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In
Photogrammetry

Orientation Problems
Two-Medium
A two-medium photo is of the projection of the object
onto the interface rather than of the object itself.

(A bstract on page 1423)

1. BASIC GEOMETRIC RELATIONS

I N TWO-MEDIUM photogrammetry, where the object to be mapped is located in one
medi um and the camera in another, the bundle of rays issuing from the photo

graphed object is refracted at the interface of the two media. The bundle converges
towards the projection center of the camera and is deformed compared to its unre
fracted counterpart. As the photograph obtained on the image plane of the camera is
not of the object itself, but of its projection on the interface, and the image points
correspond to those formed by the incident rays on the interface, the entire image is
distorted by the refractive effect.

This distortion can be analyzed by comparing two projections of the photographed
object on the refraction surface: the real projection formed by the incident and re
fracted rays, and an imaginary orthographic projection. Such a comparison 'would
readily show how the coordinates of the point of incidence on the refracting surface
(or on the photograph) should be corrected to coincide with the orthographic projec-
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tion. Assuming the refracting surface to be a horizontal plane, the orthographic pro
jection of the object on it is, in fact, identical with the desired map.

As the incident and refracted rays are coplanar with the normal to the refracting
plane at the point of incidence, it is seen at once that, by projecting both rays onto the
plane, the photographed points are displaced towards the nadir.

In the following, expressions are formulated for solving the exterior orientation of a
stereopair. The required equations are derived from the general projective relations
between points on the refraction plane and their images on the photographs, allowing
for the refractive effect and utilizing the fact that the coordinates of a given point in
the common region of the pair have to be found from both photographs. This last
condition corresponds to the intersection of restituted rays in single-medium photo
grammetry.

Figure 1.1 represents a view of the refracting plane 7r. 15 is the orthographic projec
tion of the object poin t P on 71", and (P)', (P)" are the poin ts at which the rays issuing
from P impinge on 71". The distance (depth) of P from the refraction plane is given by
PP and denoted by t. The coordinates of 15, identical with those of P, are obtainable
by means of both the left-hand and righ t-hand photographs. This is reflected in the
formula:

The system (1.1) is of basic importance in solving the exterior orientation. It shows
that each point with known coordinates (X, Y, t) yields four equations-three based
on its own data and one due to its being common to both photographs. The coor
dinates in (1.1) should be expressed by the quantities measured on the photographs,
the coordinates of the projection centres, and the law of refraction.

Consider the stereopair shown in Figure 1.2. 0' is the origin of an auxiliary system
parallel to that of the photographed object. The radius vector impinging on 71" at
(P), is given by:
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Equation 1.2 is equivalen t to three equations expressed in coordinate notation:

X' = 'A''U'

y ' = 'A'v'

Zl = A'w' . (1.3)

U', Vi and Wi are the coordinates of the point pi (on the left-hand photograph) given
by the radius vector q', and obtainable from the measured values x', y', f. Using
Equations 1.3, the coordinates of the point of incidence (p)' on 7r are written as:

'U'
X(P)' =Z'-

Wi

Vi

Y(I')' =Z'-
Wi

Z(P)' = Z'. (1.4)

ABSTRACT: The problem of exterior orientation is applied to a stereopair taken
in two media. The approach to the refractive effect is based on comparison of
the image formed by the actual rays with an imaginary orthographic projection
on the interface. Formutas are derived on the assumption that the refracting sur
face is a horizontal plane. Orientation is determined in a single step, without
the usual subdivision into relative and absolute stages; the relative orientation
is, however, treated separately as mechanical resitution is preferably based on a
numerical solution.

For the coordinates of (p)" in the same system, we have:

'U"

X(P)" = Z"- + Bw" x

V"
Yep)" = Z" - + By

wI!

Zep)" = Z'. (1.5)

Considering that u, V, ware obtained from the measured values x, y,f by orthogonal
transformation, the value f1X' in (1.1) may be expressed as:

t:;.R' u't
t:;.X' = X' -- = -=========

R' vi Iq' I2(n 2
- 1) + W '2

(1.6)

where n is the coefficient of refraction and Iql the modulus of the vector q.
The magnitudes f1X", f1 y' and f1 Y" can be sim ilarly expressed. In trod ucing the

auxiliary notation
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the system (1.1) is rewritten as:

u' ( I 70') U" ( t 70")Z' - 1 + - -- = B x + Z" - 1 +- --- = X - X O'
70' Z' F(70') 70" Z" F(70") p

v' ( t 70') v" ( l 70")Z' - 1 - -- = B + Z" - 1 + - --- = Y - Yo',
70' + z' F(w') Y 70" Z" F(w") P

(1.7)

X 0' Yo' are the coordinates of the left-hand projection center with respect to the
system of the object. The fundamental relations in (1. 7) provide a system of equa
tions for solving the orientation elements; conversely, they serve for determining the
coordinates if the orientation is known.

