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A Triangulation Technique

for Linear Objects in Space

A scheme is devised to overcome the difficulty

of identifying point-images on a nebulous

chemical cloud in the study of winds aloft.

.·\BSTRACT: Corresponding points on films, taken from two di.tferellt sites, of a
linear object in space Ga71not be paired dlle 10 llllimown foreshortening. Tile
uSltlll triangulation techniqlles mltst be replaced by Itn iterlllil'e sclleme to solve
the problem. The particlllar methods del'eloped ilt tllis pllper are most IIseflll
when graphical checks of allalysis are desired. Fllrthermore, the methods are
tlldoredfor easy compllter programillg alld tile closllre tecllJliqlle of the itemtion
allows easy alld qllick converge71ce ill pairillg POillls. These methods hlll'e beell
IIsed 011 chemical clolld relellses in splice 10 determine wi71ds Iliid wil/{l shellrs.

INTRODUCTION

T HE RELE,\SE OF ,\ CI-lEmc.\L CLOI'O that can be photographed fronl the ground
constitutes one of the tools most often used in the study of the upper atmosphere.

If the cloud is released as a point, then the height-rangc relation can be obtained
simply by double camera triangulation. if, on thc othcr hand, the release is as a trail
the problem is no longer as si m pIc beca use equ ivalen t poi n ts on the separa te films
cannot be determined by visual inspection.

In most cases the height-range relation is the information desired but in the
diffusion studies being undertaken by the authors, correlation het\\een trail points
on the film from one site with trail points on the film from another site is nceded.
Selected pairs of points will then be scanned \\·ith ,I densitometer for diA'usion data.

The problem of correlation is not indeterillinant in most cases. This paper illus­
trates one method of solving the problem. The method is quite general, though of
necessity it is usually tailored to fit the particular experimental equipnlent used in
conj unction \\·i th the appl ica tion of the method.

EXPERL~IENT,\LARR.\);GE~II·;NTOF AI'P,\R,\TUS

f\ormal station arrangement is three separate stations at least 150 kms. apart.
Kominal height of the clouds is from 90 to 200 kill. The 10\\'er part of the trail is
usually too turbulent to permit good position determination but above about 105 km.
the center line of the trail can usually be determined. The clouds consist of a chellli­
luminescent material such as sodium and the trail is fairly well defined. The cameras
photographing the cloud place a grid on the film so that film position can be accurately
determined. The photographs are made \\'hen star background ",ill register on the
film. From the star background the azimuth and elevation of the camera ,1Xis can be
calculated very accurately. In addition, the station longitude and latitude are
precisely defined.
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Ccrtain simplifying assumptions ",ill bc madc, The first is that there is no refrac­
tion duc to the atmosphere,t This mayor may not bc uscd by other investigators at
their o,,'n discretion, l'sually the correction is quite small. Secondl)', it is assumed
that thcre arc no camera orientation corrections necessar~·. ,-\nd finally, thcrc is thc
assumption \\'hich is not apparcnt aL the outset but "'ill becoillc obvious later on,
i,c" thcre are no so-called "doublc points,"

Looking at Figure 1, assumc \rc arc intcrcsted in the cloud at trail Point 1. From
thc stars ct, (3, and)', thc caillcra ccntcr linc orientation through f(,I) is given so that
thc elcva tion and azi mu th of f (.1) arc k no,,'n. Poi n t 1 is posi tioncd on the filill by
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thc coordinatcs A(.-I, 1, .\:) and A(.I, 1, y). This is called a pair point ",ith thc iLh pair
point of film .1 given by AC-I, i, x) and A(.l, i, y),

