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Number of Orientation Points

The number and distribution of points used in analytic
relative orientation affect the accuracy
of the elements of orientation.

HE FUNDAMENTAL TASK of aerotriangulation is the accurate extension of a control

through successive images in a given strip of stereomodels. In order to achieve a
high degree of accuracy in this aerotriangulation procedure, it is essential that the
orientation errors contributed by each model in the strip be kept to an absolute mini-
mum. The application of analytical methods provides an efficient means for increas-
ing the number of observation points at which y-parallaxes are measured in each
model. This is particularly true, if an automatic observation method is used in this
procedure. From a theoretical standpoint a limited degree of improved accuracy can
be achieved by increasing the number of y-parallax readings at each of five or six
characteristic points distributed throughout the model. This accuracy limitation is
caused by the influence of both image errors and observation errors.

In order to reduce all errors to an absolute minimum it is necessary to increase the
number of observation points within the model. The number and distribution of these
points will influence the elements of position and angular orientation. The subject of
the following analysis will be the determination of the influence of these phenomena
on the accuracy of the elements of orientation.

By a symmetrical distribution of the points it is possible to simplify the computa-
tions as derived in [2]. In the following considera-

tions this possibility shall be used to obtain simple
formulas for the mean square error of the elements A e %
of orientation. f %&
e
1. MATHEMATICAL FOUNDATIONS -k
The foundation of the following derivations
shall be the parallax-equation in the form
x X
'\' ,\'(-\‘ - -\.(l)
by = dby, — — db, + (& — xa)dk + ———— d¢b
z 2
y(y — ya) s
+1(z—2) +—— dw (1)
: 7 7
derived in [2]. V %
In this equation are the x, y, z space coordinates
of the observed points. The origin of the coordinate-
system is the projection-center of the left image y
(Figure 1). The z-axis is directed towards the

nadir-point. x4, vy« and 2z, are the coordinates of the Fic. 1
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rotation-center of ¢, w and k. The location of the rotation-center shall be determined
by means of the following derivations.

The angular elements of orientation calculated by Formula (1) are the same as
obtained in the usual way. Only the position elements db, and db. differ from cor-
responding elements, obtained in the usual way, for the projection-center of the
right image does not coincide with the rotation-center. The relations between the ele-
ments db,” and db.’, calculated by an equation with

Xg = l)
Vi = &q = 0

and the clements db,, db., obtained by (1) are

db, = db, + xadx — z4dw '
(2)
db, = db. — x,d¢.

To obtain simple expressions it is advantageous tochoose a symmetrical distribu-
tion of points for parallax measurements. There is also the possibility of simplifying
these expressions by choosing a suitable location of the rotation center.

Asstract: Analytical solutions of aerotriangulation problems allow the eco-
nomic possibility to increase the number of parallax-observation points on more
than the conventional minimum of six points. This is especially true, if auto-
matic observation-methods are used. The accuracy of the orientation-elements
will depend on the distribution and number of points at which the y-paralluxes
are measured. It 1s mathemalically demonstrated that by a suitable choice of
parallax-equations the matrix of the normal-equations become a diagonal-matrix,
which simplifies the calculation of weight numbers.

As shown in Figure 1 four areas are chosen, in which the points for parallax ob-
servations are equally distributed. Further points are distributed along the base line.
The spacing of these points is the same as for other points set in an x-direction within
each given area. The distances of the points in the x direction are ¢’ and in the y direc-
tion are d'. In a single area the number of points is

d e
() (5)
d’ e

and the total number in the model is
, 7 e
N =4n+ 2 ~;—f—1 ;
&

When the number of points is larger than five, the elements of orientation will be
obtained by adjustment. Formula (1) is the observation equation. It can be written
in the form

v = — p, + ardb, + a.db. + azdx + asde + asdw (3)

in which the coefficients a; are equal to corresponding coefhicients in (1). By the matrix
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|
[
|
|
\
lav,1 axs anyz aw., an.,s)

and the vectors

(db,) (Pur)
.(I'bw.-l bys |
x = |dk P =

d¢

(dw (Pun
i
V2

v =

ll”t'i\',)

One obtains the following system of observation equations
Ax — P =y (4)

from which the normal-equations can be obtained by an adjustment procedure. The
normal equations are:

ATAx — ATP = () (5)

and

(2 aay D aias > aas Z aas Y azas)

T STom Toun Eon o

ATA = | Doaas D asas Doasas Y asas > a;;a;,‘ . (6)
Z o Z A9y Z a3as D a4aq Z a4a;
[Z 105 Z @95 Z aszas Z asag Z asas

From (5) the unknown elements of orientation

x = (ATA)1ATP )

are obtained.
From (6) we obtain

@ = (Ara)- (8)
the matrix of the weight and correlation numbers. All elements in the diagonal of this
matrix are weight numbers and one obtains the mean square errors of the unknowns
by

m; = \/Qii-my.

