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ABSTRACT: The effects of topographic relief on overlap in aerial stereoscopic
photography become acute when flight-height must be sufficiently low for taking
aerial photographs suitable for large-scale mapping by photogrammetric meth-
ods for highways. While these same effects are present in small-scale photog-
raphy used to compile small-scale maps, their consequences are not acute be-
cause the large flight-height permits a greater relief-height. For the double-pro-
Jjection phologrammetric instruments commonly used, the ratio of relief-height
to flight-height (h/H) varies from 0.21 to 0.36.

Principles governing the design of endlap (overlap in line of flight) and
sidelap (overlap of one strip of photographs on another) are presented. Considera-
tions that must be made when determining the minimum flight-height that can
be utilized according to the relief-height existing in the area to be photographed
and mapped at large scale with small contour interval are outlined, and their
effects on the maximum scale atlainable are pointed out. Whenever large-scale
mapping for highway surveys is to be undertaken by precise photogrammetric
methods, the spectfic relationship between relief height in the area to be mapped
and the photography flight-height must be fully considered. Graphs are pro-

vided to serve as aids in ascertaining limiting conditions.

INTRODUCTION

TEREOSCOPIC photographic coverage of the
S ground is the cardinal requirement for
mapping by stereophotogrammetric methods.
As the aircraft moves the aerial camera for-
ward along its line of photographic flight,
this coverage is attained by photographing
ground detail from separate camera stations.
Separation of the camera stations is such that
part of the area covered by each successively
taken photograph is common to an area cov-
ered on the preceding photograph.

The area of overlap in photographic cover-
age along the flight line is called forward lap
or endlap. Obviously the absolute minimum
in endlap to obtain stereoscopic coverage by
vertical photography is 50 per cent of the
flight line dimension of each photograph. In
practice, an endlap greater than 50 per cent
is necessary for choosing pass-points between
successive stereoscopic models and for at-

taining continuity in mapping from model to
model. These pass-points serve in somewhat
the same manner as backsights and foresights
in running traverses and in spirit leveling by
ground survey methods.

If several parallel strips of vertical photog-
raphy are required for coverage of an area,
they must have a common area of overlap
called sidelap. In this way, image-points
common (conjugate) to photographs in adja-
cent strips are available for selection to serve
as pass-points so that continuity can be at-
tained in mapping from one set of stereoscopic
models to the other sets which are immedi-
ately adjacent in the separate flight lines of
photography.

For efficiency in photogrammetric utiliza-
tion of vertical photography, the maximum
endlap should not exceed the per cent needed
to provide full stereoscopic coverage of the
ground plus a small area of common stereo-

* Paper read on Jan. 7 at Session 24 Design (Photogrammetric), the 38th Annual Meeting of the
Highway Research Board) Sheraton-Park Hotel, Washington, D.C.

T See Editor’s Note on p. 155 of the March issue. For the privilege of printing this paper prior to
publication by the Highway Research Board, thanks are extended to the Director of the Board and to

the Author—EbDITOR.
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FACTORS AFFECTING OVERLAP

scopic coverage from one stereoscopic model
to another. In addition, such per cent cannot
be allowed to become greater than the per
cent admissible by the photogrammetric in-
struments. That which follows is a presenta-
tion of principles which should be understood
and applied in specifying endlap and sidelap,
according to the topographic relief encount-
ered and aircraft flight-height required within
the area to be photographed for aerial sur-
veys and mapping by photogrammetric
methods.

If the ground area photographed were flat
(level) and the photographic mission per-
formed with perfection, the overlap of the
photographs would consistently agree with
the ideally designed value. Actually, how-
ever, ground areas contain relief and no pho-
tographic crew performs perfectly at all times.
Consequently, within each specific area, over-
lap attained in the photography varies in line
of flight for endlap from one successive stereo-
scopic pair to another, and for sidelap be-
tween the adjacent strips of photographs.

EFrECTS OF RELIEF

Topographic relief causes radial displace-
ment of the photographic images of ground-
points. For any given flight-height, this dis-
placement is proportional to the height of the
point above or below the datum plane, and
to the radial distance between the nadir
(plumb) point and the displaced point. High
points are displaced outward from the nadir
point, and low points are displaced inward
toward this point. Thus, a high point near the
edge of an area to be photographed could be
displaced so far perspectively as to not ap-
pear on the photographic format.

Perspective displacement of high relief can
cause a gap in the stereoscopic coverage—an
area that could not be mapped (1) in line of
flight, (2) along the edge of a single strip of
photographs, and (3) between the adjacent
parallel strips. Situations causing the gaps
must be avoided by proper design of photog-
raphy endlap and sidelap limits, flight height,
and flight lines. To accomplish this by in-
creasing the amount of overlap (both endlap
and sidelap) increases the number of photo-
graphs necessary to cover an area stereo-
scopically. Then the cost of bridging or map-
ping is increased proportionately. An increase
in endlap results in a shorter airbase. The ac-
curacy of the mapping is unduly lowered
whenever unnecessary shortening of the air-
base decreases the precision with which re-
lief can be perceived and measured within the
stereoscopic model. Actually, the relationship
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of relief-height to flight-height is a primary
consideration in coping with such problems.

