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ABSTRACT: Stereo instrumentation for overlapping radar photographs corrects
any relief displacement and furnishes target elevation. The instrumentation
and associated computational processes are described for a projection plotter,
where the simple optical system permits drawing ray diagrams that are readily
interpreted. In outward appearance, the projection equipment is similar to con
ventional plotters of the same type, with the exception of an additional prismatic
element in each optical path, that is inserted to remove the y component of
parallax from the general radar parallax vector. The prismatic correction is
entered automatically, so that the actual operation of the stereo plotter is the same
as for aerial photographs. The method of data reduction, however, is substan
tially more complicated. The rigorous solution is derived for the case that both
radar frames are taken at the same altitude, and the flow diagram for an on-line
computational program is presented.

T HE experimental investigations of radar stereoscopy cO;lducted by Kober and his
associates at Wright Field succeeded in showing that elevations and depressions

were observable even with the crude displays then available. Esten's subsequent
analysis of the parallax! for slant-range sweeps introduced the basic concept of the
parallax vector. The extension of the theory to the ground-range display by Levine
established the potential utility of parallax methods in determining terrain elevation.~

Kober's initial work on radar stereo techniques was essentially qualitative, and
the ensuing treatments of parallax were not concerned with the method of its measure
ment. It is timely, therefore, to describe the instrumentation suitable for large-scale
data reduction. In this paper we shall develop the precise equations and essential
features of a projection plotter designed specifically for this application. The initial
section reviews the relation of radar parallax to relief displacement.

RELIEF DISPLACEMENT AND RADAR PARALLAX

On a ground-range sweep, a target at slant range S appears on the display at a
distance

(1)

where H is the aircraft altitude above the plane earth, and rnR is the scale of the rada!

1 R. D. Esten, "Radar Relief Displacement and Radar Parallax," U. S. Army Engineer Research
and Development Laboratories Report 1294, Ft. Belvoir, Va., 12 May 1953. Alternative approximations
for targets that lie on the flight line (and therefore applicable to data from side-looking systems) are
developed in C. Colbert, "Parallax Equations for Determining Topographic Elevations from Radar
Scope Photography," Westgate Laboratory, Inc., Yellow Springs, Ohio, November, 1954. A practical
difficulty in applying either of these solutions arises from their being based on the slant-range display,
since targets on the datum surface are not superposed when two frames are displaced according to the
scaled separation of the nadir points. This limitation is described further in D. Levine, Radar Parallax
for Slant-Range Displays, Sec. 2.7 of "Mapping from Airborne Radar Scope Presentations: Second
Interim Technical Report," Northrop Aircraft, Inc. Report NAJ-58-72, Hawthorne, Calif., 27 December
1957.

2 D. Levine, "Radargrammetry," McGraw-Hill Book Company, Tnc., New York, 1960; pp. 152
169.

596



PRINCIPLES OF STEREOSCOPIC INSTRUMENTATION FOR PPJ PHOTOGRAPHY 597

photograph. 3 For a target located atground
range R and having an elevation h, the
slant range is obtained from

AIRCRAFT

(2)

The distance indicated on the display, as
illustrated in Figure 1, is s

(3)
H

FIG. 1. Displacement of an elevated target.

When the same target appears in differ
ent radar frames, the geometry of the relief
displacements is represen ted in Figure 2,
which is drawn at the scale of the radar
photographs in order to illustrate the TARGET /

(XR, YR) coordinate system of the over- /
lapping frames. The target appears on the h
display at (XUI, YRl) when the aircraft is R ~,/:....---..J
above N I , and at (XU2, YU2) when above N 2. N
The Xu axis is oriented along the line N I N 2 r------p/mR

with positive XR in the direction of flight,
and positive YR 90 degrees counterclock
wise, with the origin midway between N I and N 2• For the specific target location of
Figure 2, XU2 is positive, and XUl, YUI, and YR2 are negative numbers.

FIG. 2. Relief displacement of an elevated target in frames centered at N1 and N2.

3 All symbols are listed at the end of the paper for convenient reference.
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0°

loIG. 3. Superposed radar frames.

FIG. 4. Curves of parallax magnitude and angle.
There is symmetry about the line N,N2, so that
only the upper portion of the overlap region is
shown.

0° 0°

.30 °

When the two radar frames are superposed with their coordinate axes aligned,
then the nadir points N I and N 2 are separated by the scaled value of the airbase, and
the target of Figure 2 appears as in Figure 3. Because of the relief displacement, the
two images of this target are separated by the radar parallax. Using complex notation,
the target location in the first frame is at

(4)

and in the second frame it is at

( 5)

The separation between these two points defines the radar parallax, this complex
quantity being identified in Figure 3. For positive Xl/2 and negative values of XRI,

YR1, YR2 as in this example, the parallax is equal to

(6)

(7)

An approximate analysis of radar parallax leads to the curves4 oJ parallax mag
nitude and angle in Figure 4. The parallax magni tude is expressed in terms of the
parameter A by means of the equation

Ip I = 21 hi (2H - h) A

bn

where bR is the airbase. The curves of this drawing are interpreted in Figure 5 in
terms of the parallax vector for a target of fixed elevation. In this sketch when the
target is located at the mid-point of the airbase, it has a reference parallax magnitude
of unity. Then its parallax vector has a minimum magnitude of 0.176 within the
region outlined. The parallax angle goes to 45° at the corners of the area in question,
so that the minimum x component of parallax is 0.125. Consequently, the illustration
shows an 8 to 1 variation of the x component of parallax. However, the range of
values is actually even greater, since the parallax magnitude exceeds unity near the
nadir points N 1 and N z. A precise statement of the pertinent properties of the parallax
vector follows:

, D. Levine, op. cit., pp. 152-169. Figure 4 is taken from Fig. 4-25 of this reference.
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FIG. 5. Parallax vectors within the overlap region of Fig. 4 for a target above the datum surface.

(1) For a target of height h the minimum x component of parallax within the
region of Figure 5 is one-eighth of the parallax magnitude for the same target located
at the mid-point of the airbase.