Thc film coordinates of the pair point are transformcd into a corrcction to thc
cenLcr line clcvation f(.l, 0) and azil11uth r(.-!, 0). (l·'igurcs 2 and 3) Physically, thc
camer;l film is bchind station point. 1 (ccnter of Icns). Jnspection of Figure 2 indicatcs
thc fdlll and its geomctric;t1ly inverted t,,'in, ,,'ith all the pcrtincnt paramctcrs.
SlIIllcrical values are usually obtaincd from the t,,'in, The t\rin is fictitious, of course,
but ",ill be used and simply referred to as the t,,'in, Figurc 3 sholl'S thc t,,'in and the
corrections in 1110re dctail. J~ight angles arc indicated by the customary corner
symbol at the propcr location. Thc correction to the azimuth rC-I, 0) is given by
Lire-,I, I), i.c"

" { >-.(.,1, i, ,r) l
2.((.1,1) = arctan ~- - ("

, Ii cos E(.I, 0)

The c ha nge in eleva tion is more COlll pi ica ted and req u ires t "'a corrections. Th e
elevation of a trail point as dcpicted all the t,,'in film is composed of an angle to the
.I'"-axis of the film called f(.I, i, 0) and all incremental anglc Lif(.I, i) formed by the
point of the .I'"-axis "'here a line passing thru the desired trail point ;1nd perpendicular
to the x"-;1xis, cu ts the x"-axis,

Thc anglc f(.-l, i, 0) is given b~'

1 For cOITcction,; due to atlllospherc andliduci,,1 plate refraction see: C. C, jU,;(tb, H. D. Ed\\'ards, and
]{, :\, !-'tiller, ". \ :\ Iethod Elllplovi nl(' Star Backgrounds for IIII provi ng (hc :\ccuracy of the Loca Lion of
Clouds nr Ohj cIs ill Space," PhoLOgralllllletric Engineering, Vol. XXX, :\0, -1 (July, 196-1), p, 59-1.
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and to€C-I, i) by

PHOTOGRAMlI1ETRIC ENGINEERl NG

( 1)

tot(.I, i) = arctan

= arctan

{
A(.·1, i, .1')l

K f

{
A(A,i,.r) l

y'F2 + [A(.I, i,.r)"d (2)

Thus, trail point i, as seen by the camera of the film giving the pair values ;\(."', i, x)
and ?I. (:1 , i, y) has the elevation and azimuth of

{
A(:I, i, .1') l

teA, i) = t(.II, 0) + arctan f
F cos f(/I, 0)

. _ " {A(.I, i, y) l
t(.I, I) - f(.·l, I, 0) + arctan --=-----=- =--f'

yip + [>-(.1, i, .1')1"

(3)

(-t)

I{eferring to Figure 2, the line in space H(.I, i) connecting the trail point to point
.1, the sta tion poi n t, is called a range Ii ne. For every poi n t there is a range Ii ne.

TRAIL

FIG. 2

This range line intersects at least one trail point. ] f it intersects t\\·o trail points on
Film 13, it is called a double point range line. Obviously, under peculiar conditions,
itillay intersect any number of trail points. Ho\\'ever, it \\,ill be assumed in this paper
that all range lines are single point range lines.

If it \\'ere possible to see a range line in space, then fronl Station 13 the film \\'ould
be as seen in Figure 1. Call the range line of the dh pair point of Film .1, R(.l, i),
and its appearance on Film 13, R(A, i, B).

]<C-l, i, B) can be mathematically described on Film 13 because on Film .1 the
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FIG. 3
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range line parameters are precisely determined. On Film 13 it IllUSt intersect the trail
at the sallle point. Numerous Illethods exist for deternlining this intersection. The
range line can be dra \\'n on Film 13 or the \\'hole thing transferred to another set ling
such as graph paper. Essentially, the methods fall into t\\O groups, graphic and
analytical. The amount of ,,'ark required in describing a range line from site .1 on
Fillll 13 is quite laborious arithmetically and algebraicall\' and, if many points are
desired, the use of a computer may be required,

POINT i
~,

. ~:~.
t--+-----f"":r-:...:l...._=-JJ....-"--- R (A. j,B)

's..

