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ABSTRACT: The Corps of Engineers has a requirement to investigate the feasi
bility of recapturing the original orientation of a camera station and for the de
termination of supplemental control in sparsely controlled areas by the use of
automatic and semi-automatic A nalytical Triangulation procedures adapted
to electronic computation.

Two approaches to the A nalytical Triangulation problem are now under
study and test by the U. S. Army Engineer Geodesy, Intelligence and Mapping
Research and Development Agency (GIMRADA). Thefirst approach is through
the use of a small computer system to triangulate and to adjust individual strips
and then by multiple strip adjustment to obtain large block solutions. The second
approach employs the use of a large computer system to simultaneously triangu
late and to adjust, in a single operation, all overlapping strips comprising a large
block problem. Development of both procedures is rapidly advancing through in
house testing and contractztal studies coordinated by GINIRADA.

I NVESTIGATIO S of analytical aerial tri
angulation were initiated in 1954 by the

Topographic Engineering Department of the
U. S. Army Engineer Research and Develop
ment Laboratories. This department was
later reorganized and integrated into the U. S.
Army Engineer Geodesy, Intelligence and
Mapping Research and Development Agency
(GIMRADA), where investigations were
continued under the subproject, "Mapping
with Minimum Ground Contro!'''

Early results indicated that the usefulness
of analytical triangulation was not restricted
to conditions of minimum ground-control,
but also extended to conditions of abundant
contro!. This is readily apparent when up
grading maps of fair reliability and in han
dling situations where abundant, but non
standard control is given, such as base-line
information or exposure-station orientation
data. The full potential of this technique for
military use is just beginning to unfold in
such applications as improvement of avail
able control, supplying supplemental control,
extending control, feature location, supplying
orientation data for positioning automatic
and semi-automatic map compilation instru
ments, ~nd for the rapid solution of large
numbers and non-standard types of photo-

graphs.
It is apparent that one method or one com

puter system cannot efficiently handle the
many situations which will arise. Conse
quently, for our investigation, each situation
is assigned within two general classifications,
and this assignment is determined by the
computational requirements of the specific
problem. For instance, can the particular
situation be computed efficiently using a
small computer or will it require a large com
puter system? In this respect, it can be antic
ipated that the computer would not only be
used to make the problem computations, but
would also be used for storage and retrieval of
basic information and to make decisions as to
what basic data are available and what opera
tional groups should be utilized for best re
sults. Although a complete computer applica
tion is being considered, this paper will be
limited to the developments and actual re
sults accomplished in our investigation of
analytical aerial triangulation techniques
first if using a small computer system, and
second if using a large computer system. But
first we must define what we mean by a small
or large computer.

The terms "small, medium or large" are of
little value in describing electronic computers
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since, in most cases, they imply physical size
rather than operational capability. For in
stance, the physical size of the basic console
of the IBM 650 computer is approximately 10
times larger than the equivalent unit on the
Recomp II computer, but the internal
memory which is a major factor in determin
ing the magnitude and speed of computer
operation, is only one-third to one-half the
capacity of the Recomp II computer. For the
purpose of this paper, a small computer may
be thought of as one in which the internal
storage is at least 8,000 to 10,000 10 decimal
digit-words, and the physical size is such that
two men can manually transport the complete
computer system.

During the past year, tests have been com
pleted of four significantly different tech
niques of single strip triangulation on a small
computer. Two of the methods were coded for
the IBM 650 computer, and two were coded
for computation on the Recomp II computer.

The system of support instrumentation and
computer programs as developed and used in
these tests is diagrammed in Figure 1. Basic
input data consist of known control, photo
graphic diapositives and camera calibration

BASIC INP\1l' DATA

FIG. 1. Analytical system flow summary.

data. Photo coordinate measurements were
made using the Nistri TA/3 stereo-compara
tor. A computer program was designed to
correct the raw X and Y photo coordinate
measurements (1) by translation and rotation
of the instrument coordinate system to the
photographic coordinate system, (2) to apply
a film distortion correction based on the
calibrated distance between the side fiducials,
(3) to apply a lens distortion correction based
on the average lens distortion curve, and (4)
to assemble the corrected photo coordinate
data in the prescribed format for input into
the particular triangulation program to be
tested.