(2) For a target of height h the y component of parallax is zero along the airbase
and its perpendicular bisector.

When the radar parallax is known, the height and location of a target can be
determined. Appropriate instrumentation for rapid and precise data reduction is
described in the next section, after which the mathematical analysis is presented.

THE PROJECTION PLOTTER

Projection plotters are widely used in photogrammetry to determine the height
from relief displacement in aerial photographs. They employ two projectors, one for
each of two overlapping frames, with the intersection of rays from a single target
being observed on a viewing screen located on a tracing table. The height of the view
ing screen is adjusted so that rays from an elevated (depressed) target intersect on
its surface, and the location of the tracing table then gives the position of the target. 5

We shall now determine how to employ similar equipment with radar PPI photo-

5 Typical projection systems for aerial photography are described in MANUAL of' PHOTOGRAMMETRY
American Society of Photogrammelry, 1952, pp. 633-639 and 663-721; J. P. Burns, "A Comparison of
the Kelsh and Balplex Plotters for Large-Scale Mapping," PHOTOGRAMMETRIC ENGIKEERING, Vol.
XXIV, 1958, pp. 74-76; "Photogrammetric Equipment," Bausch and Lomb Optical Co. Catalog F-301;
"Balplex Plotters," Bausch and Lomb Optical Co. Catalog F-31O; "Multiplex Mapping," Dept. of the
Army Tech. Manual TM 5-244, June, 1954; D. Lyon, "Basic Metrical Photography," revised edition,
Box 492 Arsenal Station, St. Louis, 1960, pp. 6-81 thr0ugh 6-89B. Such common features as use of com
plimentary color filters in the projectors, and viewing with colored lenses are not explained here, since
the principles involved are given in these references.
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AIRCRAFT LOCATION
FOR FRAME 2

FIG. 6. Elevation displacement for equal flight altitudes at L, and L 2•

graphs having ground-range sweeps. For this purpose, we shall initially consider a
target located on the airbase, because of the simplification in the geometrical repre
sentation. The relief displacements for such a target on two overlapping frames are
illustrated in Figure 6, which is drawn at the scale of the radar photographs. The
image appears at XRI in frame 1 and at XR2 in frame 2. In the projection plotter of
Figure 7, the ground nadir of each frame is on the optical axis. Positive XR is toward
the left in each frame, so that the corresponding axis in the datum surface is directed
toward the right. With this arrangement, the intersection of the rays corresponding
to the elevated target of Figure 6 occurs below the datum surface, and constitutes a
depression in the stereo model.

The alternative arrangement of Figure 8 interchanges the two frames, and places
the homologous images of the nadir points6 on the optical axes, with positive Xu again
toward the left. Now the rays of an elevated object intersect above the datum surface,
so that the stereo model is erect. It may be noted that the first model appears to
have greater sensitivity as measured by Idh p / dh I, where hp is the distance between
the viewing screen and the datum surface. Even with such an advantage, the inverted
stereo model might cause excessive operator confusion, thereby degrading the overall
accuracy. Since the utility of this model can be established only by laboratory tests,
and there is no corresponding problem associated with the normal model, the latter
has been selected for further analysis. Essentially the same methods are applicable
to the reversed model, if it should eventually prove to be of value.

When the radar frames are oriented as in Figure 8, an elevated target anywhere
within the overlap area appears to lie above the datum surface. For example, the tar
get of Figure 2 is drawn in accurate perspective projection in Figure 9. However, un
like the example of Figure 8, the rays originating from a specific elevated target in
frame 1 do not actually intersect the rays from the corresponding image in frame 2.
The reason for this condition may be noted in Figure S, where the parallax vector
has a y component unless the target is on either the airbase or its perpendicular
bisector. Before the rays can be made to intersect by adjusting the height of the
viewing screen, this y component of parallax must be eliminated. Otherwise the
accuracy of the measurement is likely to be degraded. Removal of the y parallax

6 The homologous image of the nadir point N 2 is located at N 2 ' in frame 1; that is, N 2 ' and N 2 are
both images of the same point on the ground.
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FIG. 7. Optical projection of the radar displays for the elevated target of Fig. 6.
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FIG. 8. Optical projection of the radar displays for a normal stereo model.
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FRAME NO.1

FIG. 9. Illustrative drawing of the projection plotter before removal of y parallax.

is accomplished by introducing a variable amount of prism into each optical path
in order to shift the rays in opposite directions in y.7 This operational feature is not
included in the initial steps of the analysis that follows, in order to permit evaluation
of the magnitude of the effect.

POSITION OF THE VIEWING SCREEN

An elevated target appears at (XRl' Ylil) in frame 1 and at (XR2, YR2) in frame 2.
When both of these sets of coordinates are known, it is possible to determine the pre
cise location of the viewing screen. The derivation is instructive in its own right,
since it demonstrates that the viewing screen has a unique location for the operating
conditions that are imposed.

The artist's sketch of Figure 9 is repeated in Figure 10 with a right-handed
(x p , yp, h p ) set of coordinates located within the stereo model. The origin is at the
middle of the airbase in the datum surface, with positive X p in the direction of flight,
and hp representing height above the datum surface. The image of the elevated
target in frame 2 has coordinates (-b M/2 -bR/2 -XH2, -YIl2, Lll+L M ). The ray
originating at this image passes through the center of the lens at (-b M /2, 0, L M )

so that the equation of the ray is

7 Alternatively, the x parallax can be eliminated by optical means w that the rays intersect, and the
viewing screen then adjusted to the point of intersection. However, the y component of parallax is zero
along both the airbase and its perpendicular bisector; consequently, determination of elevation every
where within the region of overlap requires that the x component of parallax be utilized.
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X p + b.ll /2

b R/2 + Xll2

(8)

Similarly, the image in frame 1 is at (b.ll /2+b ll /2 -XIII, -Ylll, Lu+L.ll ), and the
ray originating there passes through the other lens at (b.ll /2, 0, L.II ). Consequently,
the equation of this ray is

X p - b.\[/2

bN/2 - XIII

Yp It p - L.\[

L/l
(9)