FILM B

FIG, q

C H.,\ 1'111(' j\ rETlion

]f a graphic method is used then the solution is as CX,lCt as the drall'ing can be
read and/or drall'n, If an analytical Illethod is used, then there must be some nleans
of describing the trail location on the film Illathelllaticall~·. The fillllS used by the
authors I"ere Illeasured for density on a densitollleter equipped II'ith a stepping plate
\I'hich \\'as capable of steps of 1.25 microns. On a S-inch film this gave more than
enough points to describe the trail. This easily dictated the method, \\'hich \\'as:
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1. Obtain JL points on Film .1 describing the trail.
2. From 1, select one point of in terest.
3. From 2 describe analytically on Film 13 the corresponding range line, i.e., gi\'e its linear

equation in terms of x" and y" coordinates on 13.
4. Describe the trail on 13 by 111 pair points. 111 and Il need not be equal.
J. In some systematic manner substitute the points on 13 into the Equation in 3 abo\·e. One

such pair \\'ill render the equation nearly null in comparison to the other pair points on 13

l!. \\'ould indeed be fortuitous if thc pair points matched cxactly. This is neither
necessary or to be searched for. All that is required is that points match \\'ithin the
accuracy desired for further analysis, such as \\'ind velocity at a givcn altitude, etc.

A :\'.\1. \'TIC'.\ L ~ r":TIIOI)

If grcat accuracy is desired, then a variant of thc mcthod can be used in that t\\·o
separate sets of pair points may be used, one in it coarse grid and one in a ~ine grid.
Since the fiducial grid lines rccord on the densitomcter trace, the position and angle of

PROJECTION OF
RIA,i,B) ONTO
THE x"- ZOO PLANE

A lB. i. Xl

TRAIL

Z"

x"

y"

FIG. 5

trace can bc detcrJllined. In a rerun of a scction of a film, only cnough area need be
covered to include the scction of interest; location and angle arc recomputed
automatically.

Ilaving thus established the method to be used, the burden of the \\'ork is in deter­
mining the analytical expression for the range linc on Film /3. The computer can
handle any range line description but a quickly truncated series rcduces computation
time; and a linear equation is the most suitable. In order to emphasize that the intro­
duction of refraction does not alter the technique qualitatively (ho\\'ever it \\·ill in­
crease computation time) the method \\·ill be illustratcd \I'ith nonlinear rangc lines
as shO\\'Il in Figure 5, but \\,iIl be described analytically using lincar range lincs.

The range line frolll a trail point in space to cithcr Station A or Station 13 is
unique, cven though it be curved, Furthermore, for any Riven description of the
refranion the typc of curve in space is un iq uely dcfi ncd ..-\ tra nsccndcn tal function
might confound the computer but rcgardlcss of this, if R(. [, i, /3) can be givcn func­
tionally it can bc given functionall~' in any defined coordinatc s~'stem. The system
chosen consists of the Caillera axis, z", and the filnl coordinates. "ate should be made
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of the fact that y" is positive dO\\'n\\'ard in order to preserve right hand systems.
Furthermore, some exaggeration of the range line to /3 must be made in the dra\\'ing
to insure the range being linear \\'ithin a distance of the order of the focal length
of the camera \\'ithin the immediate vicinity of the camera. N.(.I, i, B) is a range line
from .. 1 as seen from E. N.(B, i) is an arbitrary range line from /3 intersecting both
the film and the cloud. The point \\·here R(f), i) intersects the film is determined by
an iterative scheme \\'hich follo\\'s.

Seglecting refraction and using linear range lines, H(.I, i, B) is obtained by a fe\\'
stra igh tfof\\'ard coord ina te tra nsfOrilla tions.

At station .1 there is a camera system called the .1" system \\'hich has been
previously described. There is also thc topocentric systelll at.l called the .I'-system.
In the .1'-s\'stcm, in order to preserve righ t ha nded ness,

+.\'.,' wcst ward

+y/ -south ward

+z.,' direction of zenith (upward).

