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A Study of
Analytical Models
Analysis of Variance is applied to 15 models from 6 missions

with 2 cameras flown over 120 targetted points.

INTRODUCTION

I\. NALYTICAL PHOTOGRAMMETRY provides a
n useful tool for studying the performance
of a photographic system. Wi th the possibili ty
of compensating for various systematic errors
introduced during the photographic process,
the analytical solution has brought about a
resurgent interest in the fundamental ques
tions concerning the geometric quality of the
photograph. It is evident that any improve
ment in the accuracy of the photogrammetric
solution has to come from the improvement
in, and our understanding of, the photogra
phic process. A great deal more remai ns to be
learned about this process, primarily about
the nature of its stationary and stochastic
com ponen ts.

I n this regard we undertook a small re
search project at the University of Toronto
under the sponsorship of the National Re
search Council to investigate the variability
among aerial photographs taken at varyi ng
intervals of ti me. The pri mary goal was to
compare photographs exposed during a t-ela
tively short period of time, while the photo
graphic condi tions can be considered to be
homogeneous, with those taken on different
days. I n each case the same camera and the
same type of film were used.

EXPERB1E:\'TAL DATA

A special test field containing in excess of
120 targetted points was established for this
study in a suburb of Toronto. The targets con
sisted of white disks 6--7 inches in diameter,

* Presented at the Annual Convention of the
American Society of Photogrammetry, Washing
ton, D. C, March 1967 under the title "A Com
parison Study of Analytically Reconstructed
Models from Repeated Photography of a Test
Field."

surrounded by a dark ring of 10-12 inches in
diameter. They were painted on manhole
covers, the flat roofs of factories, and apart
men t buildi ngs. The targets were placed
either individually or in groups of 5 or 6 over
a small area of the ground. The size of the
field was chosen in such a way that it was
contained within a 60 per cent overlap of two
pictures taken wi th a 6-inch lens at the scale
of 1: 10,000. The resulting flying altitude was
5,000 feet above the terrain.

TO attempt was made to determine the
positions of the targets by ground methods as
the experiment was designed to study only
the differences among the photographs.

The photography, undertaken by the Lock
wood Survey Corporation of Toronto, was
conducted as follows. Each photographic
mission, carried on different days, consisted
of at least three passes over the test field. The
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with A the scale factor, R the rotation matrix,
(Xo Yo Zo)7' the translation vector and the
subscript t denoting the transformed coordin
ates. The seven parameters of this transfor-

secting rays. The difference between the two
solutions was found to be negligible.

To compare the resulting 15 models, one of
them was chosen as the reference model and
all the other models "'ere mapped on to it.
Under the hypothesis that the models differ
only in orientation, scale and location, the
mappi ng has the familiar form:

photographs were taken wi th 80 per cen t
overlap 0 that the whole test field was imaged
in most cases on three successive pictures.

The size of the budget did not permit any
extensive sampling. Altogether six missions
were flown, the first three using one camera,
and the last three another. The same type of
film, Dupont 136 aerial film, was used
throughout. Below is given the analysis of the
photography obtained from the first three
missions and taken wi th a Wild RC-5a camera
equipped with a Universal Aviogon lens and
a fast shutter. Altogether 15 models were
obtained.

The diapositive plates, developed to a
higher-than-normal densi ty, were measured

[

Xl r Xl [XOl
:] = >-.R lY + Yo JI

Z t Z J Zo

(1)

ABSTRACT: A n experimental study of geometric precision of aerial photographs
is based on an analysis of analytically determined models of a test field. The
photography was conducted in sitch a way that it permits the comparison of
models reconstructed from pictures taken seconds, minutes, and days apart.
The test field consisted of 120 targetted points. The analysis of data is based on
the principles of the method of A nalysis of Variance. Practical results include
half of the experimental data analyzed to date.

on a Wild STK-1 stereocomparator in the
following way: First, the four fiducial marks
were read , followed by measu remen t of poi n t
coordinates. Then the coordinates of each
point were read four times, and all the points
were read in the same predetermined se
quence. Centering of thc measuring marks
was done monocularly on each picture and
stereoscopic setting was employed only in
situations when one of the images was poorly
resolved or difficult to locate accurately.

