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Its establishment is made possible by Recurrent Partitioning

in computing, as well as the powerful geometry inherent

in a closed net.

A Unified
Lunar Control Network

restrial tracking to establish ephimerides from
which absolute positions at instants of ex
posure can be determined, (b) a pair of satel
lite-borne stellar cameras synchronized with
the mapping camera to provide absolute ori
entation, (c) a laser altimeter to provide
precise distances (cr= 2.5 m) from exposure
stations to nadirs. Expected accuracies from
such a system used in conjunction with a
camera of 6-inch focal length and 23 X23 cm.
format are stated as being 17 meters 111

I:-ITRODUCTlON

A MAPPI:-IG SATELLITE in a 28-day polar orbit
around the 1\loon could produce a closed

photogrammetric net embracing the entire
lunar surface with essentially uniform overlap
in all directions. If the mission were designed
to produce maps at scales of 1: 50,000 to
1: 100,000, the net would necessarily contain
several thousand photos, and the simultane
ous adjustment of the net would generate a
system of normal equations involving tens of
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ABSTRACT: When subjected to simuttaneous adjustment, a photogmmmetric net
covering It sphere with isotropic overlap is found to possess extraordinary geo
metric strength. Simultaneous adjustment of spherical nets containing thou
sands of photos is shown to be fwsible by virtue of a specific scheme of Photo
ordering coupled with a specific method of solving certain patterned systems of
normal equations. Consequences of this development relating to establishment of
lunar control by photogmmmetric triangu.lation a're iuvestigated. Numerical re
sults suggest that simultltneous adjustment of a unifcrm net of 2,562 photos of
the J1Joon's surface taken by a 6 inch mapping camera in 9rbit at an altitude of
182 km. could produce a Uniform Lunar Control Network llitving an rms ac
curacy of better than 5 meters in all three coordinates.

plani metry and 18 meters in elevation for an
orbital altitude of 93 km.; with an alternative
camera having a focal length of 12 inches and
a format of 23 X37 cm., corresponding ac
curacies are stated as being 8 meters in planim
etry and 11 meters in elevation. For the 6
inch camera, a total of 6,000 frames is re
quired for 100 percent coverage with 55 per
cen t forward and 20 percen t side overlap; for
the 12-inch camera, the number is 14,700.

Because of certain reservations concerning
the recommended approach of the NASA
\Vorking Group, we undertook the present
study as an in-house effort. Our primary con
cern was that the poten tial power of a strictly
photogram metric approach based on rigorous

thousands of unknowns. The solution of such
enormous systems has been deemed by some
to be impractical on even the most powerful
computers. Accordingly, the approach to the
establishment of a lunar control network re
cently recommended by NASA's Geodesy/
Cartography Working Group in NASA SP
157 (see references) depends fundamentally
on data from external sensors to establish the
absolute position and orientation of each
photo.

Recommended sensors consist of: (a) ter-

* Presented at the Annual Convention of the
American Society of Photogrammetry, Washing
ton, D. c., March 1968 under the title "Adjust
mp.nt of a dosed block of photographs of a sphere."
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simultaneous adjustment of all photos cover
ing the 1\[oon was apparently given no con
sideration (probably because it was con
sidered to be impractical). Nor was any ques
tion raised concerning the actual need of the
recommended external sensors, either collec
tively or individually. Could any or all be
eliminated without adverse effect?

Of especial concern to us was the tacit as
sumption that an ephemeris based on ter
restrial tracking would provide sufficient
accuracies (i.e., 10 meters, or better) to per
mit computed positions of exposure stations
to be enforced. The needed accuracies de
mand at least a twenty-fold improvement
over current capabilities for lunar satellites.
In this regard it is well to point out that an
accuracy of 10 meters has yet to be achieved
for long-arc ephemerides of intensively
tracked earth satellites (accuracies of 20 to 30
meters are generally considered to be char
acteristic of the best of current technology).
Even if sufficiently accurate tracking were
available for a lunar satellite, this does not
answer the question as to whether such track
ing is, in principle, essential to the mission.
This question is not merely academic, for its
answer would have a strong bearing on the
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apply to the other recommended auxiliary
sensors (stellar cameras and laser al ti meter).

BACKGRO ND

In this paper we shall show that a practical
solution does exist to the problem of the
simultaneous adjustment of thousands of
photos of a sphere, and we shall consider the
consequences of this fact. The solution em
ploys a scheme of photo-ordering that leads
to the generation of a patterned coefficient
matrix amenable to efficient reduction by
means of a special algorithm shortly to be dis-

cussed.
The general theory for the rigorous adj ust-

men t of an unrestricted photogrammetric
block is developed in Brown (1958) and is
further refined in Brown, Davis, Johnson
(1964). In these references it is shown that the
general normal equations for the adjustment
assume the following form:
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which, 111 turn, has the following finer struc
ture:

In Equation 2, 6i represents the (6X 1) vector
of corrections to the approximate elements of
orientation of the ith photo (i=l,2, ... , m),
and tJ j represents the (3 X 1) vector of correc
tions to the approximate values of the coor
dinates of the ith control point (j=1,2, ... ,
n). The Ni' Nj and N ij submatrices in the
coefficient matrix are of dimensions (6X6),
(3X3) and (6X3) respectively. The matrices
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more difficult problem of extraterrestrial
mapping of such planets as Mars. If highly
accurate tracking were indeed indispensable,
huge expenditures in research and develop
ment related to tracking support would surely
be required. By the same token, such ex
penditures could be avoided if present track
ing capabilities could suffice. Similar remarks
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60 percent forward overlap and 20 percent
side overlap no c0ntrol point appears in more
than 6 photos; in a block having 60 percent
forward overlap and 60 percent side overlap
no control point appears in more than 9
photos. I t follows, then, that in the N matrix
of the general normal equations for large
conventional blocks, most of the N ij sub
matrices can be expected to consist of zeroes.
An immediate consequence of the sparseness
of the N matrix is that the reduced normal
equations also become sparse. Moreover, with
suitable ordering of photos or control points
(depending on whether Equations 3 or 4 is
employed) the reduced normal equations can
be made to assu me certain characteristic
patterned forms.

Because the conseq uences of patterning are
fundamental to our approach, we shall con
sider two key examples with the aid of Figures
1 and 2. In Figu res 1a and 2a we depict two
different ordering schemes of the photos of a
conventional (5 X7) block having 60 percent
forward overlap and 20 percent side overlap.
The scheme of Figure 1a represents the famil
iar down-strip ordering, whereas that of
Figure 2a represents a less orthodox scheme
which may be referred to as cross-strip order
ing. The corresponding coefficient matrices of
the reduced normal equations resulting from
the application of Equation 3 are shown in
Figures 1band 2b, respectively. I n both
figures each small square corresponds to a
(6 X 6) block of nonzero elements. Al though
the fine structure of the two coefficient ma
trices differ, both share the characteristic of
having all nonzero elements confined to a
band about the principal diagonal. \\le define
the bandwidth p of the matrix as being the
number of elements from the principal diag
onal to the first parallel diagonal that en
closes all nonzero elements above the prin
cipal diagonal. \Ve define the bandwidth ratio
as being the quantity piN where N denotes
the order of the coefficient matrix. In Figures
Ib and 2b, P assumes values or 60 and 72, re
spectively. More generally, the bandwidth of
a block of s strips having r photos per strip
and having the same degree of overlap as con
sidered above is pd=6(r+3) (or down-strip
ordering, or Pc = 6(2s +2) (or cross-strip order
ing. The corresponding bandwidth ratios are
pdIN=(r+3)lrs (down-strip ordering), and
Pel N = 2(s +1)lrs (cross-strip ordering).

SOLUTION OF REDUCED NORMAL EQUA

TIONS BY RECURRENT PARTITIONING

The banded systems of Figures 1band 2b
may be regarded as special cases of the more

(4)

(3)

Wi and Wj are a priori wieght matrices
governing elements of orientation and coor
dinates of control points, respectively (by
virtue of weighting, control points are con
sidered to embrace pass poin ts, as well as
absolute and partially absolute points).
Further details concerning the formation and
structure of the normal equations are to be
found in the references cited above. For pre
sent purposes it suffices to point out that the
general normal equations arising from the
adjustment of a block of m photos exercising n
control points is a (6m+3n) system of the
above form.