ErreEcts oF TiLT

The effect of tilt is not accounted for in
compilation of the tables, and in preparation
of the figures and graphs. The consequences,
however, and the numerical effects of tilt on
endlap and sidelap are subsequently ex-
plained.

Sidelap and endlap will be decreased on the
portion of each aerial negative tilted above
the plane of the vertical and will be increased
on the portion tilted below that plane. When-
ever tilt does not exceed five degrees, the de-
crease per degree of tilt is approximately 1.8
per cent and 2.0 per cent, respectively, and
the increase is 1.9 per cent and 2.1 per cent,
respectively, on photographs taken with 6-
inch and 8.25-inch focal-length aerial cam-
eras. For practical purposes, the increase and
decrease in endlap and sidelap can be consid-
ered as two per cent per degree of tilt.

The Reference Guide Outline, Specifica-
tions for Aerial Surveys and Mapping by
Photogrammetric Methods for Highways—
1958, stipulates that tilt in any one photo-
graph shall not exceed three degrees, and the
average tilt shall not exceed one degree for the
entire project. Whenever tilt is kept within
these specification limits, only the few
photographs which have tilt exceeding two
degrees would cause sufficient change in over-
lap as to reduce endlap to less than 51 per
cent.

Accordingly, when the minimum endlap
on vertical photography is 55 percent, ad-
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TABLE 1
INSTRUMENT LIMITATIONS TO MAXIMUM ALLOWABLE ENDLAP

Maximum Endlap
Governed by

o e Vertical
Boxlie by ectzqn Projection iologtaply Measurement h/H .
Photogrammetric 5 Focal Length : Vertical :
Ratio® . Range® Ratio > Projector
Instrument (1nches) . Measurement i
(7nches) Ronges Position
(per cent) (per cent)
(1) (2) (3) 4) ($) (6) (7)
Multiplex 2.4:1 6 6.7 0.36 71 74
Balplex (525) 3.4:1 6 7.0 0.28 67 70
Kelsh stereoplotter 4:1 8.25 9.9 0.25 66 71
Kelsh stereoplotter Sl 8.25 9.9 0.21 64 1
Kelsh stereoplotter 531 6 9.0 0.25 66 7
Balplex (760) 511 6 9.0 0.25 66 79
Photocartograph 5 6 9.0 0.25 66 73
Kelsh stereoplotter 731 6 11.0 0.22 65 83
Photocartograph i 6 11.0 0.22 65 80

& Number of times stereoscopic model scale is larger at an optimum projection distance than the

scale of vertical photography.

b Depth of focus of the projection lenses of the instrument in projecting a visually sharp stereoscopic

model.

¢ For each instrument, this is the maximum endlap allowable at the point of lowest relief appearing
on one edge of the stereoscopic overlap when the point of highest relief is 5 per cent of the length of the
photograph from the opposite edge of such overlap. This condition results in a minimum endlap of 55

per cent at the level of the point of highest relief.

jacent photographs with tilt exceeding two
and one-half degrees will have their endlap
reduced to about 50 percent on one side and
increased to about 60 percent on the other
side. Thus, to avoid resultant gaps in stereo-
scopic coverage caused by tilt, tilt must be
less than two degrees, or the minimum endlap
limit of 55 percent on vertical photography
should be changed to 57 percent if tilt of
three degrees is permitted, 59 percent for
four degrees, and 61 percent for five degrees.

Axiomatically, the effective width of stereo-
scopic coverage on a single strip is decreased
about two per cent per degree of tilt occurring
on the x-axis, the line of flight. Endlap in line
of flight is similarly decreased on one edge
and increased on the other by tilt occurring
on the y-axis, the axis normal to the line of
flight. Tilt occurring on other axes will have
combination effects of less than two per cent
per degree of tilt on endlap and on width of
stereoscopic coverage.

The analyses subsequently presented are
for tilt-free vertical photographs—practical
applications of which will not be so adversely
affected as to be nullified when tilt does not
exceed the reasonable minimum. The alterna-
tive is to maintain minimum endlap on verti-
cal photography greater than 55 per cent to
prevent endlap becoming less than usable on
tilted photography. This practice, because

tilt cannot be eliminated, decreases the
efficiency of mapping by photogrammetric
methods. Sidelap will be affected in a similar
manner, and also the continuity of photo-
graphic coverage along the edge of a single
strip, such as in route photography.

PRINCIPLES
For double-projection photogrammetric
instruments like the Multiplex, Balplex,

Kelsh, and Photocartograph (called Photo-
mapper in the United States), there is a limit
to which the airbase can be shortened by in-
creasing the endlap to satisfy relief-height to
flight-height  relationship  requirements.
Whenever this limit is exceeded, a stereo-
scopic model cannot be produced because
projectors of the instrument will touch before
the desired stereo-model scale is attained. The
maximum allowable endlap will vary with the
double projection instrument used and the
map-scale to photography-scale projection
ratio. The allowable endlap limits in per cent
determined by the projector positions of such
instruments are listed in the final column
(number 7) of Table 1.