A third computer program was designed to
accept the unadjusted coordinate output of
the triangulation program, and to adjust
these values using a second or third-order
curve defined by the available control in the
area. In normal operation, it is assumed that
three control positions are known at the
beginning, middle and end of each strip;
however, it is possible to use the program
when the known control is not located in the
described positions or if more or even less
control is available. Finally, the adjusted co
ordinates are printed out as geographic lati
tude and longitude with the elevation data
given in feet. Through use of additional pro
grams, this output may be converted to Geo
centric, Local, or UTM coordinates as de
sired.

Initial tests of each of the triangulation pro
grams were conducted using fictitious data
representing a twelve photo strip flown at
40,000 feet with a six-inch focal-length lens
(Figure 2). Up to twenty-five points were in
tersected on each photograph. By comparison,
each of the tested triangulation methods re
sulted in very nearly the same absolute
accuracy with a Root Mean Square Error of
less than two feet in horizontal position and
less than five feet in vertical position. No at
tempt to adjust these results was made since
the error could be assumed to represent a
minor systematic build-up attributable to
round off during the computer computation
and associated coordinate transformations.

Additional tests using fictitious and real
data were made to test the effect on the final
results of varying the known control input
configuration and increasing the number of
pass-points per photo. It was found that if a
minimum number of controls were used at the
beginning of the strip, better results could be
obtained in later standard adjustment pro
cedures than if all input controls were scat
tered throughout the entire length of the
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FIG. 2. Twelve photo fictitious data test block.

strip. It is believed that this was caused by
the larger systematic errors taking prece
dence over the smaller random errors during
strip triangulation, resulting in an uninter
rupted error build-up forming a smooth curve
for later matching with the second or third
order adjustment curve. vVhen the known
control was spread throughout the strip, the
resulting curves were irregular and did not
adjust as well using the standard techniques.

It was also found that a minimum number
of nine pass-points per photo or six points
per model were adequate to con trol the tri
angulation; the only requirement being that
the measlll'ed points selected be the best
available points in the model area and that
the operator error be minimized through re
peated measurements and other procedures to
obtain the best possible point coordinate data
for each set of points measured. No sig
nifican t improvement in the triangulation was
experienced when using up to 30 points per
photograph.

From these investigations, it was fou nd
that if absolutely correct data are used in the
triangulation procedures, the result of the
strip computation, regardless of the method
used, is more or less exact depending on the
sophistication of the computer program and
significant digits maintained during computa
tion. It is also true when using real data, that
the accuracy obtained by all methods tested
is very much the same. The apparent major
difference between methods was not in the
accuracies achieved but in their speed of
convergence. Also, it was found that the
major portion of this speed difference could
not be attributed to the difference in the
computers or coding of the methods, but was
a distinct factor of the mathematical tech
nique used for triangulation. A method devel
oped by Mr. Schut of the ational Research
Council proved, on the average, to be approx-

imately 5 to 10 times faster than the other
methods tested, requiring approximately two
mi nutes-per-photo for triangulation and ad
justmen t.

Typical real data bridge triangulation re
sults from all methods tested are shown in
Figure 3.

Further analysis of all real data results ob
tained by the various methods investigated
were made in order that a more direct com
parison could be made with expected tri
angulation results from Multiplex and higher
order triangulation instruments. The statis
tical index of accuracy utilized for this evalua
tion was the standard deviation values for
horizontal and vertical positioning of each
run. The horizontal index was computed as
the square root of the product of the hori
zontal standard deviations, and was expressed
as a fraction of the distance extended between
known control positions. The vertical value
was reduced to a fraction of the nominal
flight-height. The overall average of all
strips had resultant planimetric errors (ex
pressed as a fraction of distance extended)
ranging from 1/2250 to 1/3800. For similar
type runs, an expected Multiplex average
value would be 1/1400, ranging possibly from
1/700 to 1/2100. The overall average of
vertical posi tion errors for the runs varied
from 1/390 to 1/1120 (expressed as a frac
tion of flight altitude). Expected accuracy
for Multiplex is 1/200. In these tests the hori
zontal accuracy of even the poorest run was
superior to the expected accuracy of a Multi
plex extension.