At the surface of the viewing screen both rays have the sallle height coordinate,
h p . Furthermore, the operator adjusts the height of the viewing screen until both rays
have the same X p coordinate. But in general the Yp coordinates then differ, as in
Figures 9 and 10. Consequently, for the ray originating in frame 1, we let

Y" = ypl
(10)

at the surface of the viewing screen, and for the intersection of the ray from frame 2
we set

Y,) = Y,,2

With the substitution of Equation (11), Equation (8) becomes

( b.ll ) (b ll
)-LR Xl) + -2- = 2 + XII2 (h p - L.Il)

and the substitution of Equation (10) reduces Equation (9) to

(11)

(12)

(13)

( b.lI)
L II X p - -2- = (D)

)'1l1
ypl = - (1-0\1 - hp )

L II

Addition of Equations (12) and (14) gives

-LnbM = (b ll + XII2 - xlll)(h p - L ilI )

or

(15)

(16)

(b ll + Xll2 - XIIl)h p = bilL.\[ - Lllb ill + L.1/(XI12 - XI!!)

It is convenient to define the magnification of the projector m, where

bft{ L.1f
m=-=-

bl! L II

Substi tu tion into the preced ing equation then expresses the heigh t of the viewi ng
screen as

Loll (X/(2 - Xlll)
II p =------

b/l + XR2 - XIII

When this result is introduced into Equation (14) we obtain

(17)
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whence the X p coorcJinate is

XI> = b Al _ (b li /2 - xl/l)rnb ll == ~(1 _ b R - 2Xlil ) == bU(XRl + xld (18)

2 b R + Xli2 - X/ll 2 btl + XI12 - :rill 2(b tl + XII2 - Xtll)

The yp2 coordi nate is obtai ned from Equations (13) and (17) as

y 112 ( X 112 - XI!!) rny 112b II
yp2 = -.-L J1I 1- = ------

L/I bl/ + Xtl2 - Xlll b ll + XII2 - XI!!

and yp! follows similarly from Equation (15), so that

(19)

rnYlllb tl
Ypl = -----

b 'l + XII2 - Xl!l

bUYll1

b 'l + XR2 - XIII
(20)

Example: Given that at the scale of the photograph

XIII = 19.2 mm. ~'1I2 = 1.3 mm.

YIIl = 10.8 mm. yI12 = 15.1 mm.

b 1/ = 69.5 mm. b.JI = 69.5 mm.

rn = 1.00 L.J[ = 60.0 mm.

Find hp , Xp, ypl, and yp2.

The height of the viewing screen is

60.0(20.5) .
hp = = 13.7 mm.

90.0

and the coordinates are

XI> =

yp2 =

Ypl =

34.75(-17.9)

90.0

-1O.8(69.5)

90.0

-15.1(69.5)

90.0

- 6.9 mm.

- 8.3 mm.

= - 11.7 mm.

The computations of this example were employed in drafting Figure 10.

LOCATION OF THE IMAGES

A problem closer to the immediate topic is to find the image coordinates in each
frame when the viewing screen is adjusted to remove the x component of parallax
in the stereo model. Now we are given Xp, hp , ypl, and yp2, and want to obtain XlIl,

YIlL, XI/2 and YR2. From Equations (12) through (15) we can immediately write the
solutions:
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FRAME 2 FRAME 1
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FIG. 10. Line drawing of thc projcction plotter before rCl1lo\'al of the y parallax.

X'II =
bll(h p - L",)/2 - fu(x,> - bu/2)

hp - L.\1

Lu-r p - buh p /2

L.1r - hp

(21)

YIII =
L u - IIp

-bu(h p - Lil/)/2 - Lu(xp + b1r/2)

(22)

(23)

(2-!)

(25)

YII2 =
L M - hp

These equations are useful In the subsequent solution for the position of the
target.

TARGET COORDINATES

The target coordinates in the image plane are obtained without difficulty from
Fig. 3. The target lies somewhere on the line passing through the nadir point of
frame 1, N 1, and the point (XIII, YIII)' The equation of this line is

yu = YUI (xu + b
U

)

XUl + bu/2 2

The target also lies on the line passing through the nadir point of frame 2, N 2, and
the poi n t (XIl2' Y 112)' that sa tisfies the rela tion

YlI2 ( bll
)Yu = Xu - -

XIl2 - bll/2 2
(26)
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Equations (21) through (24) can be substituted at this point, to express the lines as

and

(27)

(28)

(29)

Before proceeding further it is convenient to normalize the height of the viewing
screen hp by means of division by the distance between lens and datum surface:

hp

H p =
L.I{

With this definition and Equation (16), Equations (27) and (28) become

(30)

(31)

The Xn coordinate of the point of intersection denoted by Xna, is obtained by
equating the two relations for yn:

whence

so that

[2Xp(Y1Jl - Ypz) - bJII(l - 2Hp)(Ypl + Y1JZ)]X/lC

bR
= - [-2Xp(YPI + Ypz) + b.l1 (l - 2Hp)(YPI - Y1,z)]

2

and

(32)

Since the two rays strike the viewing screen at Ypl and ypz, we may say that the
y coordinate of the viewing screen is midway between them, defining its position as

2

ypl + Y!JZ
YP = (33)
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Each ray is an equal distance ~YP from this mid point, so that

yp2 - ypl
toy" == ----

2
(34)

When a prismatic element is inserted to remove the y component of parallax, ~YP is
readily related to the prism power and the height of the viewing screen. Consequently,
YP and ~YP are obtained from the projection plotter more directly than ypl and yp2.
The latter quantities are actually obtained from the relations

ypl = YP - toyp (35)

yp2 = YP + toyp (36)

\;Vith these definitions, the x coordinate of the target 111 the image-plane is
given by

(37)
XRG =

bn[2xpyp + bM (l - 2Hp)toyp]

2 [2xptoyp + bM (l - 2Hp)yp]

The Yll coordinate is obtained by substituting Equation (37) into Equation (30):

bRYPl (2X1JYP+ bM (1 - 2Hp)toyp )
ynG = + 1

2xp + bM (1 - 2Hp) 2xptoyp + bM (l - 2Hp)yp

bRYplYP2 bl1[y,,2 - (toyp)2]