Because of the block diagonality of the
j.,r +Wand N+W portions of coefficient
matrix, it becomes practical to employ the
method of partitioning to transform the
general normal equations to a reduced systel~l

of lower order by elimination of either il or o.
If il is eliminated, the reduced normal equa
tions become a (6m X6m) system of the form

[1\7 +W - NOv + W)-IN'I']6

= [c - WE - N(N + W)-I(C - Wf)].

= [c - H/f - NT(N+W)-l(C-tVE)].

Although N+ Wand N+W may be very
large matrices, they are readily inverted be
cause of their block diagonality. Accordingly,
as was first demonstrated in Brown (1958),
the formation of the reduced normal equa
tions presents no difficulties. In most pro
blems one finds that 3n >6m, and in such
cases it becomes advantageous to employ (3).
However, special circu mstances do arise (as
will later be shown) in which 3n <6m, and in
such cases it becomes advantageous to em
ploy (4).

In the general normal Equations 2, the
N, NT portions of the matrix al.e represented
as being completely filled with nonzero ele
ments. This is indeed the case if images of all
control points are measured on all photos, for
Nij=O only if thejth point is not measured on
the ith photo. Under such circumstances the
coefficient matrices of the reduced normal
Equations 3 and 4 become solidly filled ma
trices of order (6mX6m) and (JnX3n), re
spectively, and their inversion can present
serious difficulties for large m and n. In many
problems, however, one finds that no control
point appears in more than a handful of
photos. Thus in a conventional block having
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Similarly, if 8 is eliminated, the reduced nor
mal equations become a 3n X3n system of the
form

[N + W - N'I'(N + W)-'N]il
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I 2 3 4 5 6 (7

8 9 10 ~1 12 13 14

15 16 17 18 19 20 '2 1

22 23 24 (25 26 27 28

29 30 31 32 33 34 35

1 6 11 16 21 26 31

2 7 12 17 22 27 32

3 8 13 18 23 28 33

4 9 14 19 24 29 34

5 10 15 20 25 30 35
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FIG. la. Down-strip ordering of conventional
block of 5 strips and 7 photographs.

general matrix depicted in Figure 3. This is a
bordered-banded matrix having bandwidth of
p and borderwidth of q. At D. Brown Assoc.,
Inc., (DBA) we ha\'e developed a special
algorithm called Recurrent Partitioning to
effect the direct solution and (on option) in
version of normal equations having bordered
banded coefficient matrices. Recurrent Par
titioning is specifically formulated to exploit
the structure of such coefficien t matrices to
produce a solution of maximum computa
tional efficiency. The computing time to in
vert a bordered banded matrix by Recurrent

FIG. 1b. Coefficient matrix of reduced normal
equations arising from simultaneous adjustment
of 5-by-7-block ordered as shown in Figure la.

FIG. 2a. Cross-strip ordering of conventional
block of 5 strips and 7 photographs.

Partitioning is on the order of T ""k(p+q)2 N,
where k is a constant depending on the com
puter used. A completely filled matrix corre
sponds to the special case where P+q = N, in
which case Recurrent Partitioning becomes
equivalent to Guass Elimination, and the
computing time becomes To ""k N3. It follows
that a solution by Recursive Partitioning re
quires only T/To= (p+q)2/ N2 as much time
as a solution by a direct method that does not
specifically recognize and exploit the bor
dered-banded form of the normal equations.

Because Recursive Partitioning is the cor-

FIG. 2b. Coefficient matrix of reduced normal
eq uations arising from simul taneous adj ustmen t
of 5-by-7-block ordered as shown in Figure 2b.



----- N _

PHOTOGRAMMETRIC E 'GINEERING1276

1

FIG. 3. General form of banded-bordered coefficient matrix.

Because N\3, N I3T are zero matrices, this re
duces to

C1

FIG. 4. Equation 5.

elimination of 0,. One could therefore parti
tion the reduced system in the same manner
as the original system, and then could repeat
the process of elimination. It is clear that at
no stage of the \'epeated application of this
process would one have to operate outside the
original band. Moreover, at any step of the
process, only the p X P portion of the matrix
corresponding to the current N 22 is subject to
alteration (this fact permits formulation of a
very efficient buffering scheme), The overall
process thus constitutes a simple repetitive
reduction that can be formulated as a re
current process (hence the name Recurrent
Partitioning), Repeated application of the
process will ultimately lead to a system suffi
cien tly small to be solved directly for all of the
remaining unknowns. These then can be used
to ini tiate a backward application of the

(6)

(7)
[
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N 23 7'

nerstone to our approach, it is important that
the essential character of the reduction be
understood. For simplicity, we shall limit con
sideration here to a banded system (similar
principles apply to the bordered-banded sys
tem). Illustrated in Figure 4 is a banded sys
tem of normal equations that has been sub
jected to triple partitioning. The number of
elemen ts s in the first partition is arbi trary
except that s ~p, where p is the bandwidth.
The nu mber of elements in the second par
tition is p, which automatically leaves 11=

N-p-s elements in the third partition. By vir
tue of this partitioning, the matrices N\3 and
NIl are composed entirely of zeroes. If we
now apply the me~hod of partitioning to
eliminate the vector 0\ from the above system,
we shall obtain

Comparing this with (5), we see that the
banded form and the bandwidth of the ori
ginal coefficient matrix are preserved; only
the N 22 portion of the matrix is altered by the
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process, wherein the unknowns eliminated at
each step of the forward process are recovered
in reverse order. As in the forward red uction,
the bandwidth is preserved throughout the
backward reduction. Specific exploi tation of
the fact that zeroes outside the original band
are never annihilated provides the key to the
computational efficiency of Recurrent Par
titioning. A similar statement holds for the
extended version of Recurrent Parti tioning
applying to a bordered-banded system of nor
mal equations.

Not only can Recurrent Partitioning be
used to solve a bordered-banded system but it
can also be used to invert a bordered-banded
coefficient matrix. In the application to in
version, Recurrent Partitioning can, on op
tion, be exercised to reconstruct only that
portion of the inverse corresponding to the
original band and border. Because it requires
only as much additional time as is needed for
the solu tion alone, this mode of inversion is
especially efficien t. Yet, it provides all ele
men ts of the inverse that are needed for sub
sequent error propagation through the tri
angulation.

'Ye are now in a position to consider some
of the practical consequences of the applica
tion of Recurren t Partitioning to the photo
gram metric problem. Let us consider the time
required on an IBM 7094 to invert the normal
eq uations generated by a con ven tional 200
photo block consisting of s=5 strips of r=40
photos each. If the inversion is perfectly
buffered so that no time is lost in input-out
put, the value of k for the 7094 is k =4.5 XIO-'
minutes. Therefore the inversion of the 1200 X
1200 system of normal equations by a con
ven tional direct method such as Gauss Eli mi·
nation can be expected to require about

To = 4.5 X 10 7 X (1200)3 = 778 min.

The respecti \'e band wid ths for dow n-stri p
and cross-strip ordering are Pd=6(40+3) =
258 and Pc = 6(2.5 +2) = 72. Accordingly, the
times required for inversion by Recurrent
Partitioning are

1'" = 4.5 X 10 7 X (258)2 X (1200)

= 35.9 min. (c1oll"n-strip orclering),

T, = 4..'i X 10-7 X (72) 2 X (1200)

= 2.8 min. (cross-strip ordering).

These results demonstrate the poten tial
power of Recurrent Partitioning relative to a
conventional reduction. They serve also to
show that even when Recurrent Partitioning
is employed, the ordering scheme can be of
major importance. Thus, in the above ex
ample we see that, although down-strip order-
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ing leads to an improvement over a conven
tional solution by a factor of 22, the improve
ment effected by cross-strip ordering is over
12 times greater yet. Accordingly, the objec
tive of the ordering scheme must be to mini
mize the bandwidth, or more generally, the
band wid th plus borderwid tho

Although the borderwidth in the above ex
amples is equal to zero, the border can serve
an important function in photogrammetric
adj ustmen ts. One someti mes finds that a
logical ordering scheme leads to a very nar
row bandwidth except for a few outlying
blocks which require a significantly wider
bandwidth for their accommodation. One can
avoid this di fficulty by reordering those param
eters generating the outlying blocks so that
they become accommodated by the border.
Similarly, suppose one wished to carry ele
men ts of interior orien tation and parameters
of radial and decentering distortion as con
strained parameters. [nasmuch as such param
eters would be common to all photos, they
could cOI1l'eniently be relegated to the border.
I t follows, that by judicious exercise of the
flexibility afforded by the border, one can
accommodate various nuisance parameters
that might otherwise seriously compromise
the efficiency of the solution. By achieving
an ordering that generates a bordered-banded
matrix having minimum P+q, one maximizes
the efficiency of the solution.