To solve the exterior orientation, three given poin ts are required. Where not enough
coordinates are known and the number of equations of type (1. 7) is less than 12, the
system must be supplemented by orientation equations not dependent on given
quantities, which are derived from the projective relations. Such expressions should
be added to the system (1.7) even if sufficient given points are available, because of
the extra observations they provide.

The corresponding equation is derived as follows. The first line of (1. 7) yields the
value l:

t = --------------

u" u'
X 0" - X 0' + Z" - - Z' -

70" 70'

u'

F(w')

u"

F(w")

(1.8)

Substituting (1.8) in the second line of (1. 7), and introducing the base components
X 0" - X 0' = B x , Yo" - Yo' = By and Zo' - Zo" = B" we obtain:

F(w")
BAv'F(7V") - ~'''F(w')] - Bulu'F(w") - u"F(w')] + B --- (u'v" - u"v')

Z w'!

(U' U")- Z' - - - [v'F(w") - v"F(w')]
70' 70"

(

V' v" )+ z' - - - [u'F(w") - u"F(w')] = o.
70' 70"

(1.9)

Formula (1.9) expresses the condition of proper relative orientation. It is seen that
on substituting n= 1, the sum of the last two terms vanishes and the first three define
the condition of intersection of corresponding rays, as known from single-medium
photogrammetry.

2. LINEARIZATION OF THE ORIENTATION EQUATIONS 1. 7

A system of transcendental equations con taining 12 unknowns leads to algebraical
complications which may not be overcome. That is why the Equations 1.7 have to
be linearized. Besides, any adjustment procedure requires that the observation and
condition equation be represented in a linear form.

Linearizing the equations becomes possible if there is an approximate solution of
the unknowns, which generally is the case. The present photography techniques as
sures a near-vertical photograph, so that in the first approximation the cosines of
the tilt components equal unity and the sines are represented by the angles them
selves. In this case the transformation matrix by which the triples of coordinates x,
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y, f are transformed to the triples It, v, w becomes simple and the transformation as
su mes the well known form:

u = x + y!::..k +/ fltj>

v = - xflk + y + f flw

w = - xfltj> + yflw + f.

The ratios u/w, v/w, neglecting terms of second and higher order are:

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

u 1 [ (X
2
) Xy

]
-; = f x + ytJ.k + f + f tJ.tj> + f tJ.w

v 1 [ xy ( y2) ]
-; = f Y - xb.k + f b.tj> + f + f b.w .

In order to complete the linearization of Equations 1.7 the ratio w/F(w) must be
expanded in a series. Substituting w in F(w) according to Transformation (2.1) and
expanding, we obtain:

w 1[ (J2) (J2)]-- = - f - x 1 - - fltj> - Y 1 - - flw
F(w) K K2 K2

where K is defined: K2 = Iq12(n2-1) -';-j2.
Equations 1.7 can now be linearized. Substituting (2.2), (2.3), and Zo=Z+dZ

into (1.7), we have for the left-hand photograph:

x/ (Z/ I) [( x/
2

) If ( x/
2

)]X 0/ + - dZ' + - + -.- y' flk + Z/ 1 + - +- 1 +-- tJ.tj>/
f f K' P K' K2

[
x/ / If x/ /] (Z/ I)

+ Z/~+-~ tJ.w/+ -+- x/=X
J2 K' K2 f K' P

y/ (Z/ I) [_ x/y/ If x/ y/]
Y o/ + -dZ' - - +- x'tJ.k + Z/- +- - tJ.tj>/

f f K' F K' K'2

[ ( /2) If ( /2 )] (Z/ l)+ Z/ 1 +~ +- 1 +~ tJ.w/ + - + - ~/ = Y p •

{2 K' K/2 f K"

Z denotes an approximate value of Zoo Similar expressions exist for the right-hand
photograph as well. Assum ing n = 1, the Expressions 2.4, 2.5 yield the well-known
formulas for coordinate increments in single-medium photogrammetry.

Formulas 2.4, 2.5 imply that the air base is oriented nearly along the X-axis of
the photographed object. This is based on an assumption that the angle K may be
replaced by b.K, but this assumption is very rarely valid. In these circumstances, an
approximation to the azimuth of the airbase should be used in transforming the
given (or measured) coordinates, and the transformed values substituted in the
above expressions.