2x1,toyp + bM (l - 2Hp)yp 2xptoyp + bM (l - 2Hp)yp

(38)

The target coordinates in the plane of the datum surface (XM, YM) are exactly m
times larger, so that

bM [2xpYv + bM (l - 2Hp)toypj
Xi\[ = mXRG =

2[2xptoyp + bM (l - 2Hp)yp]

bM [ yp2 - (toyp)2]
yM = myRG = ---:-------

2xptoyp + bM (l - 2Hp)yp

(39)

(40)

ALTERNATIVE RELATIONS FCR TARGET COorWINATES

A second set of equations for the target coordinates is obtained upon starting
with Equation (3), which we rewrite as

p2 = mn2[R2 - h(2H - It)] (41)

When the aircraft is above N 1 in Figure 3, this relation can be expressed as

where

(41a)

The equation then simplifies to

bllXRl + Xn1 2 + yn1 2 = hXRG + XIIG
2 + YIIG

2
- hR(2H R - hn ) (42)

Similarly, when the aircraft is above N 2 , the equation becomes
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-bUXI/2 + XI/ 22 + YU2 2 = - bl/x//G + XUG 2 + YI/G 2 - h//,(2H R - hl/) (43)

\i\lhen Equation (43) is subtracted from Equation (42), there remains

XR1 2 - XH2 2 + bU(XHl + X/l2) + Y1ll 2 - YlI2 2 = 2b/lx/w

2b/lx/lG = (XRl - Xli2 +bli)(Xlll + Xli2) + Yrll 2 - YU2 2

Substitution of Equations (21) through (24) gives

(
-bRhp ) 2LI/xp L u2(Ypj 2 _ yp,,2)

2b uXRG = + bl/ +. -
L M - hp L M - hp (L M - hpF

or, upon introducing Equations (35) and (36),

LR
[ ]2b llxRG = 2bl/(L M - 2hp)xp - 4L liyp!1yp

(LM - hp )2

Both sides of this equation are multiplied by m 2/2 to obtain

L M
mbMxRG = 2 [bM(L M - 2hp)Xp - 2LMyp!1yp]

(L l]! - hp )

and substitution of Equation (29) finally yields

bM (1 - 2Hp)xp - 2yp!1yp
XRG =

mbM (1 - HpF

The y coordinate is obtained upon substituting into Equation (30):

(44)

(45)

The target coordinates in the plane of the datum surface, being m times larger, are

(46)

(47)

Before undertaking further discussion of these results, we shall work out a numeri
cal exam pIe.

ILLUSTRATIVE EXAMPLE

The application of the preceding equations will be indicated by a series of prob
lems. In the first of these, the initial position of an elevated target is given, and we
determine its displacement in different radar frames. In succeeding stages we compute
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the position of the viewing screen, and then work backward using the latter informa
tion to ascertain the location of the target, this position having been given in the very
first problem.

PROBLEM 1

An elevated target appears on two frames separated by 20,000.0 m., the aircraft
altitude being 5,000.0 111. The scale of the radar photographs is 1: 200,000. Conse
quently the airbase at this scale is 100 mm., so that the origin of the (Xli, Yu) co
ordinate is 50 mm. from each nadir point. In terms of an image of this coordinate
system projected onto the ground, a reflective body is located 2,000 m. above the
ground surface with coordinates

XIIC' = - 6,000 m.

YIIC' = - 5,000 m.

where the primes identify the ground-coordinate system. Find the coordinates In
each radar frame.

The distance between the target and the nadir-point of frame 1, N I , is

R 1 = 1,000(42 + 52) 1/2 = 6,403.1 m.

and the angle at N 1 is

-5,000
tan e1 = --

+4.000

-1.25

(--1-1 b)

whence the angle is in the fourth quadrant, and

el = - 51°20'2-1-.69"

In frame 1 the distance on the display frolll N I to the target is obtained by substi
tuting into Equation (41):

1
PI = 1(6,403.1)2 - 2,000[(2)(5,000) - 2,000]} 1/2

200,000

1
= - (41 - 16) 1/2 = 0.025 m.

200

which has components of 15.618 111m. along Xli and 19.522 mm. along Yn so that its
coordinates are

XUI = - 34.382 mm.

YIIl = - 19.522 mm.

The distance between the target and the nadir point of frame 2, N 2 , is

R 2 = 1,000(162 + 52)1/2 = 16,763.0 m.

and the angle at N 2 is

-5,000
tan e·, = ----

- -16,000

-0.31250

-1

whence the angle is in the third quadrant, and

e2 = 197°21'14.48"

In frame 2 the distance on the display from N 2 to the target IS obtained from
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Equation (41) as

1
P2 = ---{(16,763.0)2 - 2,000[(2)(5,000) - 2,0001)1/2

200.000

1
= - (281 - 16)1/2 = 81.394 mm.

200

which has components of 77.689 mm. along Xn and 24.278 mm. along YR, so that its
coordinates are

XR2 = - 27.689 mm.

YR2 = - 24.278 mm.

PROBLEM 2

The radar frames of Problem 1 are placed in a projection plotter having

{
m = 25

LM = 600.000 mm.

Find the height and position of the viewing screen.
The airbase in the mapping plane is given by Equation (16) as

bM = mbu = 2,500.000 mm.

and the height of the platen follows from Equation (17):

600(6.693)
hp = = 37.639 mm.

106.693

The X p coordinate of the viewing screen is

(17a)

X p =
2,500( - 62.071)

2(106.693)
- 727.215 mm. (18a)

and the Yp coordinates are

so that

ypl =

yp2 =

2,500( -19.522)

106.693

2,500( -24.278)

106.693

- 457.434 mm.

- 568.975 mm.

(20a)

(19a)

YP =

~YP =

-457.434 - 568.975

2

-568.975 + 457.434

2

- 513.204 mm.

- 55.770 mm.