The foregoing provides the background
essential to the understanding of our ap
proach to the lunar problem. As a final note
before proceeding, we would emphasize that a
block adj ustmen t employing Recurren t Par
titioning has been fully operational at DBA
since mid 1966 and that it has been exten
sively exercised against both real and si mu
lated data. In the summer of 1967 our pro
gram was successfully used to perform the
simultaneous adjustment of a simulated 1,000
photo block (5 X200) on a computer in the
class of an [B1\I-7094. Total computing time
for the formation of the normal equations and
the computation of their solution by Recur
rent Pa,"titioning amounted to 40 minutes.
"'e ha\'e adjusted several large blocks of
actual photography in our Photogrammetric
Services Division, including one of 270 photos.
This latter adjustment was accomplished on
a computer having only 8,000 words of core
memory and 4 magnetic tape units.

VIle call attention to the above points be
cause it is important to Our" thesis that the
technology has already been developed and
implemented for the practical accomplish
ment of the simultaneous adjustment of con-·
ventional blocks containing literally thou~



illustrated in Figure 6. Each of the vertices
generated by the process of repeated bisection
is regarded as the nominal nadir of an ap
proximately vertical photograph having an
altitude and cone angle sufficiently great to
encompass the nadirs of the immediately
adjacent photos (generally six in number, ex
cept for those photos over the starting ver
tices of the icosahedron; these encompass the
nadirs of five adjacent photos). We find it
convenient to regard the photo format as
being circular rather than square, because
this avoids the imposition, that would other
wise result, of a preferred direction on the
overlap scheme. Clearly, a scheme of over
lappi ng circles is more consonan t wi th the
goal of uniform coverage of a sphere than one
based on ovellappi ng sq uares. J t also has the
practical advantage of obviating the need for
active control of swing during execution of
the photography. Although the discussions in
this paper are limited to consideration of
circular formats, the essentials of our ap
proach and the substance of our conclusions
would remain unaltered by the use of a square
format.

Each of the nominal nadirs in Figure 6 is to
be regarded as a pass point. The first level of
densification of this basic pattern of 7 pass
points incorporates pass points in the vicin
ities of the 12 additional vertices of triangles
generated by the next higher level of bisec
tion. Similarly, the second level of densifica
tion incorporates new vertices generated by a

FIG. 6. Adopted schemeof overlapof photograph
ic cones. Each cone covers the nadirs of adjacent
cones. Solid circles indicate primary pass points
located near the nadirs, and open circles are sup
plemental pass points for the first level of densifi
cation.

PHOTOGRAMMETRTC ENGINEERING

sands of photos. The purpose of the remainder
of this paper is to show that this technology
can be adapted to the problem of the simul
taneous adj ustmen t of a photogram metric
block covering a sphere and to consider the
implications of this with regard to the estab
lishment of a Unified Lunar Control Net
work.

UNIFOR~·I PHOTOGRAPHIC COVERAGE OF

THE MOON

The first problem one faces in considering
the adjustment of a photogrammetric net
covering a sphere is how to go about dis
tributing exposure stations in order to obtain
acceptably uniform coverage. This is an
interesting problem in its own right and is one
that, in the process of optimization, leads
naturally to consideration of B. Fuller's
theory of the geodesic dome. For pLll-poses of
this discussion, however, we shall adopt a
somewhat suboptimal, but easily understand
able, scheme for systematizing the photog
raphy of a sphere. Our starting point is an
icosahedron inscribed in a sphere with adja
cen t vertices connected by spherical triangles
as indicated in Figul-e 5. As is shown, each of
the 20 equilateral spherical triangles thus
generated can be systematically subdivided
by repeated bisections of sides into a geo
metric progression of approxi mately eq ual
triangles. In general, the kth bisection of the
original set of 20 triangles yields a total of
(20X4k ) nearly equal triangles having a total
of (10X4k +2) vertices.

The scheme adopted for photocoverage cor
responding to a given level of bisection is

FIG. 5. Systematic method of subdivision of a
spherical surface by repeated bisections of the sides
of an initial set of spherical triangles connecting
adjacent vertices of an inscribed icosahedron.
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FIG. 8. Illustration of the close packing of the
ground traces of a lunar satellite in polar orbit at
an altitude of 150 km. The equatorial spacing of
successive passes is about 34 km.
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FIG. 7. lllustrating relative camera altitudes and
photo coverage of the Moon provided by a 72°_
cone versus various level of bisection of an in
scribed icosahedron.

Secolld level of dellsi
fication:

Third level of dellsi
fication:

kth level of dellsi
ficalioll :

7+12+42 = 61

7+12+42+J62=223

(k -1)" level+(IOX4k +2).

TABLE 1. ORBITAL PARAMETERS FOR VARIOUS LEVELS OF PHOTOGRAPHIC COVERAGE

Equatoriat Intersection
Division Number A ttit'llde Period Velocity Spacing of Angle of

of of (km.) (min.) (km./sec.) Successive Extrem.e Rays
Icosahed. Photos Passes (deg.) (deg.)

1 42 1,074 223.4 1.32 2.0-l 144
2 162 654 175.1 1.43 1.60 J08
3 642 353 143.1 1.53 1.31 90
4 2,562 182 125.9 1.60 1. 15 81

5 10,242 93 116.6 1.64 1.07 76.5

further application of bisection. This sys
tematic process of densification thus gives
rise to the following numbers of pass points
per photo:

No. of No. of
"IltitudeBisections Photos

1 42 1,074 km.
2 162 654
3 642 353
4 2,562 182
5 10,242 93

As we shall see, the third level of densification
is likely to be sufficient for almost perfect
reconstruction of relative orientation.

Figure 7 shows relative coverages of the
moon provided by a 72° cone at the various
altitudes that become automatically deter
mined by specification of level of bisection.
Such a cone would correspond comfortably to
that of a conventional 6-inch mapping cam
era. Table 1 lists some of the key parameters
associated with circular orbits at the altitudes
indicated in Figure 7. Because of the slow
lunar rate of rotation, the equatorial spacing
of the ground tracks of successive passes is
only about 30 to 40 km. for close satellites in
circular polar orbits. Figure 8 shows the= 197+12

7Primary level:
First level of densi

f.cation:
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one level of latitude to the next. If spiraling is
to the right, as in Figure 9, the step-down in
latitude must also bear to the right, as shown,
otherwise the bandwidth of the reduced nor
mal equations will be significantly increased.

The consequences of pole-to-pole spiral or
dering with regard to the general normal
equations are indicated in Figure 10. Here, we
have considered the limiting case in which a
single pass point is established at the nominal
nadir of each cone which in turn is sufficiently
wide to encompass the nadirs of the 6 (or
sometimes 5) immediately adjacent cones.
The numbering of pass points follows the
same scheme as that of photos. The coefficient
matrix in Figure 10 corresponds to that in
Equation 2 with the small and large squares
corresponding to (3 X3) and (6X6) matrices,
respectively. Of particular interest is the fact
that the N matrix in Figure 10 assumes a
banded form. [n view of the postulated over
lap, this may be readily verified by the con
sideration that Nij is nonzero only if the jth
point is measured on the ith plate. Because
N is rectangular, its bandwidth may be
specified by the two parameters PlI and pv
shown in the figure. These may be referred to
as the horizontal and vertical bandwidths of
the matrix. I n the figure PlI = 36, Pv = 72.

"'hen the general normal equations of
Figure 10 are transformed to an equivalent
red uced system by ei ther Eq uation 3 or 4, the
coefficient matrix of the new system assumes
the form shown in Figure 11. Here, each
small sq uare represen ts ei ther a (6 X 6) matrix
or a (3 X3) matrix depending on whether
Equation 3 or Equation 4 is employed for the
reduction. In the first case, the coefficient
matrix is of order 6 X 42 = 252, and in the
second case it is of order 3 X42 = 126. In both
cases the matrix is banded with a bandwidth
ratio of P=23/42 =1/1.8. Although this
bandwidth ratio is fairly high, the important
consideration is that pole-to-pole spiral order
ing does produce reduced normal equations of
banded form. As we shall see, the bandwidth
ratio actually decl'eases as the number of
photos covering the sphere increases.