Figure 4 lists the results of three strips,
each triangulated using "first-order" plotters
and also by analytical techniques. As can be
seen in the table, the results of the analytical
triangulation compare very favorably with the
results of the instrument bridges performed
on "first order" analog instruments. The re-
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Photography <I> X h

No. of (Ft.) (Ft.) (Ft.)
Type Scale Photos Mean RMSE Mean RMSE Mean RMSE

KC-1 1:20,000 14 -4 6 2 10 2 3
KC-1 1:20,000 12 -4 11 -6 9 2 4
KC-1 1:20,000 13 -2 4 -1 4 1 3
KC-1 1:20,000 13 0 4 0 6 1 6
KC-1 1:20,000 14 1 5 -2 5 -2 3
KC-1 1:20,000 16 -4 7 0 3 -1 3
KC-1 1:20,000 13 1 3 -5 6 0 5

KC-1 1:20,000 13.6 -1.7 6.2 -1. 7 6.6 0.4 4

FIG. 3. Analytical bridge triangulation results'with small computer

suits, strictly speaking, are not directly
comparable since the instrument bridges ex
tend over 8 models while the analytical
bridges extend only 6 models between con
trols. However, by reducing the 8 models to
an equivalent 6 model result, it was found
that the resultant value of the overall average
was not significantly changed and that the
best results of the analytical bridges were still
superior to the best results reported for the
instrument bridge.

In future testing of analytical triangulation
with small computer, it is planned to use the
FADAC computer (Figure 5) which was
developed by the U. S. Army Ordnance Corps
for field computation of artillery problems.
This computer will meet the basic storage,
speed, and weight requirements previously
men tioned in this paper and therefore has
been selected for incorporation in an initial

field system for analytical triangulation.

NETWORK ADJUSTMENT SMALL COMPUTER

In addition to the single-strip triangulation
method on a small computer, a method was
developed at NRC for multiple strip adjust
mentsuitable for small computer computation
of the large block adjustment problem. This
method coded for the IBM 650 was tested by
this Agency using a seven strip, 102 photo
graph block, (Figure 6). The block consisted
of KC-l photography at a scale of 1: 20,000
flown over the Arizona Test Area. For the
seven-strip network adjustment, seven
ground-control points were used as basic
control, and 53 points were used as ties be
tween strips. In all, 150 check points were
computed for final analysis.

In the X direction, the errors were distrib-

Triangulation No. of Flight No. of Elevation Acc Horizontal Acc
RunsTechnique Models Line Averaged RMSE (Ft.) RMSE/H RMSE (Ft.) RMSE/H

C-8 Stereoplanigraph 16 2 3 6.66 1/1502 20.01 1/495
3 3 7.69 1/1300 13 .24 1/752
4 3 8.78 1/1139 9.82 1/1018

--- ---
SERIES AVERAGE 7.71 1/1297 14.41 1/694

720 Plotter 16 2 3 7.11 1/1406 16.97 1/589
3 3 5.81 1/1721 17.52 1/571
4 3 5.75 1/1739 15.45 1/648

. SERIES AVERAGE 6.22 1/1608 16.65 1/601

INSTRUMENTAL OVERALL AVERAGE 6.97 1/1434 15.53 1/644

Analytical 13 2 2 3.5 1/2857 8.25 1/1212
11 3 2 10 1/1000 10.75 1/930
12 4 1 3 1/3333 4.5 1/2222

---
ANALVTrCAL OVERALL AVERAGE 5.5 1/1818 7.0 1/1277

FIG. 4. Bridge triangulation results with instruments and analytical techniques
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FIG. 5. FADAC computer.

uted about a mean of -1 foot with a R lISE
of +5.7 feet. The maximum error in X was
22 feet. In the Y direction, the errors were
distributed about a mean of 1.5 feet with a
RMSE of +5.6 feet. The maximum error in
Y was 27 feet. Twelve iterations were per
formed, each requiring about 4 minutes or a
total machine time of about 50 minutes to
complete the entire block adjustment. Fur
ther development of this method is planned
to include vertical adjustment.