(33a)

(34a)

The target posi tion at ( - 30, - 25) in the film-plane becomes ( - 750, - 625) in the
mapping plane because of the optical magnification of the projectors. These co
ordinates may be compared with those of the viewing-screen, which is centered at
(-727.215, -513.204). The positional discrepancy between the location of the
viewing-screen and the correct site is 22.785 mm. in x and 111.796 mm. in y. Since
the scale of the manuscript is 1: 8,000, these displacements correspond to 182.28 m.
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in x and 894.37 m. in y. This simple example illustrates the necessity of computing the
exact map coordinates from the measurable quantities in the projection plotter.

PROBLEM 3

Given the values of hp , X p, yp, and fj,yP in the preceding example, find the target
location in the image plane by means of Equations (37) and (38).

The normalized height of the viewing screen is

(38a)

(37a)

(29a)

26,026,800
---- = - 25.003 mm.
-1,040,930-1,040,930

hp 37.639
H p = - = = 0.062 732

L.1f 600.000

100 [2(-727.215)(-513.204) + 2,500(1 - 0.125 464)(-55.770)]
XUC=-

2 [2(-727.215)(-55.770) + 2,500(1 - 0.125 464)(-513.204)]

50(746,419 - 121,932) 50(624,487)
----- = - 29.997 mm.

81,114 - 1,122,040 -1,040,930

100[( -513.204)2 - (-55.770)2]

-1,040,930

100(263,378 - 3,110)

YlfC =

The target location in XR and yn is within 0.003 mm. of its known position, the error
arising in rounding the last figure in the course of the computation.

PROBLEM 4
Given hp, Xp, yp, and t1y]} as in Problem 3, find the target location in the image

pIa ne, usi ng Eq uations (44) and (45).

2,500(1 - 0.125 464)(-727.215) - 2(-513.20-1)(-55.770)
Xuc =

25(2,500)(1 - 0.062 732)2

-1,589,980 - 57,243 1,647,220
---~ = - 30.002 mm.

54,904 54,904

2( -513.204 + 55.770) ( 100)
yUC = 2( -727.215) + 2,500(1 _ 0.125 464) -30.002 + -2-

2( -457.434)(19.998) (-457.434)(39.996)
= = = - 24.997 mm.

-1,454.43 + 2,186.34 731.91

(4-1a)

(45a)

The coordinates are within 0.003 mm. of the known location of the target, the
error having the same source as in the preceding example.

ALTOMATJC REDUCTION OF Y PAIL\LLAX

The four physically measurable quantities in a projection plotter are the position
and height of the viewing screen, and the separation of the two rays in y. These
elements, denoted by X p, yp, hp, and fj,yp, are employed to ascertain the height and
location of an elevated target, symbolized by h.lf, X.l/, and Y.lf. There are, then, four
known elements that determine three unknowns, and as a consequence there are two
independent expressions for X.1f, Equations (39) and (46). If we eliminate Xi\{ between
these two equations, then anyone of the four measurable elements can be expressed
in terms of the other three. 1n particular, the y parallax, which is proportional to
D.yp, is determined by Xp, yp, and hp, so that it can be removed automatically within
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the equipment as the viewing screen is translated in X p and yp, and its elevation hp
is altered. The operation of the equipment then becomes completely similar to that
of a standard projection plotter for aerial photographs.

Upon equating Equations (39) and (46), we obtain

whence

bM [2xpyp + b",(1 - 2Hp)~Yp]

2[2xp~Yp + h(1 - 2Hp)yp]

bM (1 - 2Hp)xp - 2yp~yp

h(1 - Hp )2

2b,\/2(1 - H 1,)2xPyp + b.\1 3(1 - 2Hp)(1 - Hp)2~yp

= 4b J1 (1 - 2Hp)Xp2~yp - 8xPYp(~Yp)2 + 2h 2(1 - 2Hp)2xpyp - 4b AJ(1 - 2Hp)Yp2~yp

or

8xpyp(~Yp)2+ bM (1 - 2Hp)[bj~(1 - H p)2 + 4(Y1'2 - Xp2)]~yp

+ 2bM
2Hp(2 - 3Hl')xl'Yp = 0

(48)

If either xp=O or yp=O, or both, then this equation reduces to Liyp=O. This
conclusion constitutes a proof of the earlier assertion that the y parallax is zero along
the airbase (Yp=O) and along its perpendicular bisector (xp=O). Before manipulating
the general expression further, we shall consider an example based on the results of
Problem 2.

PROI3LEM 5

Given hp=37.639 mm., X p= -727.215 ml11. and YP= -513.204 mm., find Liyp
when L.\f=600 mm. and b:\f=2,500 mm.

For this problem, each term in Equation (48) is first divided by 8b M
2X 1Jyp, and

then evaluated, with the result being

(~yp)2+ 1.29 718 (~yp) + 0.028 '-1-1-1-5 = 0
b,l/ b,l/

which has two solutions given by

-1.29 718 ± 1.25 260

2

(48a)

(48b)

The plus sign is taken for the second term, the other root being extraneous; conse
quently,

and

~YP
- - 0.02 229

~YP = - 55.73 111111.

(48c)

(48d)

which differs by 4 in the last significant figure from the correct answer of -55.77 mm.
Returning to the general relation of Equation (48), we have already described the

solution for X p = 0 or YP = O. When neither of these coordinates is zero, we may express
the equation as

(49)
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which is of the form

with roots

t2 + Bt + C = 0

-8 + y13 2
- 4C

/1
2

-}3 - y13 2 - -lC
12 = --------

2

(-l9a)

(49b)

(-l9c)

As 13 becomes very large, tl~O and t2~OCJ. In Equation (49) the coefficient of the
linear term increases as X p or Y" approaches zero, in which case the root should also
approach zero, as discussed previously. Consequently, t1 is the only root having
physical significance for our application, so that the solution of Equation (49) may
be written as

(50)

(51)

Substitution for 13 and C from Equation (49) gives a one-term approximation of

2bJr H p (2 - 3Hp )xp yP

PROBLEM 6

Find b.yP for the values of Problem 5, using the one-term approximation of Equa
tion (51).