If we were to densify the number of pass
poin ts per photo in the 42-photo net, we
would find that the pass points could be so
ordered that the banded character of the re
sulting N matrix is preserved but is such that
the horizon tal bandwid th PH is expanded
while the vertical bandwidth Pv remains un
altered. A consequence of this fact is that the
form and the band wid th of the red uced nor
mal eq uations that are generated by applica
tion of Equation 3 are independent of the

NORMAL EQUATIONS FOR ORDERED

SPHERICAL NET

oW that a specific scheme has been estab
lished to provide uniform coverage of the
lunar surface, we shall investigate the struc
ture of the normal equations arising from a
closed spherical net. In particular, we shall
show that the principles that we had applied
so successfully to the adjustment of conven
tional blocks can indeed be adopted to the
spherical net.

AI though we were able to devise several
photo-ordering schemes for a spherical net
that would lead to a bordered-banded system
of normal equations, one particular scheme
stood out as being more efficient than all the
others. I t was also found to have the virtue of
relative simplicity. The essence of this
scheme, which we have called pole-to-pole
spiral ordering, can best be explained with the
aid of Figure 9. Here, the icosahedron provid
ing the framework for the division of the
sphere is presented as a developed surface in a
plane. A 42-station net resulting from the first
level of bisection of the icosahedron is super
imposed on the surface. The flow of the num
bering scheme characterizing pole-to-pole
spiral ordering is indicated in the figure with
the aid of arrows and is largely self-explana
tory. The only su btlety of the scheme is the
manner in which the transition is made from

FIG. 9. Pole-to-pole spiral ordering of a 42
photo net covering a sphere.

ground track of every fourth pass of a close
polar satellite over an octant of the lunar sur
face. I t is clear from consideration of the close
packing of ground tracks that one would en
counter little difficulty in scheduling ex
posures during the course of a 28-day mission
o that actual exposure stations would occur,

for the most part, within a few kilometers of
predesignated stations. Accordingly, the
scheme of nominally positioning photo nadirs
over predesignated points defined by icosahe
dral bisections is altogether practical in the
case of a lunar mission.
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FIG. 10. Form of the general normal equations for a 42-photo net covering a sphere in which the pass
points are located at the nominal nadirs of the photos, and pole-to-pole spiral ordering of the photos and
pass points is adopted.

FiG. 11. Reduced system of normal equations
derived from the normal equations shown in
Figure 10.

density of pass points. On the other hand, the
band wid th of the red uced normal eq uations
generated by application of Eq uation 4 does

6m
6llOX2 k +3] ",6vlOm
(lOX 2k +3)/(IOX4k +2)

'" 1/2k

",I/Vm/IO.

depend directly on the density of pass points.
It follows that while the use of Equation 4 is
decidedly advantageous in the limiting case
considered in Figure 10, its use rapidly be
comes disadvantageous as more and more
pass poi n ts are iIHrod U ced.

If we consider the 162-photo net prod uced
by the next le\'el of bisection of the icosahe
dron, we shall find that the system of re
duced normal equations resulting from ap
plication of Equation 3 assumes the form
shown in Figure 12. This system is of ol·del·
6 X 162 = 972, has a bandwidth of 6 X43 = 258,
and has a bandwidth ratio of 43/162", 1/3.8
(this is about half that for the 42-photo net).

Generalizing, we find that the coefficient
matrix of the reduced normal equations re
sulting from pole-to-pole spiral Ot-dering of the
spherical net defi ned by the kth bisection of
an icosahedron consti tu tes a banded system
having the following properties:

Number of photos, 111: IOX4k +2
Order of reduced normal

eqnations, N:
Bandwidth, p:
Bandwidth ratio, pIN:

N ~6x 42 --------_.

, Ip~6x23
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p=6x43 ~

N=6x 162 ------------+1'I

FIG. T2. Reduced system of normal equations for a 162-photo net covering a sphere.

The fact that the bandwidth ratio is inversely
proportional to the square root of the number
of photos means that the reduced normal
equations become increasingly diagonally
dominant as the number of photos in the net
is increased (see Figure 13). This, in turn,
means that the relative efficiency of a solution
by Recurrent Partitioning increases with the
number of photos, a point forcibly brought
out in Table 2. Here, we indicate the com
puting times theoretically to be expected fOt,
the sol u tions of various systems of red uced
normal equations by: (a) a conven tional
direct solution such as Gauss Elimination and
(b) a direct solution by Recurrent Partition
ing. The times are based on the performance
of the fastest computer currently available,
namely the CDC 6600. Because some of the

FIG. 13. lllustrations showing the increase of
diagonal dominance of the normal equations for an
ordered spherical net with an increase in the num
ber of photos in the net. (a) (upper left) 42-photo
net-piN""!. (b) (upper right) 162-photo net
piN "" t. (c) (lower left) 6-!2-photo net-plN "" T/8.
(d) (lower righ t) 2652-photo net-piN"" T116.

matrices become too large to be stored in any
realistically postulated core, the assumptions
are made that external storage is used for the
coefficient matrix and that both solutions are
perfectly buffered so that no time is lost in
transfer of data in and out of core. This as-



TABLE 2. THEORETICAL COMPUTING TIMES FOR SOLUTION OF XORMAL EQUATIONS AIllSING FRO~{

SIMULTAt'EOUS AD] STMENT OF PI-IOTOGRAMMETRIC )JET COVERING A SPHERE

Divisions
Degree of "lltitude Bandwidth Bandw·idth • Computing Time ·Computing Time

of
Normal (km.) Ratio for Conventional for DBA

Equations Reduction (hr.) Reduction (hr.)
lcosahed. N 11. P piN To "'"kNJ T= (p/N)'To

1 6X42 1,074 6X23 1/1.8 .0018 .0006
2 6XI62 654 6X43 1/3.8 .112 .008
3 6X642 353 6X83 1/7.7 6.95 .12
4 6X2562 182 6XI63 1/15.7 441.3 1.8
5 6XIO,2-12 93 6X323 1/31. 7 28,203 28.1
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The geometry of the 12-photo net is shown
in Figure 14. The exposure stations are at an
altitude of 7,200 km. and are located directly
over the vertices of an icosahedron inscribed
in the sphere. The cone angle is considered to
be 20° which is sufficient to CO\'er the nadirs of
the 5 stations immediately adjacent to any
given station. The focal length is taken as 600
mm. which is consistent a 20° circular fornlal
fitted within a standard 9 X9 inch format.
The high al ti tude and the narrow cone were
dictated by geometrical considerations that
rule out the use of lower altitudes and wide
angle cameras for the 12 photo net. The plate
measuring sigma for the simulations was
taken as 3 microns, a value we consider to be a
reasonable expectation in view of (a) the nar
row cone angle which minimizes the effects of
unAatness of the photographic surface, (b) the
high resolution available from certain existing
600-mm. lenses (better than 80 lines/mm.
AWAR on Kodak 50-213 film over a 9X9-inch
format), and (c) the pair of assumptions that
the camera contains a precise reseau and that
the film is physically recovered for measure
ment.

To perform the simulations, we found it
convenient to program a special reduction
generating reduced normal equations of the
form defined by Eq uation 4. For those Ii mi l

ing cases in which control is limited to pass
points near photo nadirs, this formulation has
the advantage being eight times faster than
the usual approach based on Equation 3. It
also has the advantage of producing the
covariance matrix of the triangulated coor
dinates directly, for this is given by the in
verse of the coefficient matrix of the reduced
normal equations. By contrast, when Equa
tion 3 is employed, the in\"erse of the coeffi
cien t matrix of the red uced normal eq uations
represen ts the covariance matrix of the pro
jective parameters. Accordingly, a supple
mental error propagation must be performed

A CNIFLED LUNAR CONTROL NETWO]{K

• Based on CI)C-6600 (k= 1.21 X 10-10).

sumption is a sound one for certain existing
configurations of the CDC 6600.

