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INTRODUCTION

A BERRATION in a photogrammetric system is the displacement of an image equal
to the distance the system travels in the time it takes the image forming light to

pass from the lens to the light sensitive surface, or the displacement of an object
equal to the distance the object travels in the time it takes the image forming light
to pass from the object to the lens. Aberration is the sum of the displacements if
both the object and photogrammetric system are in motion. The total displacement,
therefore, varies with the image distance, object distance, image velocity vector,
and object velocity vector.

The angular deviation S subtended by the total image displacement arising from
the sum of the object and photogram metric system motion, on the other hand, de
pends only on the ratio of the velocities times the sine of the angle enclosed between
the direction of motion and the direction of the image-object line. This is expressed
with the equation

v
S = -sin IJ

V

where

v = the velocity of the system or object
V = the velocity of light.

Assuming the direction of motion is perpendicular to the direction of the object and
the velocity of the system is one mile per second,

s" = 1:' 0

* Presented at 1962 Semi Annual Meeting, St. Louis, Mo., Sept. 9-14.
t 400 N. Washington St., Alexandria, Va.
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when the direction of the object is collinear with the direction of motion

s" = O!' 0

In general, the angular deviation of an image is one second of arc with each mile
per-second of velocity. With the advent of artificial satellites, velocities of 5 to 7
miles per second are reached yielding a possible angular deviation of 5 to 7 seconds.
Star places are corrected for the orbital velocity of the earth which reaches a maxi
mUIll value of 20". Photogrammetrists, like astronomers, must be prepared to correct
images for the velocity of a satellite whether the satellite is photographed from the
ground or the ground is photographed from a satelli teo

Aberration differs from image-motion inasmuch as image-motion depends only
on the time the shutter is open and the resultant velocity of the object and camera.
Aberration is independent of shutter speed. Image-Illotion creates an image smear.
Image aberration involves no loss in image resolution.

General equations are developed for the correction of image coordinates for any
velocity and any orientation of the camera that requires only approximate ephemeris
data.

DATA REDUCTION EQUATIONS FOR ORBITAL VELOCITY ABERRATION

A. DEFINITION

The apparent direction of an object with respect to a camera coordinate system is
defined by the film coordinates of the image referred to the principal-point and the
rear nodal-point of the camera, if the camera has no motion with respect to the ob
ject, or conversely. Such is the case when an earthbound camera photographs a fixed
earthbound object. If either the object or camera are moving in a direction other than
toward or away from each other, the apparent direction of the object defined by the
image coordinates is deviated an angle S from the true direction as a consequence of
the relative velocity of light and the object or camera. The resultant velocity of the
camera and object may be treated as the velocity of the camera with respect to a
fixed object.

The deviation of a direction arising from the relative velocity of light and the
image collecting system or object is called aberration. Aberration S of a photographic
image is illustrated in Figures 1 and 2. Figure 1 illustrates camera-motion and Figure
2, object-motion. Consider camera-motion, first.

In the time it takes light energy to travel from L to i the camera has moved from
L to L', therefore,

Li' = V(T I - To)

LL' = i'i" = vc(T I - To)

where
v = veloci ty of Iigh t
v = veloci ty of camera

(TI - To) = time lapse

The velocity of the camera is deduced from ephemeris data

• I_G_M__ [1 + e2 + 2e cos (p. - w)]
V a(l - e2)

sin fh
sinp. =-

sin i
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FIG. 1. Camera Motion.

h = the declination of the camera station.
From the previous equalities
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FIG. 2. Object Motion.
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By the law of sines
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it i,ll 'Vc
Se = - sin Be = - sin Be

Li' V

where () is the angle between the direction of motion and the direction of the image
object line.

Now consider object motion illustrated in Figure 2.
In the time it takes light energy to travel from 0' to L the object 0' has moved

from 0' to O. Whence,

1.0' = V(T i - To)

0'0 = l!o(T l - To)

But
i'i" 0'0

Li LO'

Therefore

Vo
i'i" = Li' 

V

for object-motion as well, and similarly

Vo
So = - sin Bo

V

Thus object-motion may be treated exactly like camera-motion.
In both instances i'i" is the spatial image-motion referred to the actual photo

graphic image. The corrections for aberration projected to the film plane i'ie and
i'io are required.