-2(2,500)(0.062 732)(1.811 804)(-727.215)(-513.204)
fly = = - 54.762 mm. (51a)

p (0.874 536) (4,428,589)

so that the approximation is correct within 2 per cent for this problem. Additional
terms in the series expansion can be retained, but it is probably simpler to solve Equa
tion (49) directly when greater accuracy is required. Equation (51) is useful, however,
in indicating the general dependence of the Y parallax on the other physical parame
ters.

TARGET ELEVATION

The target elevation enters into Equations (42) and (43), which are repeated
below for convelllence:

and

-hu (2H R - hll ) = Xll2 2 - b R 1'1I2 + Yll2
2 + bllxlIG - XIIG

2
- YIIG

2 (53)

The elevation at the scale of the map manuscript, h\r, is of more direct interest
than its value at the scale of the radar film, so that we define

17.\[ = mh /l

H J [ = mHn
(54)
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and multiply Equations (52) and (53) by m 2 to obtain

-hJ1 (2H.1f - h;lf) = (mxRI)2 + bJJ(mxRl) + (mYRJ)2 - bM.TJI - X:l1 2 - YJ1 2 (55)

and

The sum of these two equations may be expressed as

The terms in mX/1 and mYR are readily obtained as functions of the projection
plotter settings after substituting Equations, (16), (29), (35), and (36) into Equations
(21) through (25):

Xp - bM H p /2
mXRI = -----

1 - Hp

Yp - 6.yP
mY/II =---

1 - H p

X p + bM H p /2

1 - H p

YP + 6.yP
mYII2 =

1 - H p

With these results, Equation (56) becomes

xp2+ bJ12H//4 + Yp2 + (6.yp)2
-hM (2HM - hJf) = ------------

. (1 - H p )2

(57)

(58)

(59)

(60)

The last term in parentheses may be expressed directly in terms of the plotter
parameters by substituting Equations (39) anel (40), or (46) and (47). However, there
seems to be no advantage to this further development, because the results are quite
unwieldy. Since both XM and YM must be computed in any event, it is reasonable to
consider them as being known when the computation of the elevation is undertaken.
With this viewpoint, Equation (61) next is expressed as

The target elevation is, therefore,

[
x/ + Yp2 + (LiYp)2 - bJl(2fi p(2 - 3Hp)/4 XJ1 2 + YJJ2J1/2

hM = H M ± fiJ] 1 + - (62)
H JJ 2(1 - H p)2 H M2

Since our concern in mapping is limited to targets at lower elevations than that of
the aircraft, the negative sign is taken in front of the radical; then the target eleva
tion is
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PROBLEM 7
\iVith the data of Problem 2 (specifying Xp, yp, f:1yp, and hp) and the computations

of Problem 3 for the target location, com pu te its eleva tion when H J1 = 625 mm.
The values are substituted into Equation (63) to obtain

625 [

(-727.215)2 + (-513.204)2 + (-55.770)2 - (2,500)2(0.028 4145)
1 - 1 +-----------------------

(625)2(0.937 268)2

_ (-750.05)2 + (-624.925)2J 1
/
2

(625)2

[

528,842 + 268,378 + 3,110 - 177,591 562,575 + 390,531JI/2
1- 1 + -

343,153 390,625

(
617739 953 106)1/2

1 - 1 + ' -' 1 - (0.36 024) 1/2 = 0.39980
343,153 390,625

whence

ItM = 249.875 mm.

For the scale of 1: 8,000, the actual height is computed to be

It = 1,999.0 m.

(63a)

(63b)

(64)

which is one meter less than the elevation of 2,000.0 m given in Problem 1.

NORMALIZED COORDINATES

'ormalization of the height of the viewing screen in Equation (29) resulted in
simplified relations that were more readily manipulated in subsequent steps. It is
pertinent now to review the expressions for target position and elevation to deter
mine whether additional normalization of the parameters would have computational
advantages. This proves to be the case, the normalizing divisor being bJ'I/2 in the
stereo space and bR/2 in the fil m plane; conseq uently, we defi ne

2xJI[
XJIj==-

bM

and

2YM
Y M ==-

bj\if

2xp

X p ==-
bM

2y
J7 =-p
p-

bAt

f:1Yp == 2f:1yp
bM

2HM
HAt' ==-

bJ1

(65)

(66)

(67)

(68)

(69)

(70)

-----------------,-
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(71)
2YR

Y R =
bTl

For example, the equation for y parallax, Equation (48), is divided by b;1f 4/2
to give

(73)

X l' Y l' (LiYl')2 + (1 - 2H l')[(1 - H l' )2 + Y/ - X/]LiY l' + H l'(2 - 3Hl')Xl' Y l' = 0 (72)

After division by b.1//2, the film-coordinates as a function of the viewing-screen
position, Equations (57) through (60), become

Xl' - H l'
X RI = ---

1 - H l'

(75)

(74)

(76)

Yp-LiY l'Y/I l = ----
1 - Hl'

Xl' + Hp
)(/12 = ----

1 - H l'

Y l' +LiY1J
YR2 =

1 - H l'

Similarly, Equations (17) through (20), (33), and (34) express the location of the
viewing screen in terms of the image coordinates:

(79)

(77)

(78)

(80)

X H2 - X/I!
H 1,=------

2 + X/l2 - X,II

X HI + X R2
X =------

l' 2 + X ,12 - X RI

Y RI + Y/l2
Y =------

l' 2 + X 1I2 - X/Il

Y R2 - Y III
Li Y l' = -----

2 + X H2 - X/ll

The normalized map-coordinates of the target follow from Equations (39) and
(40) :

Xl' Y l' + (1 - 2Hl' )Li Y l'Xil/=--------
Xl'Li Y l' + (l - 2H l' ) Y l'

Y l'2 _ (LiYl' )2
Y'lI = ---------

Xl'LiYl' + (1 - 2H l' ) Y l'

(81)

(82)

or, in place of the la tter rela tion,

Yl'-LiYl'
Y JI = (X.!f + 1)

Xl' + 1 - 2H l'

Alternatively, Equations (46) and (47) express these coordinates as

(1 - 2H l')Xl' - YpLi Y l'
X M = ---------

(1 - H l' )2

(83)

(84)
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(85)

Equation (83) may be employed in preference to Equation (85) as a solution
for YA/.

