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The resolving power of

a lens can be predicted
on the basis of

chromatic and spherical
aberration.

FRONTISPIECE, Ea/Eovs. tif at selected values of
resolving power A. These curves indicate the man
ner in which contrast at a given value of A in the
image varies with displacement fro III the plane of
best paraxial focus Fo for a lens having both longi
tudinal chromatic aberration d, and longitudinal
spherical aberration tif'. (See text page 225.)

(A bslract on next page)

. (1)

1.0 INTROD eTlON

l:X THE:\ THE MEAS RED VALUES of resolving
V V power of a lens are compat'ed with the

theoretical ,'alues predicted by diffraction
theory, the measured values are usually ap
preciably lo\\'er than the theoretical. In
addition, the measured depth of focus in the
image space is usually greater than would be
expected on the basis of simple theory. This
paper presen ts an heuristic approach to this
problem that leads to a plausible explanation
of the apparent deviation of measured from
theoretical values of resolving power.

I t has been found that when due allowance
is made for factors that may influence con
trast in the image such as area of lens con
tributing to resolution, longitudinal chroma
tic, and longi tudinal spherical aberration
there is then good agreement bet\\'een theo
retical and measured values of the reso!\'ing
power. It is also found that this approach
leads to a cleat' understanding of such phe
nomena as sharp decline in the contrast
between light and dark lines of a line pattern
with decreasing line separation; change in
position of best focus with changing line
separation; and anomalous variations in con
trast with decreasing line separation for
differing position of the focal plane.

2.0 THEORY FOR IDEAL LE1\S

Before proceeding to a discussion of the
effects of relative lens area and aberrations on
resolving power, it is necessary to review
briefly relations connecting reso!\'ing po\\'er
and depth of focus with f-number of the lens
and the wa"elength of the image-forming
light for an ideal lens, These relations are
described in detail in earliet publications1 •2

and the presen t brief review is i ncl uded to per
mit better understanding of the problem.

2,1 RESOLVING POWER FOR AN IDEAL LENS

In the case of photographic lenses, resolv
ing power is usually determined by examina
tion of an image formed by the lens of a series
of patterns of dark and light lines of equal
\\'idths and known separations. The line
separation varies from pattern-to-pattern by
a known ratio. In the image, each pattern is
characterized by a \'alue of A expressed in
lines/mm which is gi"en by the relation

1
A = - lines/mill

d

where d is the illeasured line separation in the
image. \Vhen the image is examined, the ob
server will note that the lines in the coarsest
patterns (small A) are clearly resolved while
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those in the finest patterns (large A) are
definitely not resolved. For some intermediate
pattern (A o), the obsen'er will note that the
lines in the pattern rIo are just barely resolved
while the lines are not resolved in any of the
patterns where A is greater than A o and the
lines are clearly resolved in all of the patterns
where A is less than A o . The value A o is
accepted as the maximum \'alue of the resolv
ing power of the lens.

2.2 LIMITATIONS ON USE OF THEORETICAL

VALUES OF RESOLVING POWER

The values of the resolving powers shown in
the preceding section are theoretical val ues
and are valid only for an ideal lens used under
ideal condi tions. These val ues are someti mes
criticized as being unrealistic because much
lower values are commonly found for actual
lenses. This cri ticism sometimes proceeds to
the point of suggesting the total elimination

ABSTRACT: A n heuristic method accounts for the discrepancy between measured
and theoretical values of resolving power of lenses. The analysis also accounts
for the sharp decline in contrast with increasing values of resolving power
expressed in lines per mm in the image plane. Resolutions and contrast are
a.ffected by the fraction of the lens area transmitting image-forming light,
longitudinal chromatic aberration, and longitudinal spherical aberration. An
example demonstrates change in focus with change in resolving power and
shows how it is readily explained on the basis of simple diffraction theory.

For an ideal lens the maxi mum value rI 0 of
the resoh'ing pO\\'er* may be determined from
theoretical considerations and is as follo\\'s:

A rll = A u cos {3

wherelJ is the angular separation of the image
from the axis and A o is the maximum axial
resolving pO\\'er gi\'en by Equation 2.

of the concept of resolving power as a criterion
for use in judging the image-forming proper
ties of lenses. This criticism is based for the
most part on a misunderstanding of the term
and an overlooking of the conditions under
which these theoretical values are valid.

1\1 uch discussion of the effect of con trast
and its effect on imagery usually occurs in the
criticism of resolving power. A little thought
on the manner of derivation of the theoretical
values of resolving power would bring out the
fact that the concept of contrast is implicit in
the original derivation which is valid for two
bright point sources of light simulating close
stars against a dark background. Hence, the
relations are restricted to conditions of high
or infinite contrast between the point sources
and their background. It is self evident that
the ability to distinguish between close points
will diminish with decreasing contrast be
tween the points and the background and the
resolving power will be zero when there is no
contrast between the points and the back
ground.

I t is nonetheless desirable to know the
ultimate value of resolving power attainable
under ideal conditions if for no other reason
than to avoid the pitfall of trying to achieve a
higher order of definition than is theoretically
possible for the conditions specified. An exam
ple of this is setting a requirement that a
given lens to be acceptable must resolve detail
of the order of 200 lines/mm when operating
at a relative aperture of f/ll at which aper-

(4)

(2)

(3)

A'il = AD cos3 {3

1400
AD = -b- lines/mm.

and

• l\OTE: 1n th is presen ta tion, the term resol vi ng
power A simply indicates the number of lines/mm
in a given line pattern in the image. rt refers to a
resolved pattern when A <AD and to an unresolved
pattern when A >A D • The value of resolving power
associated with the limit of resolution of the lens is
always designated AD'

1
AD = ---lines/mm

1.22b>..

where b is thef-number of the lens and A is the
wavelength of the incident light. For a wave
length of A = 585.4 mM, the value of Ao is

The relations given in Equations 2 and 3
are valid only for imagery in the axial region.
In the extra-axial region, two additional rela
tions are necessary. These relations, for the
maximum resolving power for tangential
lines, A t~, and for the maximum resolving
power for radial lines, Ar~, are given by the
expressions
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than or equal to some arbitrarily selected
value.