Table 2 shows that while a conventional
direct solution of the reduced normal equa
tions becomes prohibiti\'ely time consuming
for nets embracing thousands of photos, this
is not the case when Recurrent Partitioning is
employed. \\"e see, for example, that a con
ventional reduction of a 2,562-photo nct
would require well over two weeks of steady
computing, whereas a reduction by Recurrent
Partitioning would require under two hours.
Table 2 indicates that even the adjustment of
a net containing as many as 10,000 photos re
mains a practical possibility with Recurrent
Parti tioni ng.

By developing a systematic approach that
makes it practical to perform the simulta
neous adjustment of a net embracing literally
thousands of photos of a sphere, we have ac
complished the first major objective of this
paper. N 0\\' tha t this obstacle has been O\'er
come, we can proceed to consider some of the
important consequences of our approach.

NUMERICAL RESULTS

The mere solvability of the enormous sys
tem of normal equations that would arise
from a full-scale lunar photogrammetric
mission does not of itself assure attainment of
satisfactory resu Its. 1t does, however, make
an investigation of the merits of simultaneous
adj ustmen t perti nen t and worthwhi Ie,
whereas otherwise such an investigation
would be of limited academic value. As a
start in this direction, we performed a series of
simulations of a 12-photo net covering the
lunar surface. Our objective was to gain ini
tial insight into the properties of the adjust
ment of a closed photogrammetric net cover
ing a sphere. Of especial interest was the mat
ter of the very determinacy of a strictly
photogrammetric sol ution unaided by exter
nal sensors.
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12

FIG. 14. Geometry of a 12-photo net used in the preliminary lunar simulations.

to obtain the covariance matrix of triangu
lated coordinates. As has already been men
tioned, the advantage of Equation 4 over 3
becomes lost as the number of unknown coor
dinates of pass points exceeds the number of
unknown projective parameters. Tlle"s,
whereas a more extensive study would neces
sarily demand the inversion of reduced nor
mal equations generated by Equation 3, the
use of Equation 4 is well suited to the limited
objectives of the present investigation. \\lith
actual data, the eigh t-fold greater efficiency
of Equation 4 in an adjustment with minimal
control could be put to good use in a pre
liminary solution designed to produce precise
initial approximations for the general ad
justmen t and to provide the basis fo,' pre
liminary editing of observations.

Key results of the 12-photo simulations are
summarized in Table 3. Case 1 is a limiting
case in which we assume that the projective
parameters are perfectly known for all photos.
Here, the reduction reduces to simple tri
angulation, and the results serve as a stcln
dard against which less restrictive solutions
can be gauged. Because of the perfect sym
metry, all 12 nadir points are determined to

the same accuracy, namely 20.5 m. in north
and east components and 18.7 m in the ver
tical (or up) component. These results repre
sent the limiting accuracies attainable from
the stated plate measuring accuracies. They
cannot be bettered through the use of auxil
iary sensors that provide additional con
straints on projective parameters only.

In Case 2, the assumption of perfectly
known projective parameters is dropped. The
plate coordinates must now be used to recon
struct the projective parameters while simul
taneously executing the triangulation. How
ever, the loss of perfectly known projective
parameters is partially offset by the gain im
plicit in the fact that we now are at liberty to
introduce any set of constraints that serves to
define uniquely both the coordinate system of
object space and the unit of length in object
space. Numerous choices emerge for the
exercise of this prerogative. The coordinate
system adopted for the simulations is defined
by the following specifications:

(a). The origin is chosen to be at the midpoint of
the line joining opposing pass points 1 and
12; this imposes the constraints X t +X 12 =
0. Y,+Y,,=O, Z,+Z,?=O.



TABLE 3. RESULTS OF SIMULATIO S OF 12 PHOTO LUNAR NET (ALTITUDE, 7,200 K.<\{; CONE ANGLE,

20°; FOCAL LENGTH, 600 MM.; PLATE SIGMA, 3 MICRONS)

6 Pass Points per Photo 16 Pass Points/Photo

Case J. Perfect ele-
CaSf' 2. No external Case 3. Same as 2 Case -I. Same as 2 but

Case 5. Same as 2 butinfo. (striclly photo- bitt with stellar witlt laser altimeter
Point mellts of orienlatiol1 grammetric solution camera giving giving with 16 pass points

.Vumber givell for all photos with arbitrary scale) Ua =Ua =(Ta =2 sec. U a =5.",. per photo

S;gmas (meters) Sigmas (melers) Sigmas (meters) Sigmas (meters) Si.r:mas (melers)

N I E ! u N I E I u N I E I u N I E I u N I E I u
--

I 20.5 20.5 18.7 A· A· o· 18.0 18.0 O' O' O' 15.0 O' O' O'
2 38.0 O' 34.6 28.0 28.2 30.8 36.7 A· 28.0 28.9 A· 24.9
3 37.8 51.5 .13.8 36.4 43.0 27.0 29.9 30.4 24.2
4 37.8 51.5 33.8 36.5 51.4 27.3 28.6 27.0 24. I
5 37.7 43.2 3.1.7 36.5 51.4 27.3 28.8 26.8 24.5
6 37.7 43.2 33.7 36.4 43.0 27.0 28.4 26.2 24.2
7 37.9 49.1 33.7 .l6.~ 43.4 27.2 28.8 26.8 24.2
8 38.0 51.4 34.6 36.6 49.0 27.0 28.8 26.2 24.4
'J 37.8 49.1 33.7 36.7 51.4 28.0 28.3 26.7 24. I

10 37.8 43.5 33.7 ! ! ! 36.6 49.0 27.0 28.9 25.9 25. I
II ! 1 37.7 43.2 33.7 28.0 28.2 30.8 36.6 43.4 27.2 28.6 26.7 24.2
12 20 5 20.5 18.7 O' o· o· 18.0 18.0 A· A· o· 15.0 A· o· A·

Mean 20 5 20.5 18.7 31.5 35.5 28.2 26.3 26.5 25.7 30.5 35.4 25.2 24.0 20.2 20.3

A U IFIED LUNAR CONTROL NETWORK

* By virtue of definition of coordinate system.
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(b) The Z axis is taken to be parallel with the
line joining pass points 1 and 12; this im
poses the constraints X,-X'2=O, Y,
Y'2=O.

(c) The X axis is so defIned that pass point 2 lies
in the XZ plane; this imposes the constraint
Y 2 =O.

(d) Scale is defined by the specification of the
distance between pass points 1 and 12; this
imposes the constraint s=[(X I-Xd2+
(V,- Y.2)2+(Z,-Z'2)]'1 in which s is arbi
trary.

These specifications uniquely establish the
coordinate system, the directions of its axes,
and the unit of length. The results for Case 2
are referred to this framework. In examining
these results, we note first that a strictly
photogrammetric solution does not present a
problem of determinacy. Although accuracies
range from about 1.8 to 2.5 times poorer than
those for the limiting case, they are nonethe
less impressive in view of the low density of
pass points (only 6 per photo). If the number
of pass points per photo is increased to 16
(Case 6), significant improvement results.
Here, sigmas of triangulation are from 1.3 to
1.4 times greater than those for the limiting
case. With sufficiently high densification one
can in theory converge to the limiting ac
curacies of Case 1.

I n Case 3 we assumed that angular ele
ments of orientation, a, w, K accurate to 2
seconds of arc were available for each lunar
exposure by virtue of an auxiliary stellar
camera of 6-inch focal length and 7.5 X7.5
inch format. Such a camera would actually
recover orientation in an inertial frame (right

ascension-declination). To relate this to a
lunar frame one must perform a transforma
tion involving such parameters as the in
stantaneous direction of the lunar spin axis
and the angulal- rate of lunar rotation. To
avoid such complications we simply assumed
that the, a. w, K provided by the auxiliary
camera are referred directly to the lunar
frame. This is tantamount to assuming that
the parameters of the transformation are
perfectly known, whereas they would more
properly be introduced into the photogram
metric adjustment as appropriately con
strai ned para meters. Accordingly, the resul ts
of Case 3 must be viewed as being somewhat
optimistic. Because orientation is externally
established, the constraints specified under
(b) and (c) above were dropped in the simula
tion of Case 3. \\'e see in Table 3 that where
an auxiliary stellar camera does lead to a
significant improvement if only 6 pass points
are carried per photo, a superior overall de
gree of impr0vement is to be gained simply
through a modest densification of pass points,
as in Case 5. In this instance, therefore, we
concl ude that the use of an auxiliary stellar
camera would not lead to a significan t im
provement in accuracies O\'er what could be
obtained from an adequate density of pass
points.