Optical train instruments* are capable of

* Optical train instruments manufactured in
Europe and used in the U. S. A. are the Zeiss
Stereoplanigraph, Wild Autograph, Nistri Photo-
stereograph, and Galileo-Santoni Stereocartograph.
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using pairs of photographs containing larger
percentages of endlap than can be utilized in
double-projection instruments. As circum-
stances permit, however, and unless only two
photographs are available when excessive
overlap occurs, the second photograph of each
three is omitted. Thus, photographs num-
bered one, three, five, and so forth of each
flight line are used when feasible.

Another and more critical factor, which
limits the amount the airbase can be short-
ened by increasing the endlap to satisfy the
requirements of 4/ H (relief-height divided by
flight-height), is the range in vertical meas-
urement of the photogrammetric instruments.
In column 4 of Table 1 is listed the vertical
measurement range of the various double-pro-
jection instruments. This range is set by the
projection zone in which the stereoscopic
model is sharp enough to be measured with
ease and consistency. Whenever differences
in elevation of relief within a model are so
large as to encompass all or most of this
range, then such differences, called relief
height, must be appropriately considered in
relation to the flight-height above the points
of lowest elevation, or both endlap and side-
lap requirements may not be met.

In column 5 of Table 1, h/H equals the
vertical measurement range of the instru-
ment in inches divided by the maximum pro-
jection distance in inches. This maximum pro-
jection-distance is the projection-ratio of the
photogrammetric instrument times the focal-
length of the aerial camera plus approxi-
mately 60 per cent of the vertical measure-
ment range of the instrument, and the mini-
mum projection-distance is the maximum
projection-distance minus its vertical meas-
urement range. To compute the per cent of
endlap in column 6 the &/H ratio in column 5
is used in the equation for maximum endlap,
Ey=E,+504+(50—F,) h/H, which is de-
veloped later. The per cents in the same col-
umn are also equal to 100 minus the quantity
of 45 times the minimum projection-distance
divided by the maximum projection-distance.

Column 7 of Table 1 lists the maximum
endlap, as governed by the position of the
projectors in double-projection instruments.
Since the preceding column contains smaller
per cents of endlap, the vertical measurement
range of each instrument limits the maximum
allowable endlap in the photography for
mapping with double-projection instruments.

Endlap limits of 55 per cent to 65 per cent
with an average of 57 per cent have been
specified for aerial vertical photography. It
will be shown later, in development of the re-

575

lationship of minimum and maximum endlap,
that the 335 per cent to 63 per cent limits will
accommodate a ratio of relief-height to flight-
height of only 2/9. These limits are easily
complied with for small-scale photography
where the flight-height is relatively high. For
example, photography taken from a flight-
height of 20,000 feet and containing the 35
per cent to 65 per cent endlap at points of
highest and lowest relief, respectively, would
accommodate a maximum relief of 4,444 feet.
These 55 per cent to 65 per cent limits, how-
ever, are difficult and sometimes almost im-
possible to adhere to under certain relation-
ships of relief-height and low flight-heights.

When the end product required is maps of
large scale for engineering purposes, and the
map compilation is to be done by photo-
grammetric methods at the scale specified for
the finished maps, the flight-height must be
relatively low. As a result, if compliance with
55 per cent and 65 per cent endlap limits were
to be held to, with the resulting relief-height
to flight-height ratio of 2/9, the maximum re-
lief that could be accommodated for various
photogrammetric instruments, photography
scales, and flight-heights, when 6-inch focal-
length photography is to be used and the
map compilation scales are as listed, would be
as given in Table 2. Columns 7 and 8 of Table
2 also list the feasible contour interval obtain-
able and the resultant C-factor when the map
scale is allowed to control use of the photo-
grammetric instrument.

If the desired contour-interval is small, the
C-factor often applied in photogrammetric
instrument operation may cause the contour-
interval to control the flight-height. The max-
imum relief that can be accommodated by the
55 per cent and 65 per cent limits, when the
contour-interval controls, is given in Table 3.
As an example, if a Kelsh stereoscopic plotter
using 6-inch focal-length photography is to be
used to compile a topographic map with a
contour-interval of 1 foot, and the projection
ratio of map-scale to photography-scale is 7
to 1, a C-factor of 1,300 might be used for this
instrument. Using this C-factor as an indi-
cator of the capability of the instrument, we
assume that contours at the 1-foot interval
may be delineated by use of photography
taken from a flight-height of 1,300 feet. The
maximum relief which may be accommodated
at this 1,300-foot flight-height with a maxi-
mum endlap of 65 per cent is 2/9 of 1,300, or
289 feet. The photography scale expressed in
terms of feet to one inch is equal to the flight-
height in feet divided by the focal-length of
the aerial camera in inches (1,300+6), which
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TABLE 2

MaAaPr ScALE CONTROLLING USE OF PHOTOGRAMMETRIC [NSTRUMENTS

Ratio of : ; . Feasible®
Photogrammetric Map Scale Map Scale Fhmag. th};f Maximum® ~copiour  Resultante
Instrument to Photog. (Ft. to 1") Sele ¥ Howght Relief Interval  C-factor
Senly (Ft. to 1) (Feet) (Feet) (Feet)
1 (2) (3) (C)) ) (6) (7 (8)