It can be shO\\'n that the depth of focus df
in millimeters can be computed from the
relation

FIG. 1. Axial resolving power 115. displacement t>f
of the image plane from the plane of best axial
focus for an f /6.3 lens having a focal length of
152.4 mm. Curve 1 shows the variation in resolving
power for an ideal lens for A=585.4 mI" The curve
marked 2 shows the measured values obtained
photographically using V-F emulsion and long-line
high contrast resolution test charts.

where b is thef-number and A is the resoh-ing
power in lines/mm for which the depth of
focus is to be determined. Equation 5 is based
on geometric optics and is restricted to values
of A lying between 0 and A Q where A Q is com
puted from Equation 2. The value of df is
independent of angular separation from the
axis for a given f-number. Hence no addi
tional equations for the off-axis conditions are
necessary.

3.0 MEASURED AND THEORETrCAL

VALVES OF RESOLVING POWER

It is of interest to compare the measured
and theoretical values of resolving power in a
succession of focal planes extending through
the region of usable imagery of a lens having a
focal length of 152.4mm and relative aperture
of f/6.3. The theoretical values of resolving
pO\\'er for a series of focal planes separated by
distance t.f from the plane of best focus \\'ere
computed with the aid of Equations 3 and 5.
The computed variation of theoretical re
solving power with t.f is shown as Cun'e 1 in
Figure 1. The measured values were obtained
photographically using Eastman Spectro-

(5)
4b

df =
A

2.3 DEPTH OF FOCUS FOR AN IDEAL LE1\S

\;lJhen a lens forms an image of an object
in front of the lens, there is a small finite range
on the axis in the image space in which a
recognizable image of the object is formed.
The focal point of the lens lies within this
range usually near the center. This range is
called "depth of focus" and refers to the dis
tance measured along the axis in the image
space that may be traversed \\'ithout the
resolving power A measured in the image
plane falling below an arbitrarily selected
value in the range 0 to A Q • Depth of focus is
not to be confused with "depth of field"
which refers to the range in the object space
for which all point objects are imaged with a
radius of the circle of confusion remaining less

ture the theoretical maximum is 127 lines/
mm.

In point of fact many lenses will achie\'e the
theoretical maxi mum val ues of resol vi ng
power at relative apertures ranging from f/8
tof/64 when measurements are made \'isually
using high contrast targets. At larger stop
openings, the quality of imagery is degraded
by the presence of aberrations such as longi
tudinal spherical and chromatic. In the extra
axial region, curvature of field and astigma
tism tend to reduce the values of resolving
power observed in the plane of best axial
focus.

In addition to lens aberrations, the nature
of the receptor reduces the magnitude of
observed values of resolving power. Different
photographic emulsions will yield different
values of resolving power under identical con
ditions. Variation of the contrast further
changes the values of observed resolving
power.

It is clear therefore that the abili ty of a
lens to resolve close objects is a function of
not one but of many factors. These factors
include target con trast, relati \'e aperture of
lens, orientation of lines in linear pattern in
the extra-axial region, angle of separation
from axis, cun'ature of field, selection of focal
plane, lens aberration, and nature of the
receptor. It is usually not possible to control
all of these factors within desirable limits.
HO\\'ever, if the measured value of the resolv
ing power at high target contrast is known for
a given lens, it is possible to determine its
probable performance under a wide variety of
operating conditions. This is particularly true
if one also has available measured values of
curvature of field and longitudinal spherical
aberra tion.
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(6)

scopcr Plates, Emulsion V-F. The light in
cident on the lens was produced by a tungsten
source with a \:\Tratten K-3 filter used between
the source and the high contrast long-line
resolution chart. The variation in measured
resolving power with 6j is shown as Curve 2
in Figure 1.

I t is clear from the graph that the theOJ'eti
cal maximum resolving power AD is markedly
higher than the measured value of AD. In
addition, the theoretical values of A are
higher than the measured values over an
appreciable range of val ues of 6j in the vicin
ity of 6j=0. The substantially lower values
for Curve 2 cannot be attributed solely to
limitations of the cmulsion as the limiting
resolving power of the emulsion is at least
two times greater than the maximum ob
served val ue of .Ii. I t is also noteworthy that
the depth of focus for some of the lower values
of A is greater than the depth of focus indi
cated for the predicted \'alues of A.

4.0 CORRELATION OF 013SERVED AND

THEORETICAL VALUES OF THE

RESOLVING POWER

The pronounced difference in magnitudc
freq uen tly fou nd between observed and
theoretical values of the resolving power has
tended to cause some investigators to dis
count the usefulness of resolving power mea
surements. A great deal of recent work is
devoted to the evaluation of such quantities
as the contrast transfer function which de
scribes the variation in contrast between the
light and dark lines of a resolution test chart
as the separation of lines varies from some
selected finite value to zero. In the evaluation
of this quantity the variation of contrast in
the ini tial target pattern must be known and
that in the final image must be determined for
each value of line separation. From these two
quantities the reduction in contrast with
decreasing line separation may be determined
for a given set of conditions. In the inter
pretation of the final results, recourse is had
to harmonic analysis with the result that an
extensive mathematical structure has been
built up around the phenomenon of reduction
in target contrast with decreasing line separa
tion.

