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HE POSSIBILITY OF a conformal represen-

tation of space upon itself aroused the
interest of some writers in photogrammetry
in connection with the problem of the adjust-
ment of aerial triangulation. Judging by
several recent references to it in this peri-
odical, the topic of the three dimensional
conformal transformation seems to be sur-
rounded by a degree of uncertainty. The
reason for it may be, perhaps, that its
mathematical history is quite old. The follow-
ing brief note is intended to add to the dis-
cussion of this subject by presenting a few
results pertaining to it by some mathemati-
cians in the past.

Conformal mapping in space interested
mathematicians around the middle of the
last century. As early as 1847, Joseph Liou-
ville! determined all the conformal transfor-
mations in space in an analytical way. In a
notable theorem bearing his name, Liouville
showed that the only ways of conformal rep-
resentation of space upon itself are:

1. By translation and rotation, accom-
panied by constant magnification,
2. By inversion with respect to the sphere.

These two methods which can be combined in
any manner and repeated any number of
times, generally carry a sphere into another
sphere. Thus, in space, there is nothing
analogous to the two-dimensional situation of
mapping conformally a region of the z-plane
upon a w-region by means of an arbitrary
selected analytic function w=f(z).

Although the Transformation 1 has a wide
use in photogrammetry, interest has been
shown in the possibility of a nonlinear con-
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formal transformation in space with regard to
the problem of simultaneous three dimen-
sional adjustment of deformed strips or
groups of models. As these deformations are
normally very moderate, it raises the possibil-
ity of employing infinitesimal transforma-
tions with conformal properties. Around 1870
Sophus Lie introduced the concept of an
infinitesimal transformation into his study of
the theory of groups. He investigated the
properties of the three dimensional conformal
group? and enumerated the infinitesimal
transformations associated with it. An in-
finitesimal transformation is a transformation
whose effect differs infinitesimally from the
identity transformation. In general, such a
transformation is of the form

x' = x+ tEi(xn - - - xn), (f=1,+-+,n)

where ¢ is a constant so small that its square
may be neglected. In his book on the Lie's
group theory?® in 1903, John E. Campbell also
derives the most general form of the infinitesi-
mal conformal transformation in three dimen-
sional space from the consideration of differ-
ential relationships invariant under the
conformal transformation. He gives its form
as

=x+1 Y=yttt F=z21+£K
where
&= jar(a? — y? — 22) + asyx + aszxz + apx

+ Aoz — Asy+ «

7 = 3a:(y? — 22 — a?) + azyz + awxy + aey
+ Asx — Az +8

&= 3a3(z2 — 2% — ¥?) + awxz + azyz + aez

+ Ay — Axx+ 4. (1)

(Continued on page 180)
178




Caesar-Saltzman

| B A &

at Peerless and Willoughby

Headquarters for world-famous
Caesar-Saltzman @
Photogrammetric Equipment

The renown line of Caesar-
Saltzman (CPS) Precision Projec-
tion Cameras and Rectifiers,
Vertical Reflecting Projectors
and Cartographic Apparatus is
now displayed and sold at two
new Caesar-Saltzman Show-
rooms in Peerless & Willoughby.

We invite you to visit either of
these convenient locations the
next time you're in New York
City. Or, if you prefer, let us
know your requirements by mail.
Either way, our staff of techni-
cal experts will be glad to help
you select the standard equip-
ment best suited for your needs,
or to recommend adaptations
should they be necessary.

Illustrated are two CPS preci-
sion instruments for photogram-
metry. Literature on the com-
plete line is available upon
request.

CPS MODEL 70A AUTOFOCUS VERTICAL
REFLECTING PROJECTOR

Achieves continuous automatic focus-
ing throughout the entire range of
reductions to magnifications, from
.25 to 4.0 diameters. Accommodates
up to 10" x 10” sections of large
roll maps and photo prints. Indicators
are provided on magnification scale
for rapid setting.

CPS MODEL #124 MBBAF
AUTOFOCUS RECTIFIER

For enlargements or reductions from
all sizes of film up to 104" x 104"
as well as aerial roll film up to 9%2”
in width. All controls are mounted on
the base of the rectifier.