In Case 4 we assumed that the distance
from each exposul-e station to a pass point
near the photo nadir is established to an ac
curacy of 5 m. (one sigma) by means of a laser
altimeter synchronized with the camera



Sigmas (meters)

N I E I u

Case 1. Perfect elements of orientation given for all Min. 20.4 20.-l 16.3
photos Max. 20.7 20.7 17.7

Av. 20.6 20.6 17.0

Case 2. No external information (strictly photogram- Min. 43.3 31.6 28.6
metric solution with arbitrary scale) Max. 57.0 44.4 46.6

Av. 47.8 35.2 37.1

Case 3. Same as 2, but with stellar camera giving: Min. 32.8 28.9 29.5
uw = 15 sec, ua =u,=3 sec. for all photos Max. 38.1 31.4 38.0

Av. 33.9 30.2 32.4

Case 4. ame as 3, but with laser a I ti meter gi vi ng Min. 31.3 28.3 22.7
uh=5 m. for all photos Max. 33.9 30.7 27.0

Av. 31.1 29.3 25.1
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TABLE 4. RESUL1 S OF SIMULATIONS OF 42 PHOTO LUNA R !\ET (ALTITUDE, 1074 KM.;
CONE ANGLE, 72°; FOCAL LENGTH, 150 MM.; PLATE SIGMA, 5 :vIICRONS)

shutter. Here, the illumination of the spot on
the lunar surface hit by the laser beam is as
sumed to be sufficiently intense to render it
identifiable on the accompanying photo
graph. The image of the illuminated spot
could then be stereoscopically transferred to
each of the o\'erlapping photos. I t follows,
that the distance Si measured by such a laser
introduces the constraint

s; = [IX; - X;')' + (I', - ]';,)2 + (Zi - z,e)2]1/2,

where Xi, Y i, Zi denote the coordinates of the
illuminated pass point associated with the ith
photo and XCi, yc i , ZCi denote the coordinates
of the exposure station. Because the computer
program was designed to incorporate this
constraint, we were able to ascertain the
potential contribution of a laser altimeter to
the photogrammetric adjustment. In this ap
plication the constraint specified under (d)
above has to be dropped, inasmuch as scale is
externally established. In comparing Cases 2
and 4 in Table 3 we see that the introduction
of the laser altimeter does produce a modest
improvement in the vertical coordinate, but
does not improve the horizontal coordinates.
I n fact, some horizontal coordinates are
slightly worsened, a consequence of the elimi
nation of the scale constraint between points
1 and 12. Here again, we find densification to
be a more profitable avenue to impro\'ed in
ternal accuracies than is the introduction of
the laser altimeter. The main value of the
laser altimeter to the 12-photo net would be to
establish the absolute scale of the model. As
we shall see, however, there are ways of
establishing absolute scale that involve far

less expense than the developmen t of a sui t
able laser altimeter.

The favorable outcome of the investigation
of simultaneous adjustment of the 12-photo
net made it worth\\,hile to consider what
might be expected from more extensive net
generated at lower altitudes with conven
tional wide angle mapping cameras. The 42
station net that resul ts from the first level of
bisection of the icosahedron (see Figures 7
and 9) is geometrically feasible with a 6-inch
mapping camera having a 72° cone. Such
a net provided the basis for our next series of
simulations. In order to account for the lower
resolutions (about 40 lines/mm. AWAR) and
other conseq uences of the wide cone angle,
we raised the plate measuring sigma to 5
microns. The simulations were performed
with the basic pattern of 6 or 7 pass points per
photo, the number depending on whether or
not the exposure station is over a vertex of the
starting icosahedron. The specification of the
coordinate system follows that used for the
12-photo net, except that point 42 is sub
stituted for point 12 in specifications (a), (b),
(d), and point 17 (see Figure 9) is substituted
for point 2 in specification (c).

As before, Case 1 considers all projecti\'e
elemen ts to be perfectly known and thus pro
vides a standard for comparison. In Table 4,
we have indicated the minimum, maximum,
and average sigmas of the recovered coor
dinates. For Case 1, we see that one can ex
pect average sigmas of abou t 21 meters for
horizontal components of position and about
17 meters for the vertical component. The
reason for the slight variation in accuracies
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for this limiting case is that absolutely per
fect symmetry is not maintained as in the 12
photo case.

Tn Case 2, where all projective elements are
considered to be unknown, resulting sigmas
are found to increase by factors of 1. i to 2.4
over those for Case 1. These are comparable
to the factors of 1.8 to 2.5 chat'acterizing the
12-photo net. We did not perform a simula
tion of the 42-photo case to ascertain the de
gree of improvement to be expected from a
moderate level of densification of pass points.
HOII'ever, if extrapolation from the 12-photo
case is valid, the first level of densification
may be esti mated to prod uce average sigmas
of better than 30 meters.

I n Case 3, the effects of an auxiliary stellar
camera having a small format in relation to
focal length was considered. Although being
compact, such a camera would provide ap
preciably poorer accuracies for K (swing) than
fora and w. If the axis of the auxiliary camera
were at right angles to that of the lunar
camera (in order to avoid exposures near the
Sun), the poor K of the stellar camera would be
equivalent to a poor component of tilt for the
lunar camera. This difficulty could be OI'er
come by simultaneous use of an orthogonal
pair of stellar camet'as (as recom mended in
NASA SP lSi). \Ye elected, howel'er, to limit
consideration to the contribution of a single
stellar camera and, accordingly, adopted an
It priori budget of O"w =0" < = 3 seconds and
O"w = 15 seconds for the transfer of stellar ori
entation to the lunar camera. The pitch angle
w is taken as the north-south component of
tilt relative to the local vertical. Despite the
relative weakness of a priori orientation in the
north-south direction, the greatest improl'e
men t in Case 3 over Case 2 is in the north
sou th com ponen t of posi tion.

The absolute results for east-west com
ponents do. however, remain somewhat
superior. The results indicate that if a simul
taneous adjustment of a closed lunar net is
performed, a single stellar camera is sufficient
in spite of its weakness in one component of
orientation; dual stellar cameras must be
justified on the basis of reliability rather than
accuracy. Indeed, it is still an open question
as to whether a stellar camera is needed at all,
for it seems unlikely that such a camera would
result in significant improvement in relative
orientation over what could be expected from
a moderately high level of densification. If
this were truly so, the principal value of a
stellar camera would be to establish the rela
tionship between the arbitrarily defined coor
dinate frame attached to the Moon and the

right-ascension, declination frame. However,
this can also be accomplished by other means,
as will shortly be seen. Such alternative
means clearly warran t investigation in view
of the neldy raised likelihood that an auxil
iary stellar camera, however desirable, may
not really be essential to the basic photo
gram metric mission of the establish men t of a
Unified Lunar Control Network.

Except for dropping the scale constraint
betll'een points t and 42 and adding the ob
servations of a laser altimeter, Case 4 main
tains the assumptions of Case 3. \\"e see from
Table 4 that only a slight imprOl'ement over
Case 3 is obtained for horizontal coordinates,
but that a moderate improvement is obtained
for the vertical coordinate. However, the
vertical coordinates fall short of the limiting
accuracies of Case 1 and are probably no
better than what might be expected from the
first level of densification of pass points. Ac
cordingly, the laser altimeter is of limited val
ue as far as general improvemen t of ac
curacies is concerned. As we had indicated
above, its main contribution would be toward
establishment of absolute scale,

It is a simple matter to compute the limit
ing accuracies to be expected from any postu
lated net under the assumption that the pro
jective parameters are perfectly known. \Ye
have performed this computation for the nets
generated by the first fil'e bisections of an
icosahedron. The results are given in Table 5.
The assumptions of cone angle and plate
measuring accuracy are the same as in the 42
photo simulations of Table 4. The results of
Table 5 apply to pass points recorded on
se\'en photos (i.e., those near photo nadirs).
Results for pass points recorded on only four
photos (the minimum possible with the over
lap pattern of Figure 6) could be expected to
be about 25 percent poorer than those given
in Table 5.