The foregoi ng type of analysis has proved
useful in many problems concerning lens per
formance and is eminently satisfactory to
those skilled in the use thereof. However, it is
frequently unclear in its relating of. known
optical quantities such as lens aberration to
observed charactcristics of the image.

In the present section, an attempt is made
to show that many of the observed character
istics of the image can be explained by diffrac
tion theory alone together with reasonably
plausible hypotheses concerning the effect of
aperture, depth of focus, longitudinal chromat
ic, and longitudinal spherical aberration.
The reasoning is based on the assumption that
the contrast between lines in the target object
is extremely high.

4.1 EFFECT OF APERTURE ON RESOLUTION

'vVhen images of a series of patterns charac
terized by values of the resolving power A
ranging from 0 to AD are formed by a lens, it is
of interest to determine the fractional portion
of the lens aperture that contributes to image
formation for anyone of the patterns. For a
circular aperture, the quantity of light flux E
transmitted by the lens is determined by the
aperture area J( =7rh 2 where h is the radius of
the aperture and the limit of resolution An is
determined by the aperture diameter, D = 2h.
The expression for maximum resolving power
given in Equation 3 may be written

2800h
A=--

f
where 2hlf is substituted for lib.

\\Then a uniformly illuminated test chart
having constant contrast between light and
dark lines of all patterns is imaged by a lens
all patterns in the image are resolved up to
the limit set by Equation 6. If the maximum
aperture is ho , all values of A from 0 to AD are
presen tin the image. For an intermediate
aperture of radius hI <ho' values of A ranging
from 0 to Al are obtained where A I is less than
AD. However, patterns requiring resolving
powers lying between Al and AD are not re
solved at this reduced aperture of I'adius h" If
now the aperture is increased to ho and a
circular opaque disk of radius hi is so placed
in front of the lens that the transmitting area
of the aperture is the annular zone of inner
radius hI and outer radius ho , then all values
of A lying between 0 and AD are again present
in the image. It is therefore reasonable to
assume that, when the lens is operating at
full aperture, the light energy E that con
tributes to the formation of images having
resolving powers between Al and AD is drawn
from the annular region of inner radius hi and
outer radius 11 0 , It is also reasonable to assume
that light transmitted by the circular area of
radius hi does not contribute to the formation
of images having resolving powers in the
range from Al to AD. However, it is probable
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I t is con venien t to express IC';K o in terms of
the resolving powers Jl I and A o. This may be
done with the aid of Equation 6 which leads
to the expression

that the light transmitted by the area of
radius hi may contribute to the blur light and
so reduce the contrast in the images of those
patterns having resoh-ing powers between
AlandA o.

To determi ne the ratio of the energy con-
- tent E" of the light Aux contributing to the

formation of the image of pattern /1 to the
energy content Eo of all light transmitted by
the aperture of radius ho coming from the
target pattern A, it is assumed that E" is
proportional to the annular area E" =7r(//0

2


h (2) and Eo is proportional to the total area
K o =7rh0

2 where

(13)

(12)

(11)

2b
fl = fo - A

2b
f. =;'0 +- .- A

and

where elf is the depth of focus at any value of
A. The val ues of (FI - Fo ) and (F2 - Fo ) used in
plotting Figure 2 \\ere calculated using Equ~

tions 9 and 10 and are listed in Table 1. ThiS
table also lists the values of the depth of
focus elf obtai ned wi th the aid of Eq uation 11.

Con~ider now an image plane fo displaced
by distance t1f from ]'0 and \\' hose posi tion
with respect to 1'0 is indicated in Figure 2:\
by the line passing through abscissafo, Limit
ing cun'esf, andf, can be dra\\'n \\,ith respect
to fo \\' here

df 2b
F 2 = Fo +2 = Fo + A (10)

and

where b is the maximumf-number and A is a
yal ue of the resol vi ng power in the range
0-/1 0 , It is obvious that

4.2 EFFECT OF DISPLACE}IE:\T OF THE FOCAL

PLAXE

It has been shown that for the plane of best
focus the ratio of the energy E" of the light
avail~ble for imaging a pattern of resoh'ing
po\\'er A to the total energy Eo associated
\\,ith that \'alue of J1 and transmitted by the
lens is ~iven by Equation 8 \\,hen effect ~f

a\'ailable area alone is considered, Ho\\'ever If
the imagery ina planefo separated by amoun t
t1f from the plane of best focus f'" is examined,
markedly lower values of A are found, More
over the manner in which image contrast
chan'ges with increasing A also changes \\,ith
increasing t1f indicating that a factor related
to depth of focus is also operative in lowering
the contrast.

Consider the graphical presen tation of
depth of focus as a funct'ion of resolving ~ow~r

A for an ideal lens of aperture f /6,3 which IS
shown in Figure 2, The mid plane of the region
of usable imagery is indicated by the ordinate
passing through the abscissa Fo which there
fore marks the plane of best deflni tion. The
limits of the region of usable imagery are
bounded by the curves F I and F2 where

df 2b
F , = Fo - - = Fo - - (9)

2 A

(8)

(7)

For example, anl/2lens resoh'es 700 lines/
mm at full aperture, 500 lines/mm \\,ith the
aperture reduced to 1/2.8, and 350 lines/mm
with the aperture reduced to f/4. Using
Equation 8, one \\'ould infer that with the
lens set at maximum aperture the values of
E,,/Eo at Jl = 700, 500 and 350 lines/mm
\yould be 0.00, 0.49 and 0.75 respectively. The
contrast in the image \\'oldd therefore be a
maximum at A =0 and decrease steadily with
increasing A until it reaches zero at JI = Jl o.