It is necessary to calculate the matrix Q for determining the accuracy of orienta-
tion. One obtains the matrix @ by inversion of the matrix ATA. This operation is
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made easier, if ATA is a diagonal-matrix. The suitable choice of the rotation-center
provides the establishment of a diagonal-matrix.

All observation equations have the coefficient a;=1 and all coefficients of the
normal equations, which include ay, can be written as follows:

2a =N

> ama = a:
D aa; = > as
Z a§nay = Z ay
> aas = 2, as.

These coefficients must be zero if one wants to obtain a diagonal matrix.
The symmetrical distribution of the observed points requires that:

2(13:0.

Then the term a; is obtained by

Zaz=2(;v~.m)=2{<£+1>+1} <1+2+3+---(§+1>)e'
£ {2<§+1>+1} (b—e’—i—b—Ze'—I—---b—<%—+—1>e’>
—4{<di,+1><5,—+1>+2<§+1>} =10,

The following expression can be written by the application of well known sum-

formulas:
d ;
e b))+ (o)
1 d’ ' e J

b— 2 {z (; L 1)(2 + 1) 4 <€i i 1)} -

From the condition a;=0, it follows that:
b

Xg = ©)
2

By the symmetrical distribution of the points the condition

SRS _Zj-%; . (10)

is caused. This means that from (9) follows also
201(14 = qu = {.

The coordinate z, is obtained from the condition

Za;ag,:Zag,:O.
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If ¥4=01is chosen, we obtain from this condition by a similar derivation as for x,:

1 1
2nk(k — d) + — ndd <2 ; 4 1>
% G
=g p— ¢ 7 (11)

e
<2n+, + 1>z
e

The choice of x; and z; by the Formulas (9) and (11) provides that all elements
of the matrix (5), besides the diagonal-elements, become zero. The condition that the
elements of the first row of the matrix shall become zero, sets the condition that all
other elements, which are not diagonal-elements, become zero. The symmetrical dis-
tribution of the observation points requires that all elements of the matrix are
established by condition (10).

By considering the previously derived coordinates of the rotation-center, one
obtains the following diagonal-elements of the matrix:

D aa =N
4 d

2 asar = — n(k(k — d) + Y (2d + ')
z* O

N/e b?
343 = 7 - (23 = el = bt’ + = >
2, ou0 = = (3 ) 2

9

2 b?
D auy = — zz(k(/e —d) + — (2d + d’))( (2e + €') — be + 7) (12)

dn

> asas = — (k* — 2dk® + dk*(2d + d') — d%k(d + d')
1
+ ad d(2d + d")(3d*> 4 3dd’ — d'?)

- '\’ (Gl — &) + — d@d+ 1)),

These expressions allow the computation of the elements of orientation by means
of (6). With formula (7) the following weight numbers are obtained
y 1
by, = Z Aty
1
> a4
1
¥, @103
; 1
S

1
)ww = = ¢
e

These expressions can then be used to analyse the accuracy of the procedure.

Orp, =

Que = (13)
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2. CoMPUTATION OF WEIGHT NUMBERS

The following is a computation of weight numbers for several configurations of
y-parallax observation points within a single model.

The subject of the following considerations shall be the determination of the
influence of the number and distribution of y-parallax observation points on the mean
square error of orientation-elements. This is obtained by computation of weight num-
bers for several selected numbers of parallax observation points.

2.1. SIX POINTS

For this case it is assumed that n=1, d’ =d=0, and ¢’ =e=0. By application of
these values to (12) one obtains

Z ayay = 6

kﬁ

Z Aoy = 4 :

3
Z Aza3 = - 1)"’
2
(14)
k*b>
Z a4dy4 = — o
4 kR4
Z Agly = — —
3 2
2 k?
23 =8+ — —
9 B
2.2. TWELVE POINTS
The formulas for this case are established by setting d=d’ =0, ¢’ =¢, n=2:
Z a1ay = 12
]‘,‘2
Z asas = 8—
b‘l
Z azds = 6 — — l’(b = f’)
2
(15)
k* /b*
Z Aydq = 4 = '*)‘ — l’(b = F)
8 &kt
Z asdy = -
3 7
2 k?
%0 =3+ - .
3 2z
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2.3. 20 POINTS

Here are set d=d’, e=e¢', n=4:

Z aay

20

—
=

Z asQs

I

<k(k —d) +

)

9

.

b2

10 (~4
2

Z azdsg

Z a4ay

Z aA5a5

— [k2(3k2 —

o

=z4

24

wn
ul"‘

2.4. 42 PoOINTS

Z a1dq
Z Aoy

LY PP
B T

(-

k(k—d)‘{”*

[]2

§ Lt
2

> asa;

2

w
T /_\ —N—
~1

\1|._..

d*\ /b
a9
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(16)
- e>)

20k — d)*) + (k — d)*(3(k — d)* — 2&%)}

- {4k(k — d) + 247

)
)
I

(17)

b——e

<6k(le+ d) + —d>
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2.5. 110 poINTS