The elevation of the target, Equation (63), is best put into the form

(86)

At first glance there appears to be no advantage to the normalized equations,
since the input data must be divided and then the answers subsequently multiplied
by appropriate factors. This statement is only partially correct, however, since the
manuscript scale in general differs from that of the equipment itself, so that the re
sults would have to be modified in any event. In other words, the only additional
steps required to use these equations arises in the initial normalization. The reduc
tion of computational effort that ensues more than compensates for this preliminary
manipulation.

THE COMPUTATlONAL PROGRAM

The form of the computational program will be presented in very informal fashion
in this section in order to indicate the nature of the demands on the digital computer.
The general Row of information is illustrated in Figure 11, which shows the associa
tion of the projection plotter with the computer. The position of the viewing-screen,
(x p, yp, hI') enters the computer in digital form. The prismatic correction is deter
mined by ~Yp, which is computed as frequently as possible.

When the viewing screen has been adjusted to eliminate x parallax, the operator
presses a "READ" button, thereby terminating the repeated computation of ~Yp.

The computational program then proceeds to evaluate the target coordinates at the
manuscript scale. The output is fed to a tape recorder to facilitate additional data
processing, or to a digital coordinate plotter, or to a device for the direct construction
of raised relief maps. In all likelihood, the output will go to two or even three of
these components simultaneously. Upon completion of the read-out step, the
"READ" bu tton automatically returns to the off posi tion, and the opera tor moves
the viewi ng-screen to another posi tion, as the program is repeated.

Three special cases may be recognized as pertinent to the programming:

(a) hp=O. When the viewing-screen is at the level of the datum surface,

FRAME 1

AIRBASE. bM

:Kp DIGITAL
Yp COMPUTER

'M} TOY
M

RECORDER
h OR
M COORDINATE

PLOTTER

FIG. 11. Functional diagram of the projection plotter and the computer.
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Equation (72) becomes

(XpYp.6.Yp + 1 + Y/ - X/).6.Yp = 0

with roots

(87)

(88)

the latter solution being extraneous. Then Equations (81), (83), and (86) yield

X M X p

Y M = Y p

h.1f = 0

(b) X p = O. When the viewing-screen is on the perpendicular bisector/of the
line segment N j N 2, Li Y p again is zero, and Equations (81), (83), and (86) give

X M = 0

(89)

(90)

(c) Y p = O. vVhen the viewing-screen is on the line N j N 2, Li Y p IS zero, and
Equations (84), (85), and (86) reduce to

(1 - 2Hp )Xp
X M =------

(1 - H p )2

Y,vI = 0

hM = 1 _ [1 + X p 2 - H p (2 - 3Hp ) _ K~f2 J1
/

2

H M H M '2(1 - H p )2 H""r'2

The first operational step after inserting a pair of overlapping frames in the
projectors is to set the distance between them equal to the airbase in the model
space, bM • This is best accomplished by means of well-defined control points, as in
photogrammetric procedures. The value of bM/2 is stored in the computer for use
in normalizing the data. The aircraft altitude, H, and the distance between the lens
and the datum surface, L M , also are placed in permanent storage. The rest of the data
is handled as in the flow chart of Figure 12.

The first box in the upper left part of this diagram symbolizes the introduction
of a set of instantaneous values of the viewing-screen coordinates into the computer.
When anyone of these parameters is zero, Liyp is known to be zero so that its compu
tation is unnecessary. Otherwise, Liyp is evaluated by means of Equations (72) and
(49b). In either case, its value is fed out to the prismatic control in order to eliminate
the y parallax in the stereo model. Then, if the READ button is not depressed, a new
set of viewing-screen coordinates enters the computer, and the same steps are re
peated. In this way the digital computer serves to eliminate the y parallax during the
entire examination of the stereo model.

When the operator has removed the x parallax at a point, he presses a READ
button on the mobile stand to which the viewing-screen is attached. The controls
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MODEL

PLOTTER
TO TAPE

RECORDER
FOR RELIEF

RELEASE READ

BUTTON

TO COoR~NATE

COMPUTE
l> Ypi

EQS. (72)
AND ('9bl

YES A Yp ~ 0

COMPUTE
hM•

EQ. (86)

COMPUTE
XMANDYM

E~S. (8'1. (83)

SCREEN

COORDINATES r----,
OF

VIEWING

---...:~~_~======+t:====:::+--1No

FIG. 12. Flow chart for the computer program.

lock and the button remains depressed during the period of the computation, until
the target-coordinates at the manuscript scale are read out. When this button is
initially depressed, the calculation of flyp is accomplished as described above, and the
computer then evaluates the normalized map-coordinates X At and Y.l f . The pro
cedure employed for the latter step depends upon whether or not hp , X p , or Y p is
zero, so that there are four alternate paths; that is, there is a different method for
each of the following:

1. hp is zero
2. X p is zero
3. Y p is zero
4. None of the viewing-screen coordinates is zero.

If hp is zero, then the map-coordinates and the elevation are known without
further computation, so that these values are entered directly into the last stage,
which corrects for the manuscript scale. Otherwise the target elevation remains for
computation, this step being accomplished by means of Equation (86), which is suit
able for the remaining cases. 8 Wi th all target-coord inates known, the fi nal adj ustmen t
to manuscript scale is introduced, and the output fed to one or more recording or
plotting devices. Also, the READ button is released, the controls unlocked, and the
loop for computing flyp is reestablished.

With the association of the projection plotter and the computer described above,
the mapping is achieved by taking a large number of spot elevations. This approach
was adopted as bei ng the si m plest to explai n, as well as offeri ng a logical proced ure
for testing the accuracy obtai nable wi th the radar stereo model. I n standard opera
tion of a projection plotter, however, it is common to trace complete contours in
the stereo model. The same performance can be achieved with the radar model pro
vided that a suitable computer program is employed. For this purpose, the height of
the viewing-screen must be computed for a specified terrain elevation, so that h p is
an output of the computer rather than an input as in the application of Figure 12.