To illustrate this effect of aperture upon the
manner in which E,,/Eo varies with resolving
power A, values of K,,/]{o have been calcu
lated with the aid of Equation 8 for a series of
values of JI for an 1/6.3 lens having a focal
length of 152.4 m m, These val ues of IC'; J{o

are listed in Table 1. From the table, it is
evident that only 19% of the total lens area
contributes image-forming light in the forma
tion of the image of the 200 line/mm pattern
while neady 100% of the total lens area con
tributes to image formation for the 10 line
pattern. It is clear from the foregoing analysis
that the decrease in the ratio of aperture area
available for supplying image-forming light
to total aperture area may well account for a
major portion of the reduction in image con
trast wi th increasing values of A.

I t is also clear that the areal effect alone is
not sufficient to reduce the theoretically pos
sible \'alues of resolving power for the plane of
best focus do\yn to the magnitude of the ob
served values.
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FIG. 2. Axial resolving power vs. Dof for an ideal lens. Curves F, and F, mark the bounds of the
region of usable imagery with respect to the plane of best definition Fu. For an image plane fo distant Dof
from Fo , the curvesfl andj, show the limiting depth of focus for each value of A. In Box A, the shaded
area shows the region of usable imagery common to both fo and Fu for Dof=(jo-Fu) = -0.2 mm.ln BoxB,
similar infJrmation is give;l for 6J=0.3 mm.

in the plane fa. It is accepted that image
forming light conforming to this requirement
does exist in the region of usable imagery
bounded by the curves F, and F2• It is there
fore reasonable to suppose that the region
common to both the region bounded by fl and
f2 and to that bounded by F, and F2 repre
sents that portion of the image-forming light
capable of being imaged in fa. The region
com mon to both is shown as the shaded area
under the curves for two values of I1f=fo- Fa
in Figure 2. It is clear from the figure that the
quantity of light available for image forma
tion in the plane fa is less than that available
in plane Fa. I t is assu med that the ratio of
reduction of image-forming light at a given
val ue of A from Fa to fa is the same as the
ratio of the common depth of focus to the
total depth of focus for Fa. This may be visual
ized with the aid of Figure 2A where a line
drawn parallel to the axis of abscissae at an
ordinate height A cuts curves F] and F2 at XI

and X2 and intersects curvesf] and/2 at YI and
Y2. The line XIY2 is the focal depth common to
both, and the line XIX2 is the depth of focus
for the plane of best focus Fa. The ratio of
reduction is .iol.1o where .1a = X,Y2 in Figure 2A
and YIX2 in Figure 2B and .1o=XtX2 in both
cases. Hence for negati ve val ues of I1f

It is hypothesized that, if any image-forming
light associated "'ith a given \'alue of A lies
within the bounds set by the curvesft and/2,
then imagery for that value of A will occur

TABLE 1

Range of the region of usable imagery with respect
to the plane of best focus Fo for an ideal lens

as a function of resolving power A for an
f16.3 lens. Values of the depth of focus

df=jo and the ratio KalKo are
also listed.

.11 0 '-.11'
FI-Fo F,-F" F,-F, ----

A Au'

-di/2 +di/2 df=jo K"IKo

linesl 111111 Inlll 111111

nUll
5 -2 .520 2 .520 5.040 1.000

10 -1.260 1.260 2.520 .998
22 -0.575 0.575 1. 150 .990
31 - .406 .406 0.812 .980
42 - .297 .297 .594 .964
6-1 - .198 .198 .396 .918
87 - .14.J- .144 .288 .845

127 - .099 .099 .198 .672
175 - .072 .072 .144 .381
200 - .063 .063 .126 .188
212 - .059 .059

I
.118 .088

222 - .057 .057 .114 .000
-

jn XI)"
-=-- (14)
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(19)

value of A is reduced in amountj,.!}o because
of the displacement !:.j from Fa, it must be
remembered that area effect discussed in
Section 4.1 is also operati ,·e. The com bi ned
effect is obtained by multiplying the quan
titites ja/}o and K a/1\o, so the equation for
E o/ Eu becomes

The evaluation of E o / Eo for values of
!:.f= -0.2 mm is shown in Table 2. For
!:.j = 0, the values of Eo/Eo are the same as the
values of K,.!Ko listed in Table 1. The man
ner in which Ea/Eo "aries with A for these
three values of !:.f is sho\\'n in Figure 3. The
variation of Eu/Eo with !:.f at selected values
of A for the en tire region of usable imagery
can be readily computed in the foregoing
manner. This has been done for an ideal lens
of relative aperture j /6.3 and the resul ts are
presented in Figure 4.

4.3 EFFECT OF LO:-lGITUDI:\"AL

CHRO~'!ATIC AI3ERRATION

Longitudinal chromatic aberration pro
d uces a displacemen t of the plane of best
focus with change in the wavelength of the
incident light. For lenses of the type described
in Table 2, the over-all displacement de may
range from 0.5 to 0.7 m m for the spectral
region normally used. It seems probable that
the presence of longitudinal chromatic aber
ration may contribute to lowered resolving
power and changes in the depth of focus. In
Figure 5, the region of usable imagery for a
given central "'a"elenth Ae is sho\\'n bounded
by the curves F, and F2 com pu ted with the

(21)~ = jo .~"-.
}(o jo 1\0

(15)

" . 4b
'0 = .1',.1'" = /'. - 1-, = -. (16)_. ;l

For negati "e values of !:.f = fa - l'~

4b
jo = XlY2 = /2 - F, = I),.j +- (17)

A

and for positive values of !:.f

From the graph and Eq uations 9 and 10, it
is clear that

For negative values of !:.f, the ratio j,jjo is

and for positive values of 6.f

4b
jo = y,X2 = F 2 - j, = - - f),.j. (18)

A

. . Al),.j
),,!Jo = 1 + 4b

and for posi ti ve values of !:.f

Al),.j
j./jo = 1 - 4b . (20)

Values of (j,- Fa) and (f2- Fa) as a func
tion of A for an f /6.3 lens for the case

f),.j = (fo - Fo) = - 0.2 mm

are listed in Table 2 and are plotted as curve
fd2 in Figure 2.-\. These values ,,-ere calcu
lated with the aid of Equations 12 and 13.
Values of ja and ja/}o compllted with the aid
of Equations 17 and 18 are also listed in
Table 2. Similar values of (II - Fo) and (h- Fa)
for the case !:.f=0.3 mm are shown in Figure
2B.