DATA REDUCTION

Data reduction phase consisted of:

~. Correction of image coordinates for known
or assumed errors of the photographic sys
tenl;

n. Analytical reconstruction of models;
~n. Mapping of models onto a reference model.

Correction of coordinates included COITCC

tion for refl'action based on the U. S. Stan
dard Atmosphere (1\ ASA 1963), lens distor
tion, film distortion as used by the U.S.
C.&.G.S. (Keller, Tewinkel 1966) and correc
tion for linear comparator errors.

The coordinates of analytically recon
structed model positions of the target points
were determined (1) using the midpoint of
the y-parallax and (2) using the midpoint of
the shortest distance between two non-i nter-

mation were esti mated by the method of least
squares using all the points.

DATA ANALYSIS A:\D RESULTS

The precision of relative orientation can be
judged by the residual y-parallaxes which in
this case represcn t the corrections to the
measured y-coordi nates of the photo whose
relati ve orien tation wi th respect to the other
photo was determined by the method of least
squares. These values also represent, very
closely, the discrepancies between the model
Y-coordinates, at photo scale, calculated
from the left and right photo coordinates.
Their standard crrors are displayed in Table
1 in which each model is classified according
to mission J\f and pass P from which it came.
Two values, which appear in most of the cells,
correspond to two models reconstructed from
three successive pictures taken with an 80
per cent O\·erlap. All the values are based on
about 110 degrees of freedom.

Figure I shows the distribution of the tar
gets and the residuals according to their sign
for a typical model. Negative residuals are
denoted by black circles, positive residuals by
white circles. The large circles represent
groups of 5 to 6 points, the sign being that of
their average. Inspection of Figure 1 reveals
certain degree of clustering of residuals of the
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FIG. 1. Residual Y-parallaxes in Model M\P 12•
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To study the comparison of models, model
M 1P3, which yielded the highest precision
based on the y-parallax, was chosen as the
reference model. This is not to imply that this
particular model was thought to give the
most faithful representation of the terrain.
Table 2 gives the standard errors of co
ordinate discrepancies (~X, ~ Y, ~Z) be
tween the reference model and the models
mapped onto it.

Inspection of Table 2 reveals that the ~ Y
discrepancies are in all cases higher than the
corresponding ~X values. The unusually
high ~z discrepancies reflect weak Z-co
ordinate determinations as a result of short
base in 80 per cent overlap and would be

o
•

• Group of
targets

•Stngle
target

I M, M 2 M 3

PI
±3.9 3.9 4.1

3.4 4.4 4.3

P2
3.8 3.2 3.4
- 3.8 3.8

P 3
3.2 4.0 4.0
- - 4.3

TABLE I. STANDARD ERRORS OF RESIDUAL

y-PARALLAXES (MICRONS)

same sign indicating possible presence of sys
tematic errors. To help decide this issue,
twelve groups of targets were painted in such
a way that their images occupied an at-ea of
1 to 2 mm 2 on the picture. It is not unreason
able to assu me that the various photographic
distortions remain constant over such small
regions of the picture and, therefore, the
variation of residuals within these groups
furnishes an unbiased estimate of the random
com ponen t of the error.

An exact statistical test is available for de
tection of systematic errors by comparing the
variance estimated from all the residuals with
the variance about the group averages. More
than 70 per cent of all models tested indicated
presence of systematic errors at the 5 per cent
confidence level. The standard deviation
within the groups yielded a value of slightly
less than ± 3.0 microns, but it must be em
phasized that several of the groups were
close to the margins of the pictures resulting
in poor resolution of the targets and rather
high variances for these groups. The best
result was obtained from a centrally located
group of six targets which yielded a standard
deviation of y-parallax residuals of ± 1.6
microns. This is only little more than ± 1.3
microns which was the overall value of
the pointing-to-targets error.

TABLE 2. STANDARD ERRORS OF COORDINATE DISCREPANCIES AFTER MODEL MAPPINGS IN

M ICROl->S AT PHOTO SCALE

I Jlfl 1112 1113

6X 6Y 6Z 6X 6Y !lZ 6Z 6Y .:;Z
-_.