Multiplex 2.4:1 20 48 288* 64 0.5 576
40 96 576* 128 1 576
50 120 720* 160 2 360
80 192 1,152 256 2 576
100 240 1,440 320 2.5 576
200 480 2,880 640 5 576
Balplex (525) 3.4:1 20 68 408* 91 0.5 816
40 136 816* 181 1 816
50 170 1,020 227 1.5 680
80 272 1,632 363 2 816
100 340 2,040 453 2.5 816
200 680 4,080 907 5 816
Balplex (760), 5:1 20 100 600* 133 0.5 1,200
Kelsh stereoscopic 40 200 1,200 267 1 1,200
plotter, and Nistri 50 250 1,500 333 2 750
Photocartograph 80 400 2,400 533 2 1,200
100 500 3,000 667 2.5 1,200
200 1,000 6,000 1,333 5 1,200
Kelsh stereoscopic N 20 140 840* 187 1 840
plotter and Nistri 40 280 1,680 373 2 840
Photocartograph 50 350 2,100 476 2 1,050
80 560 3,360 747 2.5 1,344
100 700 4,200 933 -+ 1,050
200 1,400 8,400 1,867 10 840

Optical Train:
Wild Autograph, A-7; 8:1 20 160 960* 213 1 960
Zeiss Stereoplanigraph, 40 320 1,920 427 2 960
C-8; Nistri 50 400 2,400 533 2 1,200
Photostereograph, 80 640 3,840 853 4 1,210
B-2; and Galileo-Santoni 100 800 4,800 1,067 5 960
Stereocartograph 200 1,600 9.600 25133 10 960

* Under usual conditions these flight-heights are lower than practicable.
» Should endlap be larger than 65 per cent for points of lowest relief, the maximum admissible by
some of the instruments, the maximum relief measurable would be slightly larger than listed in this

column.

b As a practical unit, the contour interval is one-half or nearest full foot only.

¢ Resultant C-factors must not be construed as an accuracy measurement of the photogrammetric
instrument. In most cases map compilation scale governs, therefore, nearly all resultant C-factors are
less than those commonly used (refer to Table 3) and, whenever this occurs, the accuracy in contour

compilation should be improved.

is 217 feet to one inch. The desirable re-
sultant compilation scale on the map manu-
script is nearly seven times larger than the
photography scale, or 30 feet to one inch.
Should map compilation at a scale of 30 feet
to one inch be required for topographic map-
ping with the same instrument and a contour-
interval of two feet, photography would have

to be taken to the same scale from the flight-
height of 1,300 feet. The resultant C-factor
would be 650, and, consequently, it should be
especially easy, wherever the ground can be
seen from the air, to achieve the desired ac-
curacy in contour delineation.

Examination of flight-heights involved
(column 5) and maximum relief (column 6)
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TABLE 3

CoNTOUR INTERVAL CONTROLLING USE OF PHOTOGRAMMETRIC [NSTRUMENTS

Resultant
Ratio of . ; +  Compilation
Photogrammetric Map Scale CHfactor Contour thht ]t[axmmm Scale on Map
Instruments to Photog. Com.'m(mly Interval Height Relief Manuscript from
Scale Used (Feet) (Feet) (Feet) Stereomodel
(Ft. to 1 inch)

(1) (2) (3) 4) (5) (6) (7
Multiplex 2.4:1 600 0.5 300%* 67 20
1.0 600* 133 40
2.0 1,200 267 80
5.0 3,000 667 200
10.0 6,000 1,333 400
Balplex (525) 3.4:1 1,000 0.5 500+ 11 15
1.0 1,000 222 30
2.0 2,000 444 60
5.0 5,000 1,111 150
10.0 10,000 2,222 300
Balplex (760) 5:1 1,200 0.5 600* 133 20
Kelsh stereoscopic 1.0 1,200 267 40
plotter, and Nistri R0 2,400 533 80
Photocartograph 5.0 6,000 1,333 200
10.0 12,000 2,667 400
Kelsh stereoscopic 7:1 1,300 0.5 650* 144 15
plotter, and Nistri 1.0 1,300 289 30
Photocartograph 2.0 2,600 578 60
5.0 6,500 1,444 150
10.0 13,000 2,889 300

Optical Train:
Wild Autograph, A-7; 8:1b 1,500 0.5 750* 167 15
Zeiss Stereoplanigraph, 1.0 1,500 333 30
C-8; Nistri Photo- 2.0 3,000 667 60
stereograph, B-2; and 5.0 7,500 1,667 150
Galileo-Santoni 10.0 15,000 3,333 300

Stereocartograph

* Under usual conditions these flight-heights are lower than practicable; also the 0.5-foot contour
interval is smaller than practicable unless there is little or no ground cover and height of relief is very
small within the area to be photographed and mapped by stereophotogrammetric methods.

2 Should endlap be larger than 65 per cent for points of lowest relief (that is, equal to the maximum
admissible by most of the instruments) the maximum relief measurable would be slightly larger than

listed in this column.

b By changing ratios on the coordinatograph of the optical train instruments, map as desirable, can
be compiled at scales smaller than eight times the photography scale, as six, five, and so forth.

that can be accommodated, when endlap is
limited between 55 per cent and 65 per cent,
indicates that flexible limits are desirable.
This is especially true when large-scale pho-
tography for large-scale topographic mapping
with a small contour-interval is required. An
increase in maximum endlap limits would per-
mit an increase in maximum relief measurable
within a stereoscopic model. The maximum
endlap limits, however, cannot exceed the
endlap acceptable to the particular photo-

grammetric instrument that will be used
Maximum endlap admissible by one instru-
ment is 71 per cent, 67 per cent for another,
and 66 to 64 per cent for the remaining com-
monly used double-projection instruments
(see Table 1, column 6). The minimum end-
lap is fixed by stereo-requirements.