While contrast in the image for a given

FIG. 3. Eo/Eo vs. resolving power A for an image plane fo separated by distance t'J.j from plane of optimum
focus Po. Results are shown for three values of I),.j: (1) 0.00, (2) ±0.20, and (3) ±0.30 ml11.
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These curves are identical in form to those
given in Equations 9 and 10 except for the
addition of the constant de which is the
overall displacement of the focus arising from
longitudinal chromatic aberration.

Assuming uniform intensity throughout the
used range of A, it is reasonable to suppose
that the same method of analysis used in
Section 4.2 in evaluating the ratio jaho for

In a similar manner, one may assume that at
some other wavelength Ar at the upper wave
length limit of the used spectral region the
displacement may be away from the lens by
amount dj2 to Fa". Curves F/' and F2" may
be drawn that bound the region of usable
imagery for the focal plane located at
(Fa" - Fa) = +dcl2. This process can be con
tinued for all intermediate wavelengths and
the entire region filled with boundary curves.
The outermost envelope that encompasses the
entire region will be the curves FI ' and F/'
defined by the equations

(22)

(23)F2' = Fo + Hdj + de).

and

FIG. 4. Ea/EoV5. b.fat selected values of resolving
power A. These curves indicate the manner in
which contrast in the image varies with displace
ment of the image plane fo from the plane of best
focus Fo for an idea lIens.

aid of Equations 9 and 10 with the zero of
abscissae shifted so that Fa=O. One may
assume that at some wavelength Ab at the
lower wavelength limit of the used spectral
region the displacement of the focal plane
may be toward the lens to Fa' by amount
-dj2. Curves may be drawn FI ' and F2'

that bound the region of usable imagery for
the focal plane located at .(Fa' - Fa) = -dj2.

TABLE 2

Range of focus as a function of resolving power
A for the image planejo referred to the plane

of best focus Fo where b.f= (Fo-fo) = -0.2
mm. Values of the focal range common

to both fo and Fo are Iisted as ja.
Values of the ratios ja/io and

Ea/Eo are also listed. The
values are for anf/6.3 lens.

A fl-Po j,-Fo ja ja/jo Ea/Eo
--------------------
lines/mm mm 1TIm mm

5 -2.720 2.320 4.840 0.960 0.960
10 -1.4fiO 1.060 2.320 .921 .919
22 -0.775 0.375 0.950 .826 .818
31 -.606 .206 .612 .754 .739
42 - .497 .097 .394 .663 .639
64 - .398 - .002 .196 .495 .454
87 - 344 -.056 .088 .306 .2\9

127 -,299 -.101 -.002 .000 .000
175 - .272 - .128
200 - .263 -.137
212 -.259 -.141
222 - .257 -.143

FIG. 5. Axial resolving power V5. b.f for a lens
affected by longitudinal chromatic aberration dc•

Curves F, and F, mark the bounds of the region of
usable imagery for the plane of hest definition Fo
for Jigh t of central wavelength A= Ac . Curve Ft'
marks the lower limit of usable imagery for the
plane of best definition Fa' for A=Ab=Ac-b.A and
curve F," shows the upper limit of usable imagery
for the plane of best definition Fa" for A= AT
=Ae+b.A. (Fo-Fa')=de/2 = (Fa"-Fo). The curve
marked L shows values of A V5. b.f for an actual
lens determined by photographic methods.
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FIG. 6. Axial resolving power A vs. I1f for a lens affected by longitudinal chromatic aberration de'
Curves F I ' and F2" mark the bounds of the region of usable imagery. Fo locates a focal plane lying in
the center of the range of best focus. For an image planefo distant I1f from Fo, the curvesf, and j, show
the limiting depth of focus with respect to fo for each value of A. In Rox A, the shaded area shows the
region of usable imagery common to f" and the region enclosed by F,' and F/' for t>J= Uo-Fo) = -0.2
mm. Similar information for I1f=O.4 mm. is shown in Box 13.

(26)

(24)

(25)

an image plane displaced by amount 6f from
Fo can be uscd in e\'al uati ng this ratio modi
fied to incorporate the displacemen t de.

To aid in the analysis, values of F,' and F2"

have been calculated with the aid of Equa
tions 22 and 23 for an f /6.3 lens havi ng
longitudinal chromatic aberration in amount
d,,=O.SO mm. These values arc listed in Table
3 and are shO\\'I1 graphically in Figure 6. The
limiting bounds f, and j, of the region of us
able imagery for an image plane fo separated
by distance 6f= (fo- F,,) = -0.2 mm are also
drawn in Figure 6A. The values of f, and j,
are taken from Table 2. For this case where
6f <dj2, the shaded area in the graph repre
senting the region of imagery common to both
Fo and fo is completely enclosed by the limits
F/ and F2 /l Using the method of analysis
gi\'en in Section 4.2, the ratioj,,/jo is

}a :."(V2 df-=--=---.
jo :r,'x,' d/ + de

Inserting the value of jo/jo from Equation 24
into Equation 21, the value of E,,/Eo becomes

Eo df K a-=---._.
Eo d/+de K o

This clearly shO\\'s that for a gi\'en \'alue of
A the val ue of Eo/ Eo decreases \\·i th increasing
dc ' Values of E,,JEo for dc =0.50 are listed in
Table 3, and shown graphically in Figure 7.
Values of Eo/Eo for dc=O are also sho\\'n in

the Figure 7. Comparison of the t\\·o cun'cs
sho\\'s clearly that longitudinal chromatic
aberration produces marked reduction in the
\'alues of 7~,J Ii.Q • It is also \\'arthy of note that
at a gi\'en value of II value l~alEo is con
stan t for a constant val ue of de over a \'ocal
range 6f II' here

-d,. de
-<:,>J<-.