A similar pair of coordinates occurs at station 13. In addition the geocentric
system gi ves the sta tion loca tion by the longi tude IJ and t he ]a ti tude c/>. For the pur­
poses of th is pa per the earth \\'as assumed to be a sphere '11 though in actual calcula tion
made by the authors, the earth ",as treated as an oblate sphcroid and the appropriatc
corrections made.

Using linear range lines the follo\\'ing items are all that is required:

1. Dircction cosincs of a rangc linc from II in the H"-systcm.
2. Dircction cosines of the base line f) in thc H"-system. J) is the straight line connccting

station. I and station B.
3. I.ength of D.
-L Intcrccpt in the B"-systcm of rangc line from.l and the basc line D.

From J tems 2 and 3 the posi tion of sta tion poi n t.1 in the 13" sYstem is found. Si nce
any range line from A passes through this station point, the range line intercepts in
the 13"-system can be dctermined. Denoting the matrix transformation from system
C to system D by T(C/D), then the transforlllation 1'(.1",.1'), '{(.I' G), \\here G
denotes the geocen tric system, 1'(G / W) and 1'(13'/8") are req u ired. l'l ti ma tely, the
transformation 1'(.1'/13") is required but its actual calculation is best accomplished
by the computer since it involves matrix multiplication.

The direction cosines of a range line fronl .') to the ith pair point as seen frolll /1'
are denotecl by cos(.I, i, .1' (j»j =.\', y, or z. 1'(.. )' /G) then is given by

cos (A, i, G(j» = (.I'/G,ji) cos ("1, i, ./I'(i». (5)

The (.1' IG,ji) are given in Table 1 are the inversion, say for (G / B',jk) in Table 2.
The Tra nsforma tion 1'(13'1/3") is a nalogous to 7'(.1' /. j ") a nd is gi ven in Ta ble 3.
In actual practice

(.1'/ 13", j II) = (:1'/G, j i) (G/ ]3', ik) (13', 8", kII) .

TABLE 1

(6)

cO'O

-sill 0

o
----------------'-

sin q, ,in 0

si n q, co~ 0

-COs q,

nb q, ,in 0

si n q,
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TABI.E 2

cos 0 -sin 0 o

-cos cj>

sin cj>sin 0 co, cj>

sin 0 sin q, cos 0 sin cj> I
~-I-~----

cos 0 cos cj>

The transforma tion from the A"-system to the B" -system can be done \\,i th no
more information about the oblate spheroid earth than angle relation beh\'een the A"
and 13"-coordinate systems and the geocentric system, To obtain the base line
distance D, additional information is required but can be found by the usual tech­
niques, Assuming that the length and direction cosines in the 13"-system of the base
line D, are ].;:no\\"11 , thc equation of the range line projection on the film at B is
determined,

I nasmuch as both a range linc and the base linc pass through the station point /1,

z"

FIG, 6

this gives a knO\\'n point on the range line. From Figurc 6 the quantities D,c" and D,,,
are gIven by:

D cos (Dx"B")

D cos (D z " 13")

(7)

(8)

\V here cos (D x"B") and cos (D z" B") are the respecti ve direction cosines of Din the
13" -system.

The equation of the (x", z") projection is given by the equation

TABLE 3

-cos ~ (r\, i) sin ~ (A, i) o

-sin .(A, i) sin teA, i) -sin .(.,1, i) cos t(.1. i) -cos .(A. i)

-cos .(A, 'i) sin tVl, i) -cos .(A, i) cos t("I, i) sin .(11, i)
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:1''' - D~"

cos (.1, i, 8" (x))

z" - D",

cos (:1, i, B"(z))
(9)

lI"here D I " and D,,, are the x"-axis and z"-axis projections of the distance to station
point .1 from B as given above. Similarly for the (y", z") projection,

(10)
y" - D y" z" - D."

