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For further theoretical considerations, the above ideas could be extended to
nine, fifteen or more number of points in the model in case a more precise relative

orientation is aimed at.
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Projective Nets Corrected for Radial Distortion
for Graphical Rectification in

Aerial Photogrammetry

I. INTRODUCTION

RECTIFICA’FION in aerial photogrammetry,
as defined by Hallert [1], implies that an
image, photographed by a non-vertical
camera over a plane terrain (not necessarily
horizontal), may be transferred onto a map,
i.e. an orthogonal projection of the terrain on
a certain scale in a horizontal plane. Rectifica-
tion may be performed with numerical,
graphical, or optical-mechanical methods.

Methods of graphical rectification are based
on constructing two projective nets in map
and image. In the map the net is, generally,
chosen of regular figures, e.g. squares [1, p.
107], or parallelograms [2, p. 357]. This net is
then transferred to the image, which is
assumed to be a strict central projection, i.e.
free from distortion. More accurate results
may, therefore, be obtained if the above proc-
ess is corrected for distortion, which is
mainly radial.

In this paper, two projective nets in map
and image are so selected, that they can be
corrected for the radial distortion. In the
image, the net is taken to consist of rays
passing through the principal point H’, and
concentric circles about H’. The correspond-
ing net in the map consists then of rays
through the point A (which corresponds to
H') and of ellipses. If the image is considered
as a strict central projection, these ellipses
will then be the orthogonal projection, on the
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horizontal plane of the map, of the ellipses of
intersection of the plane terrain with the
coaxial cones of revolution, whose common
axis is the camera axis and whose bases are
the concentric circles in the image. This net
is corrected for the radial distortion by dis-
placing these ellipses in the map accordingly,
as will be shown in IV. The method is here
applied to the simple case of an oblique image
and a horizontal plane terrain. Numerical
data are assumed and the results are repre-
sented graphically. The method is, however,
applicable to more general cases.
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II. EQUuATIONS OF REPRESENTATION

The simple case of an oblique image and a
horizontal plane terrain m; is assumed, Figure
1. We take:

the vertical through the center of projec-

tion 0= z-axis,

the nadir point N in m=origin of the

ground coordinate system,

the plane through z-axis and camera axis

=z-y vertical plane,

the normal through 0 to z-y plane= x-axis

in i,

the image of y-axis=y’-axis in the picture

plane,

the normal through the principal point H’

to y'-axis=x’-axis in the picture plane.

Let:
h=flying height NO,
¢=camera constant (or principal
tance),
v =nadir distance, (tilt)
P =a point on the terrain, whose coordi-
nates are x and v,
P’ =central projection of P, its image co-
ordinates are x" and y’.
The following relations can easily be derived
from the geometrical properties of Figure 1:

dis-

y = /i tan «, vy = ¢ tan (@ — »),

hence

, ¢y — htany)

g = (1)

h—+ v tan v

The straight lines parallel to the direction of
the x-axis are parallel to the picture plane
and therefore, are projected on this plane in
straight lines parallel to the same direction.
The triangles PQO and P’Q’O’ are therefore
similar. This gives:

% ¢ sec (a0 — »)
= — k)

x h sec
or
oo @
hcosv + ysiny
From (1) and (2) we obtain

_ Ji(c tan v + v')
c— 9 tanv

©)

’

x=ic—(lz cos v + y sin ») (€))
c

(In equation (4), y may be expressed in terms
of ¥" from Equation (3)).

Rays in m passing through H are pro-
jected in rays passing through H’, the cor-
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respondence between 6 and 6’ (cf. Figure 1)
may be deduced by substituting from the
above equations in the relations

x x
tanf = ——— and tanf’ = —
y — htany
This gives
tan ' = sec v tan 6 5

IT1. ProJeECTIVE NETS

In the image, a net of rays through A’ and
concentric circles about H’ is chosen. The
corresponding net in the map consists of rays
through H and eccentric ellipses.

Equation (5) expresses the relation between
the above pencils of rays in image and map.

In the picture plane, assume a circle k'
about H' as center. &’ is the central projection
of the ellipse % of intersection of m with the
cone of revolution, whose axis is the camera
axis and whose base is k’. The axes of £ may
be constructed as follows (cf., e.g. [2]):

i) The major axis A;A; lies on the y-axis,
its ends correspond to the ends A" and As’ of
the diameter A;’A." in &/, which lies on the
y'-axis (Figure 2).

i1) The center of & is the middle point M of
AiA.

iii) Find the image M’ of M (M’ lies on
the y’-axis).

iv) Determine an end B’ of that chord in
k', which passes through 1/’ and is parallel to
the x’-axis.

v) In the map determine the point B,
which corresponds to B’. B is then an end of
the minor axis of k.

Denoting the radius of &’ by 7/, then the
above steps may be expressed by the following
equations:

_ Ji(ctany — 7') _ h(ctanv + 7')

i A, = ' 2
) o4y ¢+ tanw T tany
e 1
i) yy = 7 (,VA‘ + yAg)
e, c(yar — htanv)
i) vy = —————
o+ yu tan v
iv) o' = /rE—
/ (h cos v +fyar sin V)
v) xp=ap (————————
c

In numerical computations, if we consider:
the unit of length = 1 cm.,
scale of image = 1:1,

scale of map n; =1:—>

ne
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where # is a constant, then the above equa-
tions may be converted to give the map and
image coordinates directly in cms. The result-
ing equations are free from /; they are:
ne(ctany — 1) clctany +1')

i) Wi, ey Wiy, ==
1 ¢+ tan v A ¢c—r tanwy

1
i) = 5 (va, + va,)

U c(yy — nctanv)
i) vy = ——
ne + yy tan v

iv) -\7'8’ = \/,‘/2 — y’_T,Z

I

P sin »
v) xp=x"p (ncosv—+ vy —
c

IV. CorRRECTION FOR RADIAL DISTORTION

In the image a circle k', of radius r’ about
H', is the position, to which a circle ¢’, ob-
tained according to the central projection, is
displaced due to the radial distortion. The
radius of ¢’ is 7’-Ar’, where Ar’ as function of
r" is the radial distortion of the camera used.
The above nets may be corrected for this
distortion thus; to the circle &’ of radius »’ in
the image let correspond in the map an
ellipse, whose axes are constructed by replac-
ing 7’ by (r’-Ar’) in the previous equations.

The nets drawn in Figure 3 are constructed
for the case assumed above, when we put:
¢=20 cms., £#=100,000 cms., v=45° n=1}
(i.e. scale of map=1/10,000 Xscale of image).
The density of the nets may be so much in-
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creased to meet the accuracy requirements of
the problem.
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