5.8 9. I 15.2 5.6 9.4 17.5 5.3 11.3 19.3
P, 6.3 8.0 20.3 6.0 7.4 20.2 6. I 8.2 20.1

4.8 9.3 20.2 6.0 8.4 19.2 9.4 12. I 18.4
P 2 - 6.5 7.9 15.2 5.5 9.9 21.0

Reference model 5.1 6.4 20.6 5.5 8.4 18.4
P 3 - - 9.2 10.8 18.4
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expected to be half of these ,'alues with the
normal 60 per cen t m'erlap.

The X, Y,Z-coordinates of a model point
are correlated quantities and must properly
be regarded, statistically, as components of a
three-di mensional random ,'ector. This cor
relation is a result of transformation of mea
sured photo coordi nates and is readily dem
onstrated theoretically, At the same time a
strong correlation evidently exists between
the same coordinates of different points, at
least locally. This latter correlation, which is
mainly a result of unaccounted-for systematic
errors of image positions on the photograph,
is only revealed experimentally and cannot be
predicted,

Because of the presence of the systematic
errors, it is difficult to estimate the precision
of the model V-coordinates reliably from
the residual model Y-parallaxes. The ,'alues
of Table 1 can therefore be regarded as only
approximate estimates of the standard er
rors of the V-coordinates, The question now
arises whether the V-discrepancies in Table 2
can be explained in terms of the mapping of
the models onto the reference model. To this
end it is necessary to calculate the expected
variance of the transformed Y-coordinates.
Generally, when rotations are large, the
Y-component cannot be considered in
dependently because of its correlation with
the X - and Z-componen ts and the analysis has
to be based on the multivariate methods. In
our case, the models differ only slightly in
scale and spatial orien tation so that the map
ping of Equation 1 induces little changes in
coordi nates. Conseq uen tl y, the l'-coordi na te
can be treated separately for all practical
purposes. Also, the variance of the trans
formed Y-coordi nates will be expected to
show only a sligh t increase because of the
estimation of the transformation parameters
and their small variance components.

For instance, the variance of the transla
tion Yv is gi ven by

val' (Jf0) = S2/n

where S2 is the estimate of ,'ariance after
transformation and 11 is the Ilumber of points
-in our case about Il0-from which the
estimate is calculated. As the coordinates of
both the reference model and the model
undergoing transformation are random varia
bles, certai n amou nt of correlation is in tro
duced by the mapping. In any case, the vari
ance of the discrepancies D. V between the
V-coordinates of the references V,. and the
transformed Y t model is bounded by

2S,,2 ~ val' (Jf, - Jf,) ~ 4Sl'2

I \ /
....' ..........

i' "

~ ...... / /
-=:--

-- "
,j

' .... ./

'/
-,

1
./

/
/" I

////
J/ >--------'

40)'

FIG. 2, Projections of residual position vectors on
the X Y-plane,

in which Sr 2 represents the estimated variance
of model Y-coordi nates. The lower bou nd
signifies complete independence and the
upper bou nd total correia tioll between YT and
Yt , The correspondi ng bou nds for the stan
dard errors are 1.4 s}' and 2s". The stan
dard errors of the D. l"s in Table 2 are all,
except in one case, more than twice as large
as tl1(' correspondi ng ,'alues in Table 1. This
indicates that the models are not similar in
terms of the mapping by Equation 1 but
exhibit deformations which cause an inAation
of the variance of the discrepancies, An in
dication of these deformations is revealed in
Figures 2 and 3,

The principal goal of the experiment was
to study ,'ariations among photographs taken
on different occasions. I n this analysis the
indi"idual models, aftel' their transformation,
are regarded as experimental units, each
ha"ing specific characteristics embodied in
the population from which it "'as drawn, In
our case such a population could be thought
of as all the photographs exposed under
homogeneous conditions in a period of time,

I n the following, the characteristics of each
model is expressed quantitatively by the
variance of the discrepancies between the
spatial positions of corresponding points in
the reference and the transformed models,
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Af, j\lJ2 Jl![3

PI
5.8551 6.0568 6.2710
6.2442 6.2086 6.2364

P 2
6.2519 6.1675 6.3526

- 5.8201 6.3421

P 3
Ref. Model 6.1964 6.0638

- - 6.2953

This leads to an analysis of variance based on
the methods of univariate statistics.