Easy Credit Terms

Convenient Leasing-
Purchase Plans

CAESAR-SALTZMAN PROFESSIONAL SALES DIVISION

WILLOUGHBY PEERLESS

110 West 32nd St.,, New York, N. Y. 10001 415 Lexington Ave., New York, N.Y. 10017
Fourth Floor « Phone: 212 YU 6-5920 Main Floor » Phone: 212 MU 7-1000

179




180

PHOTOGRAMMETRIC ENGINEERING

(Continued from page 178)

It will be noticed that the Equations 1 are
identical with those proposed by Mikhailt
including only the terms of the second degree.

As far as the use of conformal transforma-
tions in photogrammetric adjustments is
concerned, it would be presumptions to take
the view that these transformations are the
only ones that faithfully describe the nature
of the discrepancies between the photogram-
metric model and its control. However, in
practical adjustments, where we often carry
little hope of accomplishing more than
smoothing of these discrepancies, conformal
transformations do offer some advantages. By
imposing restrictions on the coefficients of the
interpolating polynomials they provide some
insurance against undue deformations in
small regions as already pointed out by

N A NOTE PUBLISHED recently (D. W. G.

Arthur, PHOTOGRAMMETRIC ENGINEER-
ING, January 1965) a few critical remarks of
my earlier paper: “Simultaneous Three-
Dimensional Transformation of Higher De-
grees”’ (PHOTOGRAMMETRIC ENGINEERING,
July 1964) were presented. It is the purpose
of this note (1) to analyze and discuss these
remarks and perhaps cast more light on the
principal aspects of the original paper, and
(2) to present results of tests performed subse-
quent to the publication of the original paper,

Arthur’s criticisms can be summarized as
claiming that:

a. The condition for conformality was
“mis-stated.”

b. My ‘fears about non-existence of
second and third degree conformal
transformation in three dimensions
may be quite without foundation.""t

c. Arthur’s equations developed in Ref-
erence 3 and summarized in Reference
1 are ‘“‘considerably more general for
the strip! than are mine.

In reply to these criticisms, each point will
be dealt with independently.

a. The entire text of my original article
leaves no doubt in one’s mind that the equa-
tions under consideration were of the poly-
nomial type. As an example, the starting
point of the development gave the general

Schut.5 Also, by consuming fewer degrees of
freedom than the general polynomials, they
would seem to be safer to use with sparse
control.
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form of the three-dimensional transformation
equations as:
X=A4,+ Awx+ Az)’ + Az + A+ A:\,\’2 + Ae2?

+ Ay + Asyz + Agzx + - - -

Y = By + Bix + Bay + Byz + B + Bsy? + Bes?

+ Bixy + Bsyz + Bgzx + - - -

Z=Co+ Cix+ Coy+ Csz+ Cix + Csy® + Ce3?

+ Cixy + Csyz + Cozx 4 - - - (1
where x,y,2 are model coordinates and XV,
Z are ground coordinates.

In the original paper, the condition for
Equations 1 to represent conformal trans-

formation was given as the orthogonality of
the matrix:

X dX 9X

dx dy 9z

Yy a9y oYy

— — )
dx Jdy Oz

aZ 9Z oZ

dx dy Oz

whereas in Arthur's paper this condition was
stated as the orthogonality of the matrix:

i aX 1 90X 1 oX
|— f ox f ay f oz
1 9V 1 9V 1 9V
—= 2= S @
f ox f dy [ oz
1 9Z 1 oZ 1 aZ
f ox f a9y [ oz

(Continued on page 182)
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It is evident that the only difference between
the two Matrices 2 and 3 is simply f which
represents a scale factor. There should be no
doubt in one's mind that the orthogonality of
Matrix 3 is the proper condition. However, it is
very easily seen that the use of Matrix 2
instead was only for simplification in which
the scale factor f was not considered. This
should have been quite obvious from the fact
that, even after the simplification, it was
clearly stated in the paper that “since this
derivativeis quite complicated, it has not been
attempted.”? Furthermore, the same point
was considered by another prominent author
in regard to the same problem when Schut
wrote, “Consequently, disregarding a scale
factor, the matrix of the nine differential
quotients (i.e. Matrix 2) must be orthogonal
for any values of x, y and z.”"7 Therefore the
claim that there was a ‘“‘mistake’ or a ‘“‘mis-
statement’ in the original paper is clearly a
misunderstanding.