In column 7 of Table 3 is listed the re-
sultant compilation scale on the map manu-
script for five different contour-intervals (col-
umn 4) and for various photogrammetric in-
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———— Datum Plane. Coverage of Phatograph One

— —Dotum Plane Goveraoe o P Two

Fi1G. 1. Space Geometry of pair of aerial vertical photographs adjacent in line of flight to show end-
lap (E,;) at datum plane and endlap (E,) at point of highest relief

h
E1=E2+50+<50—E2)ﬁ’-

struments. In some cases these are not
standard map scales. Manuscripts at such
scales would generally be photographically
reduced to the nearest smaller standard scale
for preparation of the finished maps.

Factors affecting endlap were examined
and an expression was developed to correlate
the relationship between minimum and maxi-
mum endlap and relief-height and flight-
height. In deriving the equations subse-
quently presented, only vertical photographs
without crab or tilt were considered. Six (6)
variable factors were involved : minimum end-
lap, maximum endlap, flight-height, relief-
height, and the limiting position on each pho-

tograph of the point of highest relief and the
point of lowest relief.

Since the position of points of highest and
lowest relief cannot be predetermined, they
are assumed to be at the position where the
perspective geometry of the photographs will
cause maximum radial displacement. The
position of the point of highest relief is de-
fined, therefore, as lying somewhere on a line
normal to the flight line and passing through
the principal-point of one of the photographs
of the stereoscopic pair. (Referring to photo-
graph taken from lens position L; of Figure 1,
7y to aq is the line on which the point of high-
est relief appears in this space geometry
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1
Datum Plane Coveraqge of Photoaraph One -

Datum Plane Coveraoe of Pnotogropn fwo

F16G. 2. Space Geometry of aerial vertical photographs in adjacent flight lines, at optimum spacing.
To show sidelap (.51) at datum plane and sidelap (S:) at point of highest relief

h
= 2 2(50 — — -
S1 Sa + 2( S2) i

illustration.) The position of the point of low-
est relief is defined as lying somewhere on the
extreme opposite edge of the same photo-
graph—the edge in the stereoscopic overlap
that is approximately parallel to the line on
which the point of highest relief causing mini-
mum endlap actually lies. For simplification,
the point of lowest relief is assumed to be in
the datum plane, as represented by point G;.

To expand the problem to include sidelap,
the same variable factors are involved. In
addition, the image of principal points of the
adjacent photograph do not normally appear
in the sidelap area. Thus, the position of the

point of highest relief, fixed arbitrarily for
definition purposes, is defined as lying on a
line parallel to and at a minimum sidelap dis-
tance from the edge of each of the adjacent
sidelapping photographs; therefore, this line
lies midway within the sidelap area. The posi-
tion of the point of lowest relief lies on the
near edge of each sidelapping photograph,
and is assumed to be at the datum plane for
the particular photograph on which sidelap
is being measured.

EqQuaTions

Equations expressing the relationships of
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minimum and maximum endlap and sidelap
are derived by use of the following terms,
which are illustrated in Figures 1 to 3:

E,is the maximum endlap at the datum
plane. The distance E; is measured from a
point lying in the datum plane at the edge
of one photograph to the conjugate image
on the same photograph of a point which
lies in the datum plane at the edge of the
photograph which is adjacent in line of
flight. 2, is expressed as a per cent of the
dimension of the photograph in line of
flight.

E, is the minimum endlap distance that the
point of highest relief affecting endlap is
from the edge of the photograph. The dis-
tance E, is measured from the edge of the
photograph to the image of the point of
highest relief. E, is expressed as a per cent
of the dimension of the photograph in line
of flight.

S, is the maximum sidelap at the datum
plane. It is the distance from the edge of
the photograph to the conjugate image on
the same photograph of a point at the da-
tum plane appearing at the edge of the
photograph which is in the adjacent line
of flight. .S is expressed as a per cent of the
dimension of the photograph normal to
the line of flight.

Sy is the minimum sidelap distance that the
point of highest relief is from the edge of
the photograph. This distance is equal on
photographs in adjacent flight lines when-
ever the minimum sidelap requirements
are met on both photographs. S, is ex-
pressed as a per cent of the dimension of
the photograph normal to the line of flight.

I is the height above the datum plane of the
point of highest relief which affects endlap
or sidelap.

H is the aircraft flight-height above the
datum plane from which the stereoscopic
pair of photographs being considered were,
or will be, taken.

Two intermediate values used in deriving the

relationships are:

r is the projection of the radial distance be-
tween the principal-point and the image of
the point of highest relief on to the plane of
endlap or sidelap measurement. In Figure 1
this projection is made orthographically on
to a line parallel to the flight line for endlap.
For sidelap, it is made on to a line normal
to the flight line.

e is the projection of the radial displacement
of the point of highest relief on to the line of
endlap or sidelap measurement. The sep-

PHOTOGRAMMETRIC ENGINEERING

arate projections for sidelap and endlap are
made in the same manner as for “z.”