The aberration of images measured on ordinary aerial negatives may be com
pletely neglected owing to the low velocity of conventional photographic aircraft
relative to the velocity of light. The velocity of a 90 minute satellite is nominally 5
miles-per-second.

Putting

5
S" = ------ = 5" approximately

186,000 sin 1"

whether the satellite is photographed from the ground or the ground is photographed
from a satellite.

B. ABERRATION CORRECTION EQUATIONS FOR CAMERA AND OBJECT VELOCITY

The aberration correction applied to image-coordinates is dependent on the
orientation of the exposure camera. Assume the camera, either in orbit or on the
ground, is star oriented. The orientation of the exposure camera with respect to the
celestial sphere is defined:

x y f
X ax au a.

y {3x {3y {3.

z 'Yx 'Yu 'Y.
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These val ues are obtained by some proven data-reduction procedure. The orientation
of the orbital axes with respect to the celestial sphere is similarly defined:

X' y' Z'

X
, , ,

ax ay az

y {3x
,

{3y' {3z'

Z 'YX
,

1'1'
,

'Yz'

Let the direction of motion be designated Z" which is a line in the plane of the
orbit tangential to the orbital path at the satellite station. The direction angles of
Z" are expressed as follows:

or

cos az" = cos R A z" cos 0 "1. ,z

cos {3z" = si n RA z" cos oz" JF =

cos 'YZ" = sin 0/'

(e, a, i, n, w, 0)

where

cos a/'

cos {3z"

cos 'Yz"

cos n sin (,p - w) - sin n cos (,p - w) cos t

sin n sin (,p - w) + cos n cos (,p - w) cos z

cos (,p - w) sin i

sin lJ
tan ,p = ----

(cos lJ + e)

jJ = (fJ. - w)

The three coordinate systems defined are illustrated in Figure 3. Since

cos ax'

cos {3x'

cos 'Yx'

cos a/
cos {3/

co" 1'/
cos az'

cos f!z'
cos 'Yz'

cos n cos w - si n n sin w cos i

sin n cos w + cos n sin w cos i

sin w sin i

- cos n sin w - sin n cos w cos i

- sin n sin w + cos n cos w cos i

cos w sin i

- sin n sin i

cos n sin i

cos i

The direction-cosines of the motion vector may be obtained by rotation of the
direction-cosines of the orbital X' and Y' axes through the slope angle ,p at the position
of the satellite:

cos a/' = sin ,p cos ax' + cos ,p cos a/

cos {3z" = sin ,p cos {3x' + cos ,p cos {3/

cos 'Yz" = sin ,p cos 'Yx' + cos ,p cos 'Yy'

,p, like v (velocity), may be determined with approximate orbital ephemeris data.
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z

FIG. 3. Relation of X", Y", ZIt to X', Y', Z' and X, Y, Z

The direction-cosines of the direction of motion Z" combined with the direction
cosines of the camera axes give the direction-cosines of the velocity vector with re
spect to the camera axes:

cos ax cos a/' + cos {3x cos {3z" + cos I'x cos I'z"

cos ay cos a/' + cos {31/ cos {3z" + cos 1'1/ cos I'z"

cos Zx"

cos Zu"

cos az cos az" + cos {3z cos {3z" + cos I'z cos I'z" = cos Zz"

Assume now the camera coordinates are transformed to be collinear with the direc
tion of motion:

x cos Xx" + y cos Xu" + f cos Xz" = x"

x cos Y x" + y cos Yy" + f cos Yz" y"

x cos Zx" + y cos Zy" + f cos Zz" z"

The motion perpendicular to Z" is zero whence we obtain by taking the first order
differentials of the variables:

N"ow

dx cos Xx" + dy cos X1/" + df cos X/' 0

dx cos Yx" + dy cos Y/' + df cos Yz" 0

dx cos Zx" + dy cos Zz" + df cos Zz" = dZ".