Further modifications based on other photogrammetric plotters are feasible, but

8 In this description, aile subroutine is used for computation of the elevation, even if X p or Yp is
zero. Of course, an additional subroutine may be inserted to utilize the simpler relation given in Equation
(89) or (90), if desired.
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lie beyond the scope of the present paper. The essential feature of removal of y
'- parallax can be accomplished in some standard instruments without modification, as

contrasted to the projection plotter, which requires a special prism. Thus, because
of its greater adaptability, initial tests of radar contouring are quite likely to be made
on equipment such as the Wild Autograph. For the purposes of an initial analysis,
however, the development and significance of the basic relations are more readily
followed by means of the simple ray diagrams of the projection equipment described
in this paper.

NOTATION

A = parameter in approxi mate analysis of parallax, Equation (7)
bM = airbase at the scale of the stereo model
bR=airbase at the scale of the radar photograph
h = elevation of a reflective object or surface

h M = height of an elevated target at the scale of the stereo model, Equa
tion (54)

hp=height of the viewing-screen above the datum surface in a projection
plotter

hn = height of an elevated reflector at the scale of the radar photograph,
Equation (4121)

H = aircraft altitude above the plane earth
H M =aircraft altitude at the scale of the stereo model, Equation (54)
IIM ' = normalized aircraft altitude, Equation (69)

H p = normalized height of the viewing-screen, Equation (29)
IIn=aircraft altitude above the plane earth at the scale of the radar

photograph, Equation (41a)
L!vl =distance between lens of projection plotter and the datum surface of

the stereo model, Figure 10
L R =distance between the lens and the radar film in the projector of the

projection plotter, Figure 10
m = magnification of the projection plotter, Equation (16)

ma = scale of the radar photography, Equation (1)
N = nadir-point

N' = homologous image of a nadir-point
p = parallax vector, Figure 3
R=ground range to a reflective object
S=slant range to a reflective object

(XM, y.\!) =coordinate system in the plane of the datum surface of the stereo
model, em ployed to express the target location, Eq uations (39),
(40), (46), and (47)

(x p , y,,) =coordinate system on the table of the projection plotter with the
origin midway along the projected airbase. Positive X p is in the direc
tion of flight. This coordinate system is employed to express the loca
tion of the viewing-screen.

(XR, YII) =coordinate system for the radar photographs, with the origin midway
between the nadir-points of two overlapping photographs. The
xll-axis passes through the nadir-points with positive XIl in the direc
tion of flight. This coordinate system is employed for the apparent
location of a reflective object, uncorrected for relief-displacement.
[When the relief-displacement is removed, the coordinates are identi
fied as (XIIG, YIIG).]

(XR G, Y1, G) = the actual target location in the (xn, YR) coordinate system, after
correction for relief displacement, Figure 3

(X M , Y M ) = normalized coordinates for the target location in the datum surface
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of the stereo model, Equations (64) and (65)
(Xp, Yp ) = normalized coord inates of the loca tion of lhe viewi ng-screen, Eq ua

tions (66) and (67)
(X n, Yn) = normalized coord inates of the target ina radar frame, Eq ua lions

(70) and (71)
zn =xn+iYn

l1yp = half the y parallax, as defi ned in Eq ua tion (34)
I1Yp =normalized value of l1yp, Equation (68)

6 = angle of the target in the (x/{. , y R) coord inate system, measured coun
terclockwise from the positive x axis

p=apparent radar ground range at the scale of the radar photograph,
uncorrected for relief displacement

Descriptions and Airphoto Characteristics

of Desert Landforms

CLARENCE K. DAVIS'

and
JAMES T. NEAL 2

ABSTRACT: A brief discussion of desert landforms (£ltd their characteristic
appearance on aerial photographs is presented. ilunotated air photos are in
clnded of areas currently being studied at the Terrestrial SciC1lces Laboratory,
/lir Force Cambridge Research Laboratories. ilir photo iuterpretatiol1 is plLr
ticularly suited for the assessment of desert surface couditions.

I ~TRODUCTION

AERIAL photographic interpretation offers a
most effective and efficient means by

which terrain studies of desert regions may
be undertaken. The Ten'estrial Sciences
Laboratory of the Air Force Cambridge Re
search Laboratories is currently conducting
such studies on selected desert areas in the
Middle East and in the southwestern United
States with emphasis placed on geomorphol
ogy, structural geology, engineering geology,
soils, hydrology and vegetation. Tn addi tion
to increasing our knowledge of the natural
iJrocesses at work in desert regions, the presen t
study program should materially aid the Air
Force in improving its ability to assess ter
rain in all environments.

During these studies problems have arisen
on the interpretation of surface character of
certain desert landforms. It is anticipated
that current research in remote sensing will
provide the capability to further the inter
pretability of desert surface conditions.

CAPAI3ILlTIES A~D r.IMITATlO~S OF ARID

REGION PHOTO hTERPRETATIO~

Desert lands allow a great amount of in
formation to be gleaned from aerial photog
gt'aphy; more so than any other climatic re
gion. In deserts the barren rock surfaces
clearly reveal fractures, bedding and contacts.
The general sparsi ty of vegetation permi ts
runoff to erode gullies that may reAect the
grain size of the soil mantle, Vegetation is
highly specialized and can provide a clue to
the presence of sal ts or the depth to the water
table, Seepage zones and spri ngs reveal their
presence by darker tones from increased
moisture and resulting denser vegetation.
Practically e\'ery variation in topography is
evident \\'ith only a minimum of soil or
vegetation to conceal it. The remote southern
desert of Israel, the Negev, was mapped re
cen tly wi th aerial photographs. At the end of
the program it was stated that this map
would not ha\'e been possible without aerial
photography (Ben tor, Y. K., 1952, p. 157).
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2 liLt" USAF, Task Scientist, Terrestrial Sciences Lab. Geophysics Research Directorate, Air

Force Cambridge Research Labs., Bedford, Mass.