cos (.'1, i, f3"(y)) cos (II, i, 13"(::;))

The cloud point T is projected on the film at 13 by the rang-e line /((13, i). (See Figure

RfB,il -----r'--b

L-1!fT-\;O=;£'-- a ('I" z")

---------------"7f---f1------------<- x"

y"

FIG. 7

7.) Its x"-Iocation on film B is obtained through the range line projections of R(B, i)
\\"hich have the equations

.1''' = z" tan a(x"z") (11 )

and

y" = "," tan Oi. (y" zIt) (12)

\\"it h the tang-ents being defined b~'

X(:I, i, lJ"(x)) = F tan a{r"::;")

X(A, i, B"(y)) = F tan a(y"z").

Substitution from Equations (11) and (13) into Equation (9) and solving gives

(13)

(1-1-)

X(.I, i, 8"(x)) 1
-----

F cos (.1, i, 13"(x)) cos (.1, i, B"(::;))

D I " D,,,
(15)

cos (:1, i, 13" (:1')) cos (A, i, 13"(::;))
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and from Equations (12) and (14) into (10) fives

A(:l, i, B"(y))
----- ---

F cos (.1, i, 13" (y)) cos (. I, i, 8" (~))

D y " D="
(16)

cos (.'1, i, f)"(y))

Equating (15) and (16) one obtains

cos (.-1, i, 13"(~))

\\' here

oA(.·I, i, 8"(.1')) + bA(.-I, i. /3"(y)) + C

D y " D,,,
----

cos (/1, i, B"(y)) cos (.1, i, 13"(z))
o =

F cos (.'1, i, 8" (.1'))

() (17)

(1 g)

b
cos (.·1, i, 13"(.1')) cos (.1, i, 13"(z))

cos (.·1, i, 13"(z))
(19)

cos (.1, i, 13"(.\')) cos (.1, i, 8"(y))
c = ---------

cos ("1, i, W'(~))
(20)

a, b, and c being constants.
From here on the technique is routine. The computer program determines a, b,

and c for a given range line and the points on Film B ,Ire searched for a best fit. The
machine logic \I"ould consist of substituting the values for a pair point on 13 in
Eq ua tion (17)"

For an incorrect point the equation lI"ill not be null but \\"ill have a residual.
As a better point is substituted the residual \I"ill decrease. If the residual increases
a point in the opposite direction should be picked next. The best two points on B \rill
be those just before and just after the resid uat changes sign. The correct poi ntis
SOIllell"here betll"een these. j f Illore accuracy is required, then a finer grid on either
Filnl ""lor Film 13 lI·ill suffice. j n this Inanner the trail can be described in space by
both range and altitude.

Solution of the double point problem is accomplished by a "piggy-back" computer
program.

Camera tilt angle and refraction in the fiducial plate h,lve been accounted for by
the authors but \I'ere not discussed here si nce t hey do not a II er the tech niq lie.

CO)lCLl'SJO:-;

It is not apparent from the analytical development Lhat the residuals are of an~'

particular use. 1n actua Ii ty they turn au t to be most hel pful, a nd plots of the resid uals
versus trail points indicate the location of the trlle corresponding point quite
accurately.

The plane formed by t he base line betll"een t 11"0 sta tions a nd a ra nge line from
one of the stations should be coplanar to the like plane frOIll the other station. jf the
range lines are not to the saine point, then there lI"ili be some angle betll"een these
tll'O planes. Other iterative schemes try to reduce this angle to the smallest value.
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Thcsc methods are in gencral hard to visualizc and do not lend thcnlselvcs rcadil~' to
graphical techniqucs, Furthcrmore, such mcthods become quitc difficult \I'hen double
points are encountered,

The method herein dcscribed has :lIlo\l'cd thc authors to display the film on a
ground glass projector and plot graphically \\"here thc range linc from Station .L1

appears on thc film from Station /3. This has saved considerahle timc by eliminating
anal~'sis of unnccessary points.
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