Arthur also wrote further, “That Mikhail's
condition (meaning that for the Matrix 2) is
too restrictive is easily seen when we consider
that it rules out even the general transforma-
tion of rectangular coordinates.””! In light of
the discussion given above, any further com-
ment on this statement would be superfluous,
as one agrees that when the condition given
by Matrix 2 is applied to the linear terms of
Equations 1, one gets the orthogonal rotation
matrix quite familiar to the readers. This
matrix premultiplied by a scale factor would
obviously represent the ‘“‘general transforma-
tion of rectangular coordinates.”

b. The second critical remark was stated
as, “Mikhail’s fears about the non-existence
of second and third degree conformal trans-
formation in three dimensions may be quite
without foundation.””* This statement was
perhaps on regard to my remark “this treat-
ment casts a shadow of doubt as to whether
three-dimensional conformal transformation
of second and higher degrees even exist. This
fact is left for future investigation to prove
its definitive validity.””? Where 1 merely
raised the doubt and left the door open for
more investigation, I should have thought
that Arthur would rather have considered the
following more definite statement published
by Schut: “Unfortunately, it turns out that
the conditions (for conformality) can be
satisfied only if the coefficients of all terms
that are higher than the first degree with re-
spect to x, y, and z are equal to zero. This
proves that a conformal transformation in

three dimensions which includes strip defor-
mation s not possible by means of polynom-
ials.”’” At any rate, as there was a disagree-
ment with these views, the equations which
were believed to exist were not presented.

Concurrent with the foregoing discussion,
the following example representing ‘‘the well-
known inversion with respect to a sphere”
was cited:

X =k%/(x+ y2 4 2?)
¥ = kty/(st+ 9+ 29
Z = k%/(x*+ y2 + 29). 4)

Where, as mentioned in ¢ above, we are only
concerned with polynomials, the above ex-
ample cannot support any argument and
seems to be out of place as Equations 4 can
hardly be considered as polynomials.

¢. The last remark concerns the claim that
the equations given in Reference 1 are ‘“‘con-
siderably more general’’ than those given in
Reference 2. First, the principal application
of the former is for the strip because they
were developed for that purpose, while the
latter, or this writer's equations, ‘“‘were de-
veloped for an almost ideal situation of ad-
justing square sub-blocks’?, and it was sug-
gested that they ‘“may not be limited to sub-
blocks and can be used for strip adjustment,
either directly or after minor modifications.’"
Secondly, it may be indeed appropriate to
present at this point some of the results ob-
tained using the writer’s equations as applied
to strips and even without any modifications.
These results are obtained from tests per-
formed subsequent to the publication of the
original paper and reported at the last Con-
gress of the International Society of Photo-
grammetry in Lisbon (Reference 4).

Table 1* shows the results obtained from a
strip formed by using grid plates in the Wild
Autograph A7. The strip is 17 models long at
an equivalent scale of 1:40,000 and all ground
coordinates are in meters. Three bands of
three control points each were used in the
beginning, middle and end of the strip. Each
control point was fixed by all three coordi-
nates.

For the sake of comparison, a test run on
the same data was performed using the pro-
grams developed at the National Research
Council of Canada (NRC) and currently in
use by the Topographical Division of the
Department of Mines and Technical Surveys.

* Photogrammetric Engineering, v. 31, n. 5, p.
917, September 1965.

(Continued on page 184)




184

PHOTOGRAMMETRIC ENGINEERING

(Continued from page 182)

The results of this test are also included in
Table I.

A second test was performed on data for
the Savona Test Range taken from Refer-
ences 5 and 6. This Test Range is a strip some
8 miles in length along the south side of
Kamloops Lake in Southern British Columbia
(B.C.), Canada, and includes relief amounting
to 10 per cent of the flying height. Table IT*
shows the results obtained on check points
using the author's equations in comparison
with the results published in the references
cited.

The least one can say about the results dis-
played in the foregoing two tables is that they
are certainly adequate. Therefore the ques-
tioning of the generality of this author’s equa-
tions appears to be without foundation as it
was shown that they apply not only to sub-
blocks but also to strips.

T IS REGRETTABLE that the criticisms have
been based on scattered portions of the
original article taken out of context rather

* Photogrammetric Engineering, v. 31, n. 5, p.
917, September 1965.

than on the article in foto. It is therefore
hoped that the foregoing discussion together
with the original paper will help clarify this
subject to the interested readers.
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