Z aQay = 110
100 3
D axap = ( (k—d) + — /~'>
8
3

z*

3" aty = 55 (b, - “(” - ’4” )>

. (18)
b? 3
Y Gaas = k(k —d) + — d? ><“ — (’<b —— e>>
z? 2 4
100
Z asas = — — 0,182 k3d + 0,887 k2d*> — 0,910 d*k + 0,144 d*)
15
24 = 2 <1()k(k —d) + — u"-’) .
z 4
2.6. N— o POINTS
d =ée =0
Z a1 ay = A\y
4n d?
Z A2y = o k(k == (/) + ;>
N
Z a3dz = —
§ (19)

Z a4y =

B a2\ /b* 2
(b —d) + —~> (*27 = e(b o 3—6“>>

1 n 2 %
kY — 2dkP + 2d%k* — Pk + ;(14 — \ <2/e(k —d) + 3(i2> >

711/3(/? — d)

2
(Z;z + \/)1)~,

These terms (19) are for point numbers larger than 100. The term z; is an approxi-
mate formula, which is only exact for the case d =e.

2.7. THE NUMERICAL COMPUTATION OF WEIGHT NUMBERS

By the previous derived formulas it is possible to compute the weight numbers
of the orientation-elements. In order to determine how the accuracy is influenced by
the distribution of parallax observation points, two extreme cases shall be computed
for each of the previous derived formulas (16) to (19). These two cases are:

The areas of the observed points are reduced to a small size, such that all ob-
served points have nearly the same location (Figure 1).
The observed points cover the model area in equal spacing.
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This way of consideration is a simplification, which is only allowed if one can assume
that no other distribution exists which leads to an extreme value of the weight num-
bers. For testing this assumption several distributions were computed for the case
N'=20. The results are shown in a diagram (Figure 2). One sees that only the weight
numbers Q.. have an extreme value between the presumed two cases.

0,2
T T T T T T d
LIS k 3k 4k k
20 10 5 10 10 2
T T T T T T e
b b b 3B 4 b
20 10 5 10 10 Vi
F1e. 2

[t is seen, that Q. has only a small variation resulting from the distribution of
points. Therefore it is possible to neglect this extreme value for the following consid-
erations.

The first mentioned case is obtained if in the Formulas (16) to (19) it is assumed
that d'=¢'=0,

For the second case one obtains the weight numbers if the following assumptions
are made:

b
N = 12 d =0 e = —
3
k b
V = 20 d = — &= —
2 3
2 2

V = 42 d=—=% e = b
3 5
3 4

N = 110 d=—%F e=—5%
4 9
b
N — d =k e = —
2




NUMBER OF ORIENTATION POINTS 679

The radicals of the weight numbers are written in the following [orm:

)"s 3 = @ 2% X i
O, ¢ P
) X !
kk — @y i

¢ ( b

(20)

Dos = @ X —
Voo B

4

)ww = Ay X 7J’ .
¢ =

In these formulas the cozthcients a; (i ="0., k, ¢, w) are terms which are variable by
distribution and numbers of parallax-observation-points. The coethicients @; have
been computed and the results are listed in Table 1. Since the weight number of b,
varies only by the point number it was not listed in Table 1.

In Table 1 the sign of the results for the first case are determined by 1, while the
coefficients for the second case are signed by .

TaBLE 1
i, a, Ay ay, n
N — = e e e e = = S ey
{ \ 1 M | W 1 (V4
6 0.50 0.82 1.00 0.87 1
12 0.35 0.35 0.58 0.78 0.71 0.95 0.61 0.61 2
20 0.25 0.32 0.44 0.60 0.50 1.12 0.56 0.54 4
42 0.17 0.23 0.31 0.45 0.33 0.68 0.45 0.40 9
110 0.10 0.15 0.19 0.30 0.20 0.46 0.33 0.26 25
0.50 0.80 2.00 3.460 1.41 3.00 0.50 1.12
N — —_— —~ i —— _— ——— n
VN VN v N VN Vn Vn vn(1—4n/N) ~/n(1—=2.2n/N)

From Table 1 it is evident that the distribution of the points in four separate areas
leads to a decrease of the mean square error of the orientation-elements 4., x and ¢,
but the mean square error of w increases at a small rate. This rate may be neglected.
The most significant decrease was found for ¢, with a calculated reduction in the
mean square error of about 509;. Since the orientation-element ¢ causes the largest
elevation-errors in an aerotriangulation, this theoretical method for decreasing the
error of ¢ should be given serious consideration.

Using the conventional technique for y-parallax observations, it is concluded by
the results shown in Table 1, that a distribution of twenty points provides an optimal
solution for this problem. The solution is also greatly simplified by choosing the posi-
tion of the rotation center as described earlier. This is quite important if one must
use a computer with limited storage capacity in performing the necessary computa-
tions.
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