With these terms defined, and with the
position of the points of highest and lowest
relief fixed, as stated previously, examination
of Figures 1, 2, and 3 results in the following
relationships:

By similar triangles, e, e, e, si, 53, etc., on
the photographs are analogous, respectively,
to E, E,, E,, Si, Se, etc., in the datum plane.
The capitalized representation, as shown for
the datum plane conditions, are subsequently
used in all equations and charts.

ENDLAP
Refer to Figure 1.
E =350+X
By similar triangles, X = E,+ L
Therefore:
FEy =30+ E+ E
Also by similar triangles,
e E _h

r R_E

and R in any case= 50— F,
Therefore:

h h
E=R-— = (50— Ey) —
7] (50 Ez)H

and

h
E1=E2+50+(50'—E2)E

This expression may be rearranged thus:
]’[ E1 s E2 S 50

H 50-E,

If the 55 per cent and 65 per cent limits are
substituted:

This value (2/9) is the ratio of relief height to
flight-height used in compiling Tables 1 and 2.

SIDELAP

Refer to Figure 2. In this case, the flight
lines are at optimum spacing, and minimum
sidelap (S:) is obtained on both adjacent
photographs.

Examination of Figure 2 shows that:

Si=S+E+E+ S =25+ 2E
by similar triangles,
(2 E h

r R=E

and R in any case=50—S..
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Datum Plane Coverage of Photoqruvh One —————— X\
——Datum Plare Coveraoe ot Patoorogn Two ——————

F1G. 3. Space Geometry of aerial vertical photographs in adjacent flight lines, not at optimum spac-
ing, to show sidelap (.S) at datum plane and sidelaps (S:r and S,z,) at point of hughst relief

) h
S1 = Ser + Sor. + (100 — Sar — Sar) It

Therefore: 23 _ h _ Eg
h R[ "o RR
E = (50-S») I and
and Ry = 50 — Sor and Rg = 50 — Sar
Therefore:

h
S1 = 2S: + 2(50-S,) —
1 2+ 2( 2) I

EL = (50-S1) ]L and Eg = (50-S:r) —
Refer to Figure 3. In this case, the flight 1 a
lines are not at optimum spacing, and, as a and
result, S:z and 2y, and Ep and Ej; are not p
equal on adjacent photographs. S, = Sir 4 Sir -+ (100 — Sir — Suz) 7}

Examination of Figure 3 shows that:
Since S, for this case is not equal on ad-

S1 = Sor + Sor. + Sk + EL . s :
jacent photographs, the position of the point
Again by similar triangles, of highest relief does not lie on the previously
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defined line. Figure 3 and its equation are
presented as an example of noncritical condi-
tions, and graphs have not been prepared
from this equation.

On most of the vertical photographs taken
for any one project, intermediate endlap and
sidelap values will usually occur because the
extreme conditions will seldom exist on more
than a few of the vertical photographs. But
the anticipated extreme must be used in
planning survey projects, establishing flight
lines at specific places and for the entire area
of survey, and in administering specifications.
The positions considered, therefore, are for
the points of highest and lowest relief where
their perspective displacement on the photo-
graphs has the greatest effect on overlap (end-
lap or sidelap). Then, if the point of highest
relief is at a minimum 5 per cent of the length-
wise dimension of a particular photograph
from its back edge, the maximum endlap will
be measurable from the back edge to the
image on this photograph which is conjugate
to the image of the point of lowest relief
appearing on the leading edge of the preced-
ing photograph. And, conversely, if the point
of highest relief is at a minimum 5 per cent
from the forward edge, the maximum endlap
will be measurable from that edge to the
image on this photograph which is conjugate
to the image of the point of lowest relief ap-
pearing on the back edge of the succeeding
photograph. Sidelap is measurable in a simi-
lar manner.

SINGLE STRIP OF PHOTOGRAPHS

Moreover, such occurrences will also affect
the width of stereoscopic coverage on a single
strip of photographs by decreasing it in pro-
portion to the height above datum of points
on the ground which appear as images along
edges of the strip. The decrease on one side
is expressed by this equation:

_ 11117 %
T m

in which S; is the per cent of decrease in
width of ground coverage caused by relief,
7 1s the distance in inches from the center of
the photograph to the image-point of highest
relief appearing on its edge, & is the relief-
height of the ground-point above datum
plane, and H, as usual, is the flight-height
above datum.

Flight-height and relief-height must be in
the same units of measure. If 7 is assumed to
be 4.5 inches for the usual 9-inch by 9-inch
vertical photographs, the equation for S
becomes:

PHOTOGRAMMETRIC ENGINEERING

h
S:s = 50 ==
H

Thus, all single strips of photographs are
decreased by relief on the edges of the strips
in their effective width of stereoscopic
coverage. This condition must be fully ac-
counted for in designing photography flight
lines.