Let us assume that by vit,tue of sufficient
densification of pass points it is feasible to ap
proach to within 30 percent of the limiting

TABLE 5. LIMITING ACCURACIES OF

PHOTOGIIAMMETRIC TI!IANGULATIO~

Number Altitude
Sigmas (Meters)

Photos (km.) N E U
------

42 1,07-1 20.7 20.7 16.3
162 654 10.2 10.2 10.1
642 353 4.9 4.9 5.9

2,562 182 2.4 2.4 3.2
10,2-12 93 1.2 1.2 1.7

----sr4
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accuracies of Table 5. It then follows that a
642-photo net is comfortably adequate to
establish a control network accurate to 10
meters. Similarly, a 2,562-photo net is com
fortably adequate to establish a control net
work accurate to 5 meters. Large-scale simu
lations should be undertaken to check these
conjectures. Conceivably, it could turn out to
be increasingly difficult to approach limiting
accuracies by means of pass point densifica
tion as the number of photos is increased. In
asmuch as our investigations to this point
have only scratched the surface of the prob
lem, much more work clearly needs to be
done. Even so, we have established to our
satisfaction that the approach recommended
in NASA SP 157 is far less attractive than the
alternative opened up by our demonstration
of the practicability of simultaneous adjust
ment of large scale photogrammetric nets
covering a sphere.

SUPPLEMENTARY SHORT-ARC

DYNAMIC RED CTIONS

Though of limited scope, our numerical re
sults do establish that the uncontrolled,
closed spherical net possesses remarkable
geometrical strength if subjected to simul
taneous adjustment. Moreover, they strongly
suggest that the contribution of external
sensors to improvement of relative accuracies
approaches insignificance as passpoint densi
fication increases to a moderate level. If this
tentative finding should hold up under more
extensive simulations, it would mean that the
role of external sensors can be sharply al
tered. Instead of providing photo-by-photo
control, the configuration of such sensors
would more properly be directed towards re
covery of the seven parameters of the trans
formation relating the rigid photogrammetric
model to a prefen'ed framework in object
space. These parameters consist, of course, of

(a) three translations, ~X, ~ Y, ~Z, defining the
new origin;

(b) three rotations, ~a, ~w, ~K, detining new
directions of the coordinate axes;

(c) a uniform stretch ratio, k, defining the scale
of the new system.

class of external observations, namely, pre
cise timing of photographic exposures. This
wou ld perIl1i t extraction of the transformation
through the exercise of multiple short-arc
orbital constraints. In outline, the method for
accomplishing this would proceed as follows.
\\'e assume first that the simultaneous ad
justment of the net has been accomplished
geometrically along the lines outlined above.
A set of at least 40 to 50 well-distributed arcs,
none of which is over one fourth of a revolu
tion in length, is then selected. Let Xij, Y ij ,
Zij denote the model coordinates of the jth
point on the ith arc (j=1,2, ... ,ni). Let
Xd, Yd, Zi/ denote the corresponding coor
dinates in the preferred system. Then we can
write

[

Xi,.'] [Xii - ~Xl
Yi< = kR(~a)R(~w)R(~K) }'ii - ~ V

J
(8)

Z;i Zii - ~Z

in which R(D.a) , R(D.w) , R(D.K) are 3X3 rota
tional matrices in the unknown angles D.a,
D.w, D.K, respectively. Inasmuch as the origin
of the X', Y ' , Z'-system is at the lunar center
of mass and the Z'-axis coincides wi th the
lunar spin axis, we may also write

(9)

in which

Xij, Yij, Zij = luni-cen tric inertial coordinates
of jth point on ith arc

n= Lunar angular rate of rotation
'Tij = ti me of exposure of jth photo on

ith arc
R(nTij) = (3 X3) rotational matrix in the

angle nTij.

If the observational period were sufficiently
extended, the rotation matrix R(nTij) could be
expanded to incl ude effects of precession and
nutation.

Because Xij, Yij, Zij is a point on an orbital
arc, we may invoke dynamic constraints to
write functional relationships of the following
form:

Tio=arbitrary epoch established at
nominalmidpoinl of ith arc

Let us suppose that in the preferred frame
work, the origin is to be established at the
lunar center of mass, the Z-axis is to coincide
with the lunar rotational axis, the X Z-plane
is to pass through a specified lunar landmark
(thus defining the origin of longi tude), and
the unit of length is to be regarded as the
meter. Vlfe believe that the transformation to
this preferred system can be fully and ade
quately established with the aid of but one

....._--

[
Xii]
Yij

OJ,}

= [Jl(~'O' y,o, :'0, ~:o, ~,o, ~:0:1"' C2.0, Tii - T;o)l
j,(~:o, y,o, :'0, ::0, ~,o, ~'o: 1", C2.0, Tii - T;O)J
f~C\10, :)'10, 41,0, :\'1.0, YlO, Z,O, Jl., C2.0, Tij - TiO)

in which

(10)
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XiO, YiO, Zio = inertial com ponen ts of posi tion
at epoch of ith arc

XiO, :)1io, ZiO = inertial co III ponen ts of veloci ty
at epoch of ith arc

Il=lunar gravitational constant
C2,O = coefficien t of first zonal har-

nomic of lunar potential.
Successively substituting (10) into (9) and
(9) in to (8), we obtain a set of dynamic ob
servational equations relating short-arc or
bital parameters to model coordinates of ex
posure stations, In addition, a single geo
metric observational equation is obtained
from (8) by setting Y' = a for the land mat-k
selected to define the origin of longitude (the
coordinates of this point in the model are
assumed to have been triangulated).

Let us suppose, as a specific example, that
a 2,562-photo net arising from the fourth
level of bisection of an icosahedron has been
adjusted simultaneously and that from model
coordinates of exposure stations a set of 64
independen t and well-d istri bu ted arcs has
been selected. If each arc were to contain 17
exposure stations (typical arc length ",,60°),
a set of 3 X 17 X 64 = 3,624 dynamic observa
tional equations would be generated. These
would involve as unknowns a set of 6X64=
384 unknown initial conditions plus the seven
parameters of the transformation. I n addi
tion, n, Il and C2,0 could be carried as highly
constrained parameters. If this wet-e done, the
overall adjustment would involve 3,628 equa
tions in 394 parameters, of which only 10 are
common to all equations. The remaining
parameters consist of 64 sets of orbi tal para
meters. Each such set appears only in a sub
set of 3X17=51 observational equations,
each such subset being independent of all
other orbital parameters. By virtue of such
considerations, the (394 X 394)-system of
system of normal equations for the adj ust
men t can be made to assume a patterned form
which can be efficiently collapsed by partition
ing to eliminate all orbital parameters. The
solution of the resulting (lOX10)-system of
normal equations provides directly the esti
mates of the seven parameters of the trans
formation plus revised values for n, ;.t, C2.0.

Little, if any, improvement over a priori
values is likely to resul t for n, ;.t, C2,O. However,
by carrying these quantities through the ad
justment as constrained parameters, one
automatically propagates the effects of their
stated uncertainties through the adjustment.

Special men tion should be made of the
potential accuracy of scale derived from the
above dynamic reduction. The ultimate ac
curacy of the scale factor k depends directly
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on the accuracy of the lunar gravitational
constantll. As is shown by Kaula (1965),

Ok/k = Ho!-,/!-,).

From the weighted mean of a pair of deter
minations of Il made by Sjogrem and Trask
(1965) of JPL from observations of Ranger VI
and Ranger VII, one has DillIl "" 1 :50,000.
Accordingly, dynamically derived lunar scale
may be regarded as potentially accurate to
about 1: 150,000 (for Earth, the potential
accuracy is 1: 1,000,000). I t follows that to be
competitive with dynamic scaling, a laser
altimeter must have an absolute accuracy of
abou t 1: 150,000 (random errors could, of
course, be much coarser). As far as practical
experience with short-arc dynamic scaling of
optical networks is concerned, we would point
out that Brown (l967b) successfully de
monstt-ated the technique in the reduction of
an optical tracking net observing GEOS I

flashes.
The reason for our stipulation that only

short arcs (less than 1/4 revolution) be used
in the above adjustment stems from the fact,
demonstrated in Brown (1967a), that with
such arcs the adjustment of the six initial
conditions of the orbit can adequately ac
commodate the neglected effects of higher
order coefficients of the lunar gravitational
potential. Accordingly, it becomes sufficient
to limit consideration to the effects of Il and
C2,O and to the effects of the d isplacemen t
t1X, t1 Y, t1Z of the center of mass. Hartwell
(1968) has shown that the coordinates of the
center of mass relative to an adopted origin
can be accurately recovered from a multiple
short arc reduction.

