-
ables in the nomograms.
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Eprtor’s NoTE: A very large number attended the January 5-9 meeting. Among
the papers on Highway Design, seven papers discussing the application and use of
photogrammetry were given on January 7. These and the other 170 papers delivered at
the meeting will later be published by the Board and a copy can be purchased by those
interested. In the meantime, to assist the Society and resulting from the cooperation
of Bill Pryor, the Director of the Board has given permission to reprint the abstracts
of the photogrammetric papers and also the entire paper by Mr. Pryor. Thanks are ex-
tended and credit is given to the Board for this cooperation and assistance to the read-
ers of this JourNAL. The abstracts of six papers follow. Due to insufficient space pub-
lishing the Pryor paper had to be postponed probably until the June issue.

PHOTOGRAMMETRIC PROFILES DEVELOPED FROM STEREO AERIAL VERTICAL
PrOTOGRAPHS AID IN HIGHWAY LOCATION STUDIES

D. J. Olinger, Aerial Engineer,
Wyoming Highway Department

Many areas of the United States still lack the
U. S. Geologic Survey quadrangle maps with the
smaller contour intervals (of 20 or 40 ft.) necessary

for developing profiles on highway locations during
area and route reconnaissance studies. In such
areas reliable profiles can be developed from stereo