V
d/' = i'i" L

V

(1)

(2)

(3)

Therefore, performing the indicated multiplication produces the following
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v ( I X, V Y I
~ =Ii Leos l x - f cos l z) dy =Ii L (cos l'y - f cos l z)

FIG. 4. Geometry of Spatial Image Aberration.

expressions for dx, dy, and df:
v

dx = (1) cos X/' + (2) cos Yx" + (3) cos Zx" = L·- cos Zx"
V

v
dy = (1) cos X y" + (2) cos Yy" + (3) cos Zy" = L·- cos Zy"

V

v
df = (1) cos X/' + (2) cos Y/' + (3) cos Z/' = L·- cos Z/'

V

These are spatial corrections to image i' for aberration. An equivalent film plane
correction defined by the position of i with zero aberration is desired:

x
dx = dx - -·df

f
y

dy = dy - -·df
f

which reduces to

v (dx = L· - cos Z "V x

dy = L'~ (cos Zll"

x )f cos Z/'

2' cos Z/')
f

(4)

(5)

These are the general equations for correcting the image-coordinates of a satellite
image photographed from the ground or a ground-point image photographed from a
satellite for any orientation of the camera axes. The corrections are illustrated in
Figure 4.
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Any number of motions may be expressed by a summation. Suppose for instance
both camera and object are moving, whence

dx = ~ [vC (COS ZX II - -=-COS Z. ") +
V C f C

dy = !:- [vC (COS Zy II - ~ COS Zz ") +
V C f C

vo (COS Zx."

vo (COS ZyO"

- -=- cos Z ")Jf '0

- ~cos Z ")Jf '0

where c and 0 denote camera and object velocities. The latter more complex situation
may occur with satellite photography of large rapidly rotating planets or when ex
posures from one orbit are made of a satellite in a different orbit.

The illustrations and slides which are an important part of this presentation
were made by Andy Schnapp of the Autometric Corporation.

New Significance of Errors of Inner Orientation

U. V. HELAVA,

Division of Applied Physics
National Research Council

Ottawa, Can.

ABSTRACT: The errors of inner orientation have assumed a new significance
due to recent and promising possibilities offered by the improved methods of
providing accurate auxiliary data for determining outer orientation, and by the
development of an analytical plotter which is able to accept orientation data in
nltmerical form. The accuracy of inner orientation can be greatly improved by
using projected fiducial marks of the right shape and size. A n experimental
fiducial mark projector has been built and tested, and the results indicate that
pointing to such fiducial marks can be made with a standard deviation of ± 1
micron. The ensuing reduction in the influence of the errors of inner orientation
on the elements of outer orientation improves not only the possibility of studying
their absolute accuracy. but also of making use of auxiliary data, and of benefit
ting from the many advantages offered by the analytical plotter to advance the
automation of photogrammetric mapping procedures.

I T HAS been said that photogrammetry is
primarily the science of orientations. Cer

tainly, inner, relative and absolute orienta
tions do occupy a very prominent position
indeed in photogrammetric practice and
theory. The inner orientation is the most
fundamental of the three since it is an essen
tial element when defining accurately the
geometric properties of bundles of projecti ng
rays used in subsequent relative and absolute
orientations. Errors of inner orientation are
equally fundamental, and their effects are al
ways present in the outcome of subsequent
operations, and thus affect all accuracy
studies as well as all results.

The effects of errors in inner orientation on
the final outcome of photogrammetric eval
uation have been carefully analyzed. l The

results of studies of this problem show that:
-if approximately vertical photographs

are considered,
-if the terrain is relatively flat, and
-if the outer orientation of the photo-

graphs is obtained by performing rela
tive and absolute orientations,

then the effect of even considerable errors of
inner orientation are negligible. The results
further indicate that this outcome is due to
the fact that the errors caused by erroneous
inner orientation are to a great extent compen
sated by relative and absolute orientations.
This happens as a m-atter of course--un
doubtedly a very fortunate circumstance.

From the development of photogrammetry
during the past few years new possibilities
have emerged which have interesting and