ANALYTICAL TRIANGULATION WITH

LARGE COMPUTER

Although it has been shown that it is
possible to complete large block solutions with
a small computer, a major drawback to this
system is the inherent requirement for many
control points to obtain a reasonable solu
tion. On the other hand, it was found that the
control requirement can be greatly reduced if
a simultaneous adjustment of all photos is
performed, based on all input controls, in a
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FIG. 6. One hundred two photo test block.
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d. Any combination of geodetic positions
either as exposure station or ground
control.

e. Points of known equal elevation such as
points along shorelines or individual
lakes. In all, 17 different types or com
binations of given control may be used
to position the given photography.

The method was originally coded and tested
on the IBM 704 computer but has since been
modified to run on the IBM 7090 computer.
It is intended that a final system be designed
to simultaneously triangulate and adjust
single stri ps or combination of overlapping
strips of up to 100 aerial photographs. The
present program will solve medium-size blocks
of aerial photographs in a reasonable comput
ing time within National Map Accuracy
Standards. A few of the more significant in
vestigations and test results experienced with
the 704 program are summarized as follows:

Initial tests were conducted to determine
the absolute accuracy characteristics of the
technique using the previously described
fictitious data in strip and block configura
tions up to a maximum two strip, 24 photo
block (Figure 7). The fictitious data problem
required 45 minutes of computer time to tri
angulate, to adjust and to output the final
results. The point and control configuration
shown resulted in the solution of 207 ground
points, each computed to a final accuracy
within one foot of its true horizontal and ver
tical position.

In addition to the fictitious data runs, tests
using real photography of both single strips
and multiple strips have been completed.
One such test was a 15 photo block consist
ing of three overlapping strips of five photos
each taken with the KC-1 camera at 10,000
feet over the Arizona Test Area. Photo co
ordinate measurements were made using the
Nistri Stereocomparator. The problem con
figuration, shown in Figure 8, resulted in the
computation of 21 checkpoints distributed

one-shot computation. This procedure would
require the use of a large computer having a
great amount of storage and extreme speed of
computation, which in turn would allow a
high degree of sophistication in method and
program development. Such is the case of a
method currently under development and
test by this Agency. The technique is an out
growth of work initiated in 1958 in a con
tract with Cornell University.

The original method has been modified and
revised in cooperation with the Geological
Survey, General Kinetics, Inc., the Mas
sachusetts Institute of Technology and the
National Bureau of Standards. The technique
now incorporates the fundamental intersection
equations by Herget, supplemental condition
equations by Dodge, and a method of in
dividually weighting the input parameters by
MIT based on work reported by Brown. The
combined method is a simultaneous triangula
tion and adjustment technique referred to as
a General Program for Analytical Aerial Tri
angulation and Adjustment.

Initial input data to this program as in the
small computer methods is derived from se
quences of overlapping aerial photographs
about which certain information of varying
reliability is known. An initial estimate is
required for each camera position including
latitude, longitude, flying height, x and y-tilt,
and heading. The estimates are transformed
into an initial orientation matrix representing
the spatial relation of each set of camera co
ordinates. The orientation matrix (3 X 3) pro
vides the direction cosines of the angles be
tween the photographic and geocentric
coordinate axes. The condition equations
relating successive camera positions in terms
of the rotational and positional axes form a
system of simultaneous linear equations
which are solved as a part of an iterative
process. Iterations continue until the errors
between successive values are reduced to the
required accuracy level. Condition equations
are also included to enforce adjustment to
available combinations of the following
known con trol condi tions:

a. Complete geodetic stations giving lati
tude, longitude and elevation, either of
exposure stations or ground positions,
where each element is considered of
equal reliability.

b. Complete geodetic stations either of the
exposure station or ground type that are
not of equal reliability.

c. Geodetic positions as individual ele
ments either of exposure station or
ground control.
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FIG. 8. Fifteen photo test block.

throughout the area with a maximum posi
tional error of 9.5 feet in latitude, 7 feet in
longitude and 17 feet in elevation. The RMSE
was 5 feet in horizontal position and 8 feet in
vertical position.