2 - - 2

TABLE 3

Range of the region of usablc imagery with
respect to the plane of best focus Fo (for
A=Ac) as a [unction of resolving power A
for an J/6.3 lens with longitudinal chro-
matic aberration de =0.50 mm. Values

of jo=d/+d" the quantity j,,!}o
for jc.=d/, and the values of

Eo/Eo are also listed.

FI'-Fo F,"-Fo io
in E.

A -(II,+de) (II/+d,) - -
--- 1I,+d, io Eo

2 2
-----~~---

lines/mill mill 111 tTl mill

5 -2.770 2.770 5.540 0.910 0.910
10 -1.510 1.510 3.020 .8:H .823
22 -0.825 0.825 1.050 .697 .690
31 - .656 .656 1.312 .619 .607
42 - .54 i .547 I .I)<j~ .5~3 .523
64 - .448 . ~·18 0.896 .~42 .406
87 - .394 .394 .788 .365 .308

127 - .349 .349 .698 .284 .\91
175 - .322 . .121 .644 .224 .085
200 - .31.3 .31.3 .026 .20\ .1138
212 - .309 .309 .618 .191 .017
222 - .307 .307 .61·4 .186 .000
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FIG. 7. Eo/Eo V.I. A for an image planejo separated Ilj from Foand lying in the region -de/2:5,llj:5,de/2
where de is the longitudinal chromatic aberration. Results are given for de=O.OO and de=O.SO mill.

TABLE 4

Using the values of ja and jo given by

(29)

Equations 27 and 28, the values of j,'!jo may
be determined. Values ofja/jo for I:1f=0.4 are
listed in Table 4 for each value of A. For
val ues of I:1f <(- del2), ja is given by the
relation

FIG. 8. Eo/Eo vs. Ilj at selected values of resolving
power A. These curves indicate the l11anner in
which contrast in an image of given resolving power
varies with displacement of the image plane from
the central plane of best focus Fo for a lens having
longitudinal chromatic aberration d e =O.50 111111.

(28)

(27)

ja = YIX2' = F 2' - /1
de

= df+ 2 - t:.f

Range of focus as a function of resolving power
A for the image plane fo referred to the
plane of best focus Fo (for A=Ae) where
Ilj=jo-Fo=O.4 mm for anj/6.3 lens
with longitudinal chromatic aberration

dc=O.SO 111111. Values of the ratio
jo/jo and Eo/Eo are also listed.

A It -Fo j,-Fo Jo jalio Eo/Eo
---------

lines/mill mm mm mm
5 -2.120 2.920 4.890 0.883 0.883

10 -0.860 1.660 2.370 .785 .783
22 - .175 0.975 1.000 .606 .600
31 - .006 .806 0.662 .505 .495
42 .103 .697 .444 .406 .39\
64 .202 .598 .246 .275 .252
87 .256 .544 .138 .175 .148

127 .301 .499 .048 .069 .046
175 .328 .472 -.006
200 .337 .463 -.024
212 .341 .359 -.032
222 .343 .357 -.036

and

\"'hen fo is displaced by an amount I:1f
greater than de/2 from Fo , the region bounded
by 11 and 12 no longer falls \\'holly \\'ithin the
bounds Fl ' and F2"- This is illustrated in
Figure 6B where I:1f=0.40 mm. The values
of 11 and h are computed \\·ith the aid of
Equations 12 and 13 and are listed in Table
4 for the case of 1:11=0.4 mm.

Following Equation 15,
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The value of the ratio Eo/Eo can then be com
puted for all values of de and fj.f using Equa
tion 21 and val ues of Jo and Jo from Eq uations
27, 28 and 29. This has been done for the
present case of b=6.3 and dc =0.50 and the
results are shown in Figure 8 where the values
of E,jEo are plotted as a function of fj.f for a
series of values of A. \Vhen Figure 8 is com
pared with Figure 4, it is apparent that longi
tudinal chromatic aberration can produce
marked changes in the val ue of E,.!Eo. The
depth of focus is increased by amount de at
each value of A and if the ratio Eo/Eo be I-e
garded as closely related to image contrast,
the con trast is lowered for all val ues of A.
For the higher values of A, the reduction in
contrast may be so great that the apparent
limit of resolution A o is lowered substantially.

4.4 EFFECT OF LONG)T DIKAL

SPHERICAL ABERRATlO:-i

Longitudinal spherical aberration is the
variation of the posi tion of best focus wi th
zone height It. It is usually expressed as a
displacement fj.f' from the focal plane for
paraxial rays Fo. Measured val ues of longi
tudi nal spherical aberration for a typical lens
of the type described in Table 1 are listed
under the heading (Fo+fj.f') in Table 5. For
convenience, the zero of abscissae is shifted
so that Fo = O. The val ues of It and A for each
value of fj.f' are also listed in Table 5. It is
obvious that this displacement fj.f' of the
position of best focus with zone height It must
affect both resolving power and image con
trast. The limits of the region of usable
imagery, given in Equations 9 and 10, may

TABLE 5

Region of usable imagery with respect to the plane
of best paraxial focus Fo (for A = Ac) as a func

tion of resol vi ng power A vs !:!.f = (j~ - Fo)

for an f/6.3 lens having longitudinal
spherical aberration !:!.f'. The values

of the zone height It corresponding
to the Ii ted values of A are

also given.