(GRAPHS

Five graphs have been prepared from the
equations for endlap and sidelap. These
graphs show the relationships of minimum
and maximum endlap and/or sidelap, flight-
height, and height above datum of point of
highest relief. Graphs 1 and 2 are, respec-
tively, endlap and sidelap graphs for flight-
heights to 40,000 feet. Graph 3 is applicable
to determination of either endlap or sidelap
for flight-heights to 24,000 feet. Graph 4,
similar to Graph 3, is for determination of
either endlap or sidelap for flight-heights to
9,000 feet. In effect, Graph 4 is simply an an-
largement of the lower portion of Graph 3.
Graph 5 is for the determination of either
endlap or sidelap for the single flight-height
of 3,000 feet.

It should be noted that in each case in us-
ing these graphs, the value of H is the aircraft
flight-height above the datum plane, and the
datum plane is assumed to pass through the
point of lowest elevation governing maximum
endlap in stereoscopic pairs of the vertical
photographs. The flight-height to consider in
attaining a particular map scale, however, is
the optimum flight-height, the flight-height
measured from the aircraft to the elevation
point which corresponds to the point of
optimum projection in the stereoscopic model
rather than the flight-height above the de-
fined datum plane. The point of optimum
projection lies above the datum plane a dis-
tance equivalent to above 60 per cent of the
relief height. Thus, the optimum flight-height
is equal to the aircraft flight-height above the
datum plane minus 60 per cent of the relief-
height.

ExampLES
Examples illustrating uses of these graphs
follow:
Graph 1

With E, specified, and given values for
any two of the three variables H, &, or E;, the
third value may be determined from Graph 1
for flight heights up to 40,000 feet.

(Text continued on page 587)




RELATION OF PERCENTAGE OF ENDLAP (E,) AT DATUM, AIRCRAFT FLIGHT HEIGHT (H) ABOVE DATUM,
AND HEIGHT (h) ABOVE DATUM OF POINT OF HIGHEST RELIEF, WHEN PERCENTAGE OF
ENDLAP (E,) AT POINT OF HIGHEST RELIEF IS 5%
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SIDELAP (S|) AT DATUM—PERCENT
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RELATION OF VARIOUS MINIMUM PERCENTAGES OF SIDELAP (Sg) AT POINT OF HIGHEST
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AT DATUM, AND HEIGHT (h) ABOVE DATUM OF POINT OF HIGHEST RELIEF,
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Example No.
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To determine: E at datum.
Given: H=1,600 feet. h=0600 feet. Ly=35

per cent.
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ENDLAP (E;) AT DATUM—PERCENT

1. Construct a sloping line from the point

oo

of minimum endlap, 55 per cent, to
1,600 feet on the abscissa for flight-
height (H).
From 600 feet on the abscissa for relief-
height (%), construct a vertical line to

intersect the first line.
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3. From the point of intersection of lines
one and two, construct a horizontal line
to the endlap ordinate, and read the
endlap in per cent. £, =172 per cent.

Resultant endlap of 72 per cent in this
example, and in example 1 on Graph 4, is un-
realistic for double-projection instruments
because, according to Table 1, none of these
instruments is capable of handling an endlap
of 72 per cent. An optical train instrument,
however, could utilize photographs with such
an endlap.

Example No. 2

A better approach to solving the endlap
problem is given in this example on Graph 1.
First consider the type of photogrammetric
instrument; also the scale at which the map
compilation is desired. Should the instrument
for which endlap and sidelap, and photog-
raphy flight lines are to be designed be a
Kelsh stereoscopic plotter using 6-inch focal-
length photography and a 5:1 projection-
ratio, the optimum flight-height would be
3,000 feet for map compilation at a scale of
100 feet to one inch. This 3,000 feet is a prod-
uct of the map scale of 100 feet to one inch,
the projection ratio of 5, and the photography
focal-length of 6 inches. On all graphs, the
optimum flight-height, Ho, plus 60 per cent of
the relief-height equals the flight-height, H.
When the maximum permissible E; at datum
is 66 per cent, the minimum £, is to be not
less than 5 per cent, and the optimum flight-
height required for the map compilation
scale desired is 3,000 feet, proceed as follows
to determine the maximum % which can be
accommodated and the actual flight-height,
H, that will be required above the datum
passing through the point of lowest relief.
From Table 1, select the 66 per cent maxi-
mum for E,. Utilize a minimum endlap of 55
per cent at point of highest relief, which re-
sults in an E» of 5 per cent. In reducing the
equation for E; such values result in an equa-
tion, in this case, wherein H=4.1%. Also, from
preceding data H=0.6i+H,. Therefore, by
substitution of 3,000 feet for H,, and 4.1%
for H, the value of % is determined to be 860
feet.

Consequently, Example 2 on Graph 1, re-
duces to:

To determine: H above datum.

Given: E =66 per cent. Ey=5 per cent.
h =860 feet.

1. Construct a line parallel to the abscissa
of the graph from the endlap ordinate
of 66 per cent.

2. Construct a line parallel to the ordinate

PHOTOGRAMMETRIC ENGINEERING

of the graph from the relief height
abscissa of 860 feet.

3. From the point of intersection of the
ordinate and abscissa lines of this graph,
at the minimum endlap of 55 per cent
for point of highest relief, construct a
sloping line to pass through the point of
intersection of the two lines constructed
in steps one and two. Extend this line to
the H abscissa. This intersection marks
an H of 3,520 feet, the answer. The
practical H to use in this case would be
3,500 feet.