3. LINEARIZATION OF THE CONDITION OF RELATiVE ORIENTATION

Equation 1.9 may be linearized along the same lines. Supposing that the angular
elements of orientation are small, and the base components by, b, in the model system
are small compared with bz , (1.9) becomes:
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wi th the coefficien ts
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6.K ( y' x" - y" X')
ao = y' - y" + - y' + -----

K' bx

, 6.K(, y'y" + X'X")aj = - x - - x + -----
K' bx

a~ = x" + 6.K (y'y~+ X'X")
K' bx

y'y" 6.K ( x") K'2 - j2 x'y" - x"y' y'
a~ = 1 + - + - 1 + - + .-

K'? K' bx K'2 j2 bx

a4 = _ 1 _ y'y" _ ~K (~ + x'y" - y'x" .y"). _ K' K" - j2 x'y" - y'x" y"
K' K" K' bx P bx K' K" P bx

x' y" 6.K y" x' y" - y' x" K'2 - j? x'
Go = -- - - - + . -

K'? K' bx j2 K'2 bx

a6 = _ y'x" + 6.K (t _x'y" - y'x" X") _ K' K." - j2. x' y" - y'x" :1:"

K' K" K' bx {2 bx K' K" F bx

6.K
a7 = - (x' - x") - -- x'

K'

x'y" - y'x" .!iK x'y" - y'x"
as = +- -----

f K' f
The value bx in (3.2) is the base component in the x-direction in the photograph

scale, and 11K is defined as 11K =K" -K'. The coefficients according to (3.2) may be
simplified by means of an additional approximation. Substituting y"-y'=py and
x' -x" =bx-Px, the term x'y" -y'x" becomes y'bx+x'py-y'px' This expression occurs
in most of the coefficien ts and is usually divided byp. For the whole model, (x/f) < 1
and (y/f) < 1, \\"hile Px and py are small compared with j, so that the following ap
proximation is justified:

x'y" - y'x" y'bx
-----~-.

(2 j2

We now introduce a coordinate system for both photographs with its origin at
the principal poin t of the left-hand photograph, as is usually done in single-medium
photogrammetry. Thus y'''''-'y''''''-'y and x" =x' -bx. All coefficients in (3.2), except
ao, are multiplied by differential values of the orientation elements. For this reason,
the orientation elements are only slightly affected if py and Px are neglected.

\iVith the above approximations, the values in (3.2) assume the following form:

6.K xp" - ypx
Ao = - py - K b

6.K x 2 + y2
Al = - Xl - -- ---

K' b

6.K (X2+ y2 )
A 2 = (x - b) + - -- - X

K' b
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(
y2) flK X

A 3 = 1+- +-.--
(2 K' b

(
y2) flK(Y~ X)14 =- 1+- -- -+-
(2 K' F b

XY flK Y
A s =-----

{2 K' b

A
o

= _ (or - b)y + flK (~ _ (X - b)Y)
{2 K' b (2

(
flK X')A 7 =- 1+--
K' b

y ( flK')A s =- 1+--
{ K'

Note that no approximation was applied for the coefficient ao, as its second term
represents the effect of refraction and may not be neglected.

In general, the relative orientation in two-medium photogrammetry is given by
eight elements: three additional elements, defining the refraction plane, have to be
taken into consideration, as this plane is a decisive factor in the projection process.
In the case where the interface is a horizontal plane, as accepted above, five elements
suffice.

Solution of the relative orientation may be based on Equation 3.1, in which the
coefficients from (3.3) are substituted. To solve the coorientation, the following
eq ua tion is used:

(
flK X) V (llK) [ flK (X

2+ b
2 )J- 1+ - - b" + --=--- 1+ - b," + (x - b) + --. -- -:\" llk"

K' b" (/\' f{' b

_ [(1 + .'V

2

) + fl. K (y 2

+ X )JfflW"
P J(' b b

_ [(X - b)y _ flK(~ _ (x - b)Y)J A "_ _ ~K Xpy - ypx
P K' b P f u¢ PlI K' b- = o.

All quantities in (3.4) are given in the model (or photograph) scale.

(3.-!)

4. ADJUSTMENT PROCEDl"!mS FOR SOLVING THE EXTERIOR ORIENTATION

Two alternatives exist for solving the exterior orien tation. The first is based on
given data only. Here (2.4), (2.5) are regarded as observation equations, and the
adjustment procedure applied consists in solving for unknowns (indirect observa
tions). As is seen from the above formulas, each photograph is separately oriented.
The solved linear elements are added to the corresponding initial values, and with
the aid of the angu lar elemen ts the measured q uan ti ties are transformed in to It, V, w.
New coefficients for (2.4), (2.5) are calculated, and another iteration step is taken.
I tera tion is d iscon tin ued ei ther when the corrections to the elemen ts become small,
or ,,"hen the resid uals of the adj ustmen t are smaller than a predeLerm ined cri terion.

In the second alternative, (2.4) and (2.5) are combined with the equation of co
orientation (3.4). Adjustment becomes complicated as the elements derived from
(2.4), (2.5) should also satisfy the condition of proper orientation (3.4). One means
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of overcoming this drawback consists in representing the solution in the form X=X o
+oX, X being the vector representing the unknowns, Xo-an initial solution found by
adjustment of a set of observation equations derived from (2.4) and (2.5) and oX
representing the corrections obtained by adjustment based on (3.4). Details of this
approach are given in (3).

It should be noted that Equation 3.4 includes differences of the orientation ele
ments. Moreover, the base components must be represented in the model (or photo
graph) scale.
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