Another test was made to investigate the
feasibility of computing 25 degree convergent
photography. This test was made in conjunc
tion with tests of the Halcon Plotter procured
by GIMRADA to test the feasibility of the
Halcon System. Since the plotter does not
provide an aerotriangulation capability, the
only procedure available for establishing
supplemental control is by radial-templet
assembly or by analytical triangulation. This
triangulation was performed on a 24 photo
block consisting of three strips of eight photo
graphs each. Pass and control points were
selected as diagrammed in Figure 9. The
selection of points was limited to the identi
fication and measuring of ground-control
checkpoints, thus somewhat limiting the
accuracy of the final analytical solution to a
solution based on the ability of the operator to
identify the unmarked ground-control points
and to obtain their photo-coordinates. This
procedure is not normally recommended for
high accuracy requirements; however, it \\'as
done in this case as a matter of expediency
because of the large number of check-points
included. The results of this test are shown in
Figure 10.

Based on the results of this test, it was con
cluded that:

a. Horizontal control can be rapidly and

FIG. 10. Twenty-five degree convergent
photography results

accurately established over a 110-square
mile area using 30,000-foot, 12-inch
focal-length, Halcon photography wi th
sufficient accuracy to permit the prep
aration of 1/25,000 and larger scale
maps that meet national map accuracy
standards.

b. Vertical control can be rapidly computed
with sufficient accuracy to establish spot
elevations within 50 feet.

c. No inherent weaknesses were app'arent
in the Halcon system which would
serve to limit the effectiveness of ex
tending both horizontal and vertical
control usi ng analytical triangulation
proced ures.

The final test to be men tioned is the most
recent test made in this series. This test (Fig
ure 11) was the triangulation of a two-strip,
30 photo block of real photography at
1: 20,000 scale, taken over the Arizona Test
Area. Only pass-points and selected control
positions were used as basic orientation data.
I n application, this test probably comes
closer to an actual field problem than any of
the previous tests mentioned. Point co
ordinate measurements were again made on
the Nistri Stereocom parator and ini tial photo
coordinate correction techniques were applied
as previously described. A total of 68 check
points were computed. The results of this tri-
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Total 704 computer time required was 50
minutes.

Future development tests of this technique
and program will be conducted using the
IBM 7090 computer since this computer has
replaced the IBM 704's in the Washington
area. Eventual application of the block solu
tion technique on a large computer is planned
for the Army FIELDATA, INFORMER
computer. This computer is one of a family of
militarized computers developed by the Army
for field use. The computer is van mounted,
has paper-tape or keyboard entry and exit,
contains 4096 internal core-storage and
auxiliary disc file-storage of about three mil
lion thirty-eight binary digit words. The speed
of computation is roughly equivalent to the
IBM 704. The minimum configuration of this
computer can be greatly expanded if necessary
to include additional storage units of core,
drum, or magnetic tapes, and the input-out
put capability can be expanded for the simul
taneous computation of several problems in
the same real time frame.

All of our past test results indicate the
feasibility of analytical triangulation tech
niques. Since these results were obtained
usually on a one-run basis using prototype
techniques, there is reason to assume that
greater accuracy can be achieved through
effective weighting and special programming
techniques, revised methods of photo-co
ordinate measurement, and new develop
ments in aerial cameras and data acquisition
techniques especially designed for analytical
triangulation.

angulation are summarized below:

Latitude
Longitude
Elevation

Max Error
( Feet)

16
26
47

RMSE
(Feet)

7
8

18

Our investigations also indicate that the
accuracy of analytical triangulation is not
necessarily a basic characteristic of a par
ticular mathematical technique but is a func
tion of the basic input data and original prob
lem configuration; that is, the closeness of con
formity of the data to the exact data. On the
other hand, a refinement in the mathematical
techniques to eliminate unnecessary computa
tion while not necessarily improving the final
accuracy may in itself decrease the actual
computer computation time which in turn
could be a significant factor in the economy
of any system's operation. Therefore,
GIMRADA is continuing its efforts in this
field toward development of two independent
systems, one for small computer applica
tion and the other for large computer applica
tion.
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