Continuing further with this example, by
considering only a single strip of aerial photo-
graphs, the walls of a canyon 860 feet high
would decrease the width of photographic
coverage 24.4 per cent. This is twice the de-
crease on one side, as computable by use of
the equation for S; which is the decrease in
per cent of width of ground-coverage by
perspective displacement of relief.

Graph 2

With S, specified, and given values of any
two of the three variables H, h, or S;, the
third value may be determined from Graph 2
for flight heights up to 40,000 feet.

Example No. 1

To determine: S; at datum.

Given: H=3,000 feet. 7 =800 feet. S;=7.5
per cent.

1. Construct a sloping line from the point
of twice the minimum sidelap distance
(in this case 2S;=15 per cent) to 3,000
feet on the abscissa for flight-height (H).

2. From 800 feet on the abscissa for relief
height (%), construct a vertical line to
intersect the sloping line previously
drawn.

3. From the point of intersection of the
first and second lines, construct a hori-
zontal line to the sidelap (S;) ordinate,
and read the sidelap in per cent. S;=38
per cent.

Graph 3

Graph 3 is a combination sidelap-endlap
graph for flight-heights to 24,000 feet. It pre-
sents the relationship of the aircraft flight-
height (H) above datum, height (%) of the
point of highest relief, and the percentage of
sidelap (S,) or endlap (E3) at point of highest
relief, and the percentage of sidelap (S;) or
endlap (FE;) at the datum.

Given any three of the four variables, S;,
So, H, and &, or E,, E,, H, and #, the fourth
may be determined from this graph.
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Example No. 1 for endlap

To determine: F; at datum.

Given: H=6,000 Jeet. 1 =1,050feet. £,=10
per cent.

1. Construct a sloping line from 10 per cent
on the ordinate for endlap (Z,) to 6,000
feet on the abscissa for flight height (7).

2. From 1,050 feet on the abscissa for re-
lief height (k), construct a vertical line
to intersect the sloping line.

3. From the point of intersection of lines
one and two, construct a horizontal line
to the ordinate for endlap (), and read
the endlap in per cent. £, =67 per cent.
(This endlap is excessive for all but two
of the double projection instruments
listed in Table 1, the Multiplex and
Balplex (525). It is also usable in the
optical train instruments.)

Example No. 3 for sidelap

To determine: The flight height (/)

Given h=3,600 feet. S =52 per cent.S; =20

per cent.

1. From 3,600 feet on the abscissa for relief
height (%), construct a vertical line.

2. From 52 per cent on the ordinate for
sidelap (S:) at the datum, construct a
horizontal line to intersect the vertical
line from the abscissa for relief height
(h).

3. Construct a line from 20 per cent on the
ordinate for sidelap (S,) through the
point of intersection of lines one and
two to the abscissa for flight height (/1),
and read the flight height in feet. H
=18,000 feet.

Graph 4

Graph 4 is a combination sidelap-endlap
graph for flight-heights to 9,000 feet. It is
constructed and used in the same manner as
Graph 3, and is, in effect, an enlargement of
the lower portion of that graph.

Graph 5

This graph is constructed for the special
case of an aircraft flight-height of 3,000 feet
above datum. It presents the relationships of
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various percentages of sidelap (S:) at point
of highest relief and percentages of sidelap
(Sy) at datum, or various percentages of end-
lap (E,) at point of highest relief and per-
centages of endlap (E:) at datum, and height
(h) of point of highest relief.

Example No. 1 for endlap

To determine: £ at datum.

Given: IZ,=5 per cent. & =800 feet.

Draw a horizontal line from 800 feet on the
ordinate for relief-height (%) to intersect with
the sloping line labeled E,=35 per cent. From
this point of intersection, construct a line
vertically downward to the abscissa for end-
lap (FE,) at datum. In this case E;=067 per
cent. (A flight-height larger than 3,000 feet
would be necessary to achieve an endlap at
datum of less than 67 per cent, as required by
most double projection instruments.)

Example 2 for sidelap

To determine: S; at datum.

Given: S;=35 per cent. & =800 feet.

Draw a horizontal line from 800 feet on the
ordinate for relief-height (/) to intersect with
the sloping-line labeled S, =35 per cent. From
this point of intersection, construct a line
vertically upward to the abscissa for sidelap
(Sy) at datum. In this case Si =34 per cent.

CONCLUSION

In this paper, an attempt has not been
made to achieve an exhaustive analysis of the
interrelationships of relief, flight-height, tilt,
and overlap. Proof of the significance of their
effects on utilization of photogrammetric
methods of mapping at large-scales for high-
way engineering purposes was undertaken.
In actuality, certain combinations of relief-
heights and flight-heights place a limit on
how close to the ground an aircraft can be
flown on photography missions for such
mapping. Utilization of the principles pre-
sented and graphs prepared will enable high-
way engineers to ascertain the largest scale
and smallest contour interval that are prac-
ticable for a particular relief-height within the
route band or area of survey. Whenever the
principles are fully applied, it will always be
possible to attain optimum overlap.