The method of analysis of variance re
quires the observations to be independent,
normally distributed variates with a homo
geneous variance. As our observations are
sample variances whose distribution is not
normal, they have to be first transformed.
The distribution of sample variance S2 can be
derived from the X2-distribution with the aid
of the relationship

TABLE 3. NATURAL LOGARITHMS OF VARIANCES

OF RESIDUAL VECTORS

FIG. 3. Distribution of the signs of the Z-residuals
after Model Mapping.

in which (J'2 is the population variance and
x2 denotes su m of squares of f independen t,
normally distributed variates with param
eters 0, 1). It can be shown (e.g., Kenney
Keeping 1951) that the logarithmic transfor
mation will accomplish what is needed. Table
3 gives the natural logarithms of the variances
of the residual position vectors for various
models. The interpretation of the data in
Table 3 is as follows. The three missions NIt,
JV12 , JIIla are considered a random sample from
a population of missions. The three passes
wi thi n each mission are regarded as random
samples of passes. Finally, the two values
which appear within most of the cells refer to
two models reconstructed from three consecu
tive pictures with the middle picture common
to both models. Three sources of variabili ty
can thus be distinguished: Variation between
missions, variation between passes within

missions and variation between models within
passes within missions.

The analysis of the data in Table 3 is sum
marized in the Analysis of Variance Table
(Table 4).

I n this table the total su m of sq uares of the
values in Table 3 is first corrected for the
mean and then the residual amount is parti
tioned into three parts, each corresponding to
the above mentioned source of variation.
Similarly, the remaining fourteen degrees of
freedom (after eliminating the mean) are
divided to correspond to each source. The
column of mean squares is obtained by di
viding each sum of squares by its appropriate
number of degrees of freedom.

The first question to be answered is
whether there is a closer geometric resem
blance between the two models obtained from
photographs taken a few seconds apart than

TABLE 4. ANALYSIS OF VARIANCE TABLE

Source of Variation
Sum of Degrees of Mean F F
Squares Freedom Square Ratio Tab.

Mean 532.7391 I 532.7391
Between missions 0.0892 2 0.0446 1.86 F2•11 =3.98 at 5% level
Between passes within missions 0.0891 5 0.0178
Between models within passes 0.1750 6 0.0292
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between the models belonging to different
passes. This is answered by comparing the
last two mean squares. It turns out, rather
surprisingly, that no difference is indicated;
in fact, the differences between models within
passes are greater than the differences be
tween models from different passes but, of
course, not significantly greater. The last two
mean squares can therefore be pooled and the
resulting mean square used to test the differ
ences between missions.

The F-ratio is thus given by:

F = 0.0446 X 11 _
2.11 0.0891 -I- 0.1750 - 1.86.

From the tables of the F-distribu tion we
find that the value to be exceeded with
probability of 5 per cent is 3.98. It is therefore
concluded that no significant difference can
be demonstrated between models coming
from different missions.

SUM~1ARY OF FI~Dl;.lGS

I t was demonstrated that the precision of
± 3 to 4 microns of residual y-parallax could
be reached consistently within a model. The
random error com ponen t, resul ti ng from
identification and measuring errors, varied
between ± 1.5 to 3 microns and was found to
depend strongly on the quality of resolved
target images. It was found that the model
points exhibit locally lack of independence
which is accompanied by a loss of accuracy
in the coordinates. The unaccounted-for
systematic errors in image posi tions seem to
give each model a unique character of slight
deformation which appeal's to behave without
any set pattern from model to model. No
differences were found to exist between
models reconstructed from photographs taken
at short or long time intervals.

These I'esults shol,dd be interpreted in the
light of data analyzed to date and within the
framework of the conditions of this study.
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