DETERMINATION OF ABSOLUTE
ORIENTATION

From the foregoing we see that with time of
exposure as the only auxiliary observation, it
becomes possible to transform the arbitrarily
scaled, positioned, and oriented photogram
metric model to a dynamically significan t,
physically meaningful framework. A stellat
camera, or al ternative external system, is
needed only to establish the precise orienta
tion of the lunar framework in the right
ascension declination system.

An alternative to a stellar camera that
would require only about one-tenth as much
weight involves a plane parallel beamsplitter
permanently fixed in front of the camera lens
at an angle of abou t 45° to the camera axis.
The beamsplitter would be designed to pass
perhaps 85 to 90 percent of the light from the
lunar surface, thus making its insertion of
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little photographic consequence. If the satel
lite is slowly rotating about the camera axis, it
will on frequent occasions be briefly oriented
so that an image of the earth will be reflected
by the beamsplitter into the camera. ] f such
occasions are suitably monitored, it becomes
practical to direct an earth-based laser to
ward the satellite. Vve may suppose that such
a laser fires two bursts at the satellite in
rapid succession. The purpose of the first
burst is to activate a suitable detector on the
satellite which in turn triggers a circuit to
open the camera shutter in anticipation of the
second burst. The second burst is reflected by
the beamsplitter into the camera so that its
image becomes superimposed on the exposure
of the lunar terrain. From available informa
tion one can compute to within a few milli
meters where on the frame to look for the
laser image. To make the image readily dis
cernible, the output of the laser should be
sufficient to generate an image patch about
150 to 200 microns in diameter. Even though
only 10 to 15 percent of the light received
from the laser would be reflected into the
camera, this presents no problem, for lasers
currently available are several times more
powerful than is needed for this application.
The direction in the right ascension declina
tion system from the camera to the laser can
be computed to high accuracy (about 0.5 arc
seconds) from the nominal position of the
satellite and from the lunar ephemeris. As the
orientation of the beamsplitter relative to the
camera can be accurately pre-established, the
image of the laser may be regarded as being
geometrically equivalent to that of a star of
known direction. Two frames with laser im
ages from different directions would serve to
orient the model in the right ascension dec
lination system. Accordingly, one could pre
sumably obtain a strong solution for the
absolute orientation of the model if a mode
rate number of frames containing laser images
were recorded throughout the three weeks of
the mission during which such observations
are practical. Al though this approach re
quires further study, it does serve to illus
trate the existence of a possibly attractive
al ternative to auxiliary stellar cameras.

DETERMIKATlON OF THE LUNAR

GRAVITATIONAL FIELD

Let us suppose that the methods of this
paper had been implemented in the adjust
ment of a 2,562-photo net having a density of
pass points equivalent to the second level of
densification. This could be expected to lead

to a Unified Lunar Control Network of 40,962
points (very nearly one point per square de
gree or per thousand square kilometers) ac
curate, in general, to better than 5 meters (one
sigma). Such a network could provide the
basis for the precise recovery of the lunar
gravitational potential inasmuch as an orbit
ing camera would in effect constitute a track
ing system by virtue of photogrammetric re
section. Accuracies in position commen
surate with those of the Unified Control Net
work (i.e., abou t 5 meters), cou Id be expected
for the resected coordinates of an orbiting
camera.

A particularly suitable system for this ap
plication would, in our opinion, consist of an
array of three high-resolution cameras having
6-inch focal lengths and 25° cone angles and
using 70-millimeter film. The axes of the
cameras would be mutually orthogonal and,
in operating position, each would be inclined
about 45° from the local vertical. All three
cameras would have precisely timed, syn
chronized shutters. At an altitude of 150 km.,
each of the three frames would cover over
5,000 sq. km. and thus could be expected to
contain about 5 points from the pre-estab
lished nified Control Network. Resection
for all triplets would be performed in a com
mon reduction that would recover the relative
orientations of the three cameras by treating
them as invariant over all exposures. The re
duction would also simultaneously recover an
independent position and orientation for each
triplet.

Because of the balanced and symmetrical
placement of the cameras, the film magazines
could be so arranged that the orientation of
the satellite would be unaffected by actuation
of fil m transport mechanisms. Moreover, the
redistribution of weight with film advance
ment would not upset a passive, gravity
gradient stabilization system. Accordingly,
the long-arc orbital reduction for recovery of
gravitational coefficients would not have to
contend with nonconservative forces induced
by active control systems. This is the major
advantage of using an balanced array of
cameras for resection instead of a single wide
angle camera.

l[ each of the three cameras were to expose
an average of 10 frames per revolu tion (al
ways on the sunlit side of the NIoon, of
course), a 28-day mission would consume a
total of about 10 pounds of film and would
yield about 3,000 discrete poin ts throughout
the orbit. Each point would be accurate to
about 5 meters (one sigma) in all three coor-
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dinates. Three or four such missions at well
spaced orbital inclinations would provide thc
material needed for a comprehensi\'e deter
mination of the lunar gravity field. Inasmuch
as a total of 40 pounds of film would suffice
for four, one-month orbits, consideration
might be given to a single maneuverabel
satellite along the lines studied by Greene
(1968).

We believe that the photogrammetric ap
proach to the recovery of lunar graYity should
be thoroughly studied and weighed against
the more cOI1\'entional alternatives proposed
in NASA SP 157, The potential accuracy of
the photogrammetric approach would, we
feel, be found to surpass that of any method
based on terrestrial tracking of satellites in
orbit around the moon. On the other hand,
the difficulties of implementing the photo
gram metric approach are severe, particularly
if the film is to be physically recovered. Yet,
overall difficulties may not be as severe as
those associated with alternatives of poten
tially competitive accuracy that involve a sys
tem of tracking transponders located on the
lunar surface.

CONCLUDING REMARKS

Quite possibly, the most powerful of all ap
plications of analytical photogrammetry is
that involving the simultaneous adjustment
of a closed net covering a sphcre. In this paper
we have considered the application of our
theory to the full, three-dimcnsional problem
of the establishment of a Unified Lunar Con
trol etwork. I t bears men tioni ng that a
special, two-dimensional application of our
theory solves the corresponding astromctric
problem of establishing a unified control net
work on the celestial sphere. Here, it can be
shown that the simultaneous adjustment of a
block of stellar photographs covering the
celestial sphere with the same o\'erlap pattern
as in Figure 6 will lead to a system of nOl"lllal
equations of precisely the same general form
as is illustrated in Figure 12. In this applica
tion, all exposure stations would be coincident
and would be located at the origin of the coor
dinate system. Likewise, only two-dimen
sional coordinates (analogous to I'ight ascen
sion and declination) of the pass points (in
this case, stars) would have to be recovered.
Thus, the astrometric application is ap
preciably simpler than the lunar application.
By applying our theory to the astrometric
problem, we have been able to demonstrate
through numerical simulations that one can,
in principle, construct an accurate stellar

catalog without exerCIsIng independently
established control stars. Details of the astro
mctric investigation arc to be published in an
other journal.

Although the scope of our in-house tudies
has thus far bcen necessarily limited, they do
strongly suggest that a nified Lunar Control
Network of extremely high accuracy can be
established by photogrammetric means alone.
Except for precise time-tagging of cxposures,
recourse to metric support from auxiliary
devices appears to be warranted only to the
extent requircd for the establishment of thc
absolute orientation of the lunar frame in the
right-ascension declination system. \Vhile this
can perhaps be best accomplished with the
aid of an auxiliary stellar camera, it should be
appreciated that alternative approaches do
exist.

The feasibility of establishing a dense and
precise Lunar Control )Jetwork that is inde
penden t of terrestrial tracking and is inde
penden t of the exercise of long-arc orbi tal
constraints opens the door to the reco\'ery of
lunar gravity through tracking accomplished
strictly by photogrammetric resection. Thus
the possi bil ity emerges that photogrammetry
alone may be able to solve, perhaps belter
than any other means, both of the key prob
lems of lunar geodcsy: determination of ac
curate positions and determination of the
gravi tational field. Paradoxically, attainablc
accuracies for the Moon may wcll surpa£s
those attainable for Earth by conventional
space geodesy.
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