A Zone Fo+M' FI'-Fo F2"-Fo
Ft"-F 1'

height Iz Jo
----- -------
lines/
mm mm mm mm 111m mm

5 0.3 0.00 -2.520 2.520 5.040
10 .6 .00 -1.260 1.260 2.520
22 1.2 -.03 -0.605 0.545 1. ISO
31 1.7 -.1\ - .5\6 .296 0.812
42 2.3 -.18 - .477 . I 17 .594
64 3.5 - .27 - .468 -.1172 ..W6
87 4.8 -.49 - .6:14 -.346 .288

127 6.9 -.68 - . i79 - .581 .198
175 9.5 -.o{) - .762 -.6\8 .144
200 10.9 -.46 - .523 - ..W7 .126
212 11.5 -.40 - .459 - .341 .118
222 12. I - 34 - .397 -.283 .114

TABLE 6

Region of usable imagery with respect to the plane
of best paraxial focus Fo (for A= Ac) as a func

tion of A vs !:!.f for an f /6.3 lens having
longitudinal chromatic aberration d,=0.50

mm and longitudinal spherical aber-
ration N' as listed in Table 5. The

values of jo are also listed.

F,"- F,'
A F,'-Fo F;!."-Fu

.10

lines/mm. 111 III 111111 111111

5 -2.770 2.770 5.540
10 -1.510 1.510 3.020
22 -0.855 0.795 1.650
31 - .766 .546 1.312
42 - .727 .367 1.094
64 - .718 . J 78 0.896
87 - .884 - .096 .788

127 -1.029 - .331 .698
175 -1.012 - .368 .644
200 -0.773 - .147 .626
212 - .709 - .091 .618
222 - .6H - .033 .614

-

be modified to include the eHects of longi
tudinal spherical aberration !If' and become

F,' = F o - di/2 - !:!.f' = Fo - 2b/ A -!:!.f' (30)

and

F/' = Fo + di/2 - !:!.f' = Fo + 2b/ A - !:!.f'. (31)

The shape of the region of usable imagery
bounded by F, and F2 as illustrated in Figure
2A is altered or warped by the inclusion of the
fj.j' values "'hich also vary with It or A. Values
of F I ' and F2" for an f/6.3 lens having the
values of longitudinal spherical aberration
fj.f' listed under the heading (Fo+fj.f') in
Table 5 have been calculated with the aid of
Equations 30 and 31 and are also listed in the
table.

vVhen longitudinal chromatic aberration de
and longitudinal spherical aberration fj.f' are
both present the limits of the region of usable
imagery are altered still further but may be
defined by modified forms of Equations 22
and 23 as follO\\"s

F,' = Fo - !Cd! + de) - !:!.J' (32)

and

F2" = [10 + Hd! + dJ - !:!.J'. (33)

The values of Jo used in the ratio Joho may
be determined in the manner shown in Sec
tions 4.2 and 4.3 except that these values are
affected by the presence of the longitudinal
spherical aberration 6.f'.
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FIG. 9, Axial resolving power A vs. 61 for a lens affected by both longitudinal chromatic aberration
d, and longitudinal spherical aberration 61'. Curves F ,' and Fz" mark the bounds of the region of usable
imagery. F" marks the location of the plane of paraxial focus for A= Ac• For an image plane I" distant
61 from F,,, the curves II and h show the limiting depth of focus with respect to I" for each value of A.
In Box A, the shaded area shows the region of usable imagery common to 10 and the region enclosed by
F,' and F/' for 61= (fo-Fo) = -0.8 mm. Similar information for 61= -0.2 mm. is shown in Box B,

To illustrate the method of analysis leading
to the determination of E,,/Eo for any image
plane of a lens aA'ected by both longitudinal
and chromatic aberration, yalues of F1 ' and
F2" ha\'e been calculated for an f/6,3 lens
having de =0.50 mm and 6f' as listed in
Table 5, These yalues of F t ' and F/' are
listed in Table 6 together with the value of
jo from Eq uation 28, These values are also
shO\n1 in Figure 9, Comparison of Figures 5
and 9 demonstrates clearly the distortion of
the region of usable imagery resulting from
longitudinal spherical aberration. To deter
mine the manner in which E,./Eo varies with
A in a plane fo distan t 6f = fo - Fo from the
plane of best paraxial focus, values of it and
h are determined with the aid of Equations
12 and 13 and are used as indicated in Equa
tions 17 and 18 to obtain the focal depth
com mon to the region bou nded by ft and h
and that bounded by F,' and F2', Values of
II andf2 for 6f = - 0.8 are listed in Table 7 and
are shown graphically in Figure 9, Values of
j" and j,,/jo are also listed in the table. For
this case, the values of Eo/Eo using these
values of j,,/jo in Equation 2l have been
computed and are listed in Table 7. Values of
E,,/Eo for 6f= -0.8 are also shown in Figure
11.

Values of j"/j,, and E,,/Eo ha\'e been com
puted in the present case for a series of focal
planes at 0.1 mm intervals over the range
from 61= -1.2 to 61= 1.2.

The \'alues of E,,/Eo vs 6f for 6f ranging
from -1.2 to 1.2 111m are shown for a series
of values of A in the Frontispiece, \\'hen the
Frontispiece is compared with Figure 8, it is
aDparent that the addition of longitudinal
spherical aberration produces marked changes
in ('he manner that E,./Eo varies with 6j. The
values of E,,/Eo as a function of A for 12 dif
feren t posi tions of the image plane are shown
in Figure 10, From curves such as sho\\'n in
the Frontispiece and Figure 10 it is clear that
there may be a shift in the plane of best focus

TABLE 7

Range of focus as a function of resolving power A
for the image plane!o with respect to the plane

of best paraxial focus Fo (for A= Ac) where
61= (f"- Fo) = -0.8 mm for a lens having

longitudinal chromatic aberration
dc =0.50 mm and longitudinal spherical

aberration 61' as listed in Table 5.
Values of ja, ja/jo, and Ea/Eo

are also listed.

A II -Po j,-Fo ja ja!io Ea/Eo
-------------

lines/1111ll mill mm ITIm
5 -3.320 1.720 4.490 0.8\0 0.810

10 -2.060 0.460 1.970 .652 .65\
22 -1.375 -.225 0.630 .382 .378
31 -1.206 -.394 .372 .284 .278
42 -1.097 -.503 .224 .205 .197
64 -0.998 -.602 .116 .129 .119
87 - .944 -.656 .228 .289 .244

127 - .899 -.701 .198 .284 .191
175 - .872 -.728 .144 .224 .085
200 - .863 -.737 .036 .058 .011
212 - .859 -.741 .000 .000 .000
222 - .857 -.743 .000 .000 .000
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FIG. 10. Ea/Eo vs. A for 12 positions of the image plane. These curves show the manner in which
image contrast varies with resolving power in a series of image planes spaced at O.lmm intervals through
the range of iif from iiJ= 0.1 to iiJ= -1.0 mm for a Jens having longitudinal chromatic aberration de = 0.50
mm and longitudinal spherical aberration iif' as given in Table 5.

with changing values of the resolving power
A. It is clear also that "'hen one selects the
plane yielding maximum contrast at loll'
values of A, it may not be possible to obtain
high values of A in the same plane, while
a plane characterized by maximum contrast
at a moderately high value of A will still yield
resolution with relatively small loss of con
trast at the low values of A.

I t is worthy of note that the curves shown
in the Frontispiece show a striking resem
blance to curves reported for similar lenses5

which show measured contrast vs displace
ment Clj from the position of best axial focus

for a series of values of the resol ving power A.
In addition the curves shown in Figure 10
sholl" a marked resem blance to cun'es re
ported for a similar lens6 which show varia
tion contrast for a series of focal positions.

4.5 COMPARISON OF MEASURED AND THEO

RETICAL VALUES OF RESOLVING POWER

THROUGHOUT THE REGION

OF USABLE IMAGERY

I n Figure 11, Curve 1 shows the region of
usable imagery determined by the measured
values of resolving power as a function of
Clj, the measured displacement from the plane
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FIG. 11. Comparison of theoretical and measured
values of resolving power vs. 6.J for the region of
usable imagery for a lens having chromatic aberra·
ion dc=O.S mm and spherical aberration 6.J'=6.J'.
Curve 1 shows A vs. 6.J measured from the plane
of best axial focus for an actual lens obtained
photographically with a fine grained emulsion.
Curves 2, 3 and 4 are theoretical curves of A vs. 6.J
for three different values of Ea/Eo. For Curve 2,
Ea/Eo=0.3S; for Curve 3 Ea/Eo=0.40; and for
Curve 4, Ea/Eo=O.4S. The maximum theoretical
values of A for these values of Eo/Eo are indicated
on the curves.

of best visual focus. These values of A were
determined photographically in the manner
described in Section 3. The values of longi
tudinal chromatic aberration de and longi
tudinal spherical aberration !::"j' for this same
lens were measured and are the values used
in the illustrative examples given in Section
4.3 and 4.5. It is therefore of interest to deter
mine the form of the curve of A vs !::,.f that
may be inferred at a series of fixed val ues of
Eo/ Eo determi ned as shown in Section 4.4. To
do this one determines for a series of values
of A values of!::"f for which the value of Eo/Eo
has a specific preselected value. \Vhen this
is done the values of A plotted against !::,.f
form a curve bounding a region of usable
imagery for which the minimum value of
Ea/Eo is the preselected value.

Curves are obtained in the foregoing man
ner for three values of Eo/Eo are shown as
Curves 2, 3, and 4 in Figure 11. The values
of Ea/ Eo for these three cases are (2) 0.35, (3)
0.40, and (4) 0.45. The maximum possible
resolving powers for these three conditions
are indicated on the curves as 76.5, 64.9, and
54.5 lines/mm. It is clear that the curve
marked (4) for which Ea/Eo =0.40 closely
approximates the curve marked 1 which

shows the measured val ue of A vs !:if. One
might infer from this close resemblance of the
theoretical curve of A vs !::"f for Eo/Eo = 0.4
and the curve of measured val ues of A vs !::"f,
that when one has available the measured
values of de and !::"f' for a given len a reason
ably good prediction can be made concerning
the probable values of the resolving power
that might be obtained with that lens
throughou t the region of usable imagery
under conditions similar to those present for
Curve 1.

5.0 SUMMARY

This paper presents a method whereby the
probable values of resolving power of a lens
throughout the region of usable imagery can
be predicted provided reliable values of the
longitudinal chromatic and longitudinal spher
ical aberration are known for the particular
lens. A numerical index has been developed
expressed as the ratio Ea/Eo which is derived
from aperture area, depth of focus, longi
tudinal chromatic and longitudinal spherical
aberration which varies from 1 to 0 as the
resolving power A varies from 0 to its maxi
mum A o . This index appears to be directly
proportional to contrast in the image and the
manner of its development indicates that the
observable variations in contrast vs resolving
power can be accounted for by these aberra
tions plus displacement of the image plane in
a similar manner.
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