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Trilaterated Photo Coordinates
Image coordinates of 5-micron standard deviation have been obtained

with a glass scale and with the aid of a small computer.

INTRODUCTION

T HE ADVENT Or. THE electronic computer
has made possible many new and useful

applications in photogrammetry which would
not have otherwise been feasible. One such
application is the unusual method of obtain
ing trilaterated photo coordinates presented
herein. This method, which can be performed
using simple and inexpensive apparatus, devi
ates from the conventional approach of mea-

are obtained, i.e., those which mlnlllllze the
sum of the squares of the measurement
residuals; (b) the estimated standard devi
ations of X p and Yp are obtained which pro
vides a basis for rejection of sub-standard
measurements; (c) the covariance matrix is
obtained as a by-product which may be useful
for weighting photo coordinates in subsequent
analytical calculations, (d) fiducial lines
scratched on the emulsion, which deface the

ABSTRACT: A method is presented whereby photo coordinates may be obtained
using inexpensive apparatus in conjunction with. trilctteration. computational
techniques and an electronic computer. The method takes advalllage of redundant
measurements and cOllsequently it makes possible the calc/l.latiOll of the most
probable values of the photo coordina.tes as well as their estimated standard
df-viations. The method has been tested using a simple glass scale and the
results illdicate al'erage estimated standard deviat'ions in x and y of approxi
mately five microns. These results are not as accurate as those possible with a
precise comparator. The method does, however, provide '/tItus'uaUy good results
in relation to cost and it also provides several significant advantages Ol'er other
lower order procedures.

suring photo coordinates with respect to ref
erence comparator axes or a reference fiducial
axis system scratched on the emulsion. In
stead the method, which has been alluded to
by Brown,l involves measurement of the dis
tances from each of the fiducial marks to any
poin t P whose photo coordi nates are to be
determined. Distance measuremen ts from
two fiducial marks, whose coordinates have
been determined by least squares quadt'ilat
eral trilateration, establish the coordinates of
P. Four or eight fiducial mark formats pro
vide for two or six redundant measurements
respectively. By taking ad van tage of this re
dundancy, the most probable values of X p

and Yp are obtained through a least squares
trilateration solution.

This trilateration method produces the fol
lowing distinct advantages: (a) the most
probable X and Y coordinates of the point P

imagery, are not needed; and (e) inexpensive
equipment is utilized.

THEORETICAL DEVELOPMENT

The following three basic steps are involved
in obtaining photo coordinates with this tri
lateration method: (1) the least squares solu
tion for the most probable coordinates of the
fiducial marks in an arbitrary rectangular
system; (2) the least squares solution for the
most probable photo coordinates X 1' and Yp

in the same arbitrary rectangular system as
that of the fiducial coordinates; and (3) a
transformation which shifts the origin and
orientation of the coordinate axes to the con
ventional position and corrects for shrinkage
and expansion. I n the theoretical de\'elop
ment herein, the four corner fiducial format
is depicted although the method is equally
adaptable to the side fiducial format.
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[X X] [X XJ= b, - " dX + c, - I"~ dX
(8Go) b (BGo) '(3)

+ [Yo, - Yh'J dY.
(8Co) c

Note that because Yb is fixed, there is no
d Yb term. Wi th the six observation equations
formulated, the most probable values of the
unknown dX's and dY's are calculated using
the following equal-weight least-squares equa
tion:

X = ( A'/' A )-1 AT K (4)
1J, 1 n JIt 111 11, 1L 11t m 1

The only unknowns in Equation 2 are the
residual and the corrections to the coordi
nates. The initial approximations of the X
and Y coordinates of the fiducials may be cal
culated by simple intersection from five se
lected observations. The Taylor series method
of solution is iterative but the initial approxi
mations, so calculated, will be sufficiently
close to the most probable values so that only
one iteration of the computations will be re
quired.

Prototype Equation 2 is used to formulate
the six observation equations for calculating
the most probable fiducial coordinates. For
illustrative purposes, the following equation
for observation Be is presented:

Kbc + Vb,

STEP O:-lE

On Figure 1, points A, B, C and D are the
imaged positions of the fiducials. The six dis
tances AB, BC, CD, DA, AC and BD are
observed. Note that these are analogous to
measurements taken in ordinary quadrilat
eral trilateration. An arbitrary rectangular
coordinate system is initially assigned which
places the origin at A, with the X-axis pos
itive to the right and passing through B. With
this arbitrary choice, X a = Ya = Yb=O. The
remaining five unknown fiducial coordinates
can be calculated by using any five of the
observed distances. The sixth observation
therefore is redundant. Using all six observa
tions in an ordinary observation equation
least-squares trilateration adjustment,' the
most probable values for the five unknown
fiducial coordinates can be computed in the
aforemen tioned arbi trary rectangular co
ordinate system.

The observation equations may be written,
one for each observed distance, by using the
following prototype equation:

Lij + Vij=«Xj - Xi)' + (J"j - Yi),)l/,. (1)

In Equation 1, L ij is the obsen"ed length of
the line I-f, lrij is the residual error in the
observa tion, and Xi, Vi, X; and Y j are the
most probable coordinates of the points I and
1. This non-linear equation is not used in this
form but rather it is linearized by using a
Taylor series expansion and dropping as neg
ligible all terms of order tw"o or higher. Evalu
ating the partial deri,"atives of the function
and wbstituting them into the Taylor series,
there results the following prototype of the
linearized observation equation:

Kij + Vij

= [Xio - XjO] (dXi) + [Yio - YjO] (dYi)
(lJ 0) (IJ 0) (2)

+ [Xjo - Xio] (dX') + [Yjo - Yio] (dY·).
(fJ 0) J (fJ 0) J

[n Equation 2, Xio' Yio' Xj. and Y jo are
initial approximations of the unknown co
ordinates Xi, Yi , Xj and Y j ; and dXi, d Vi.
dXj and d Yj are corrections to be applied to
the initial approximations such that:
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FIG. 1. Corner fiducial format.

+X

Xi = Xi, +dXi

Yi= J"i,+dl"i

X j = .-rj , + dX j

l"j = r j , + d r j

Also:

Xij = Lij - IJo

IJo = «Xj, - Xi,)' + (Yi, - Yi,)')'12

where

112 is the number of equations and 'It is the
number of unknowns

.1 is the matrix of coefficients of the un
known dX's and d V's

X is the matrix of unknowns (dX's and
dY's)

I\. is the matrix of constant terms (Kij).
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where

5=H51+5.+AB)
Z = (5(5 - 5,)(5 - 5,)(5 - AB))l/2.

(7)

where:

X' and Y' arc calibrated fiducial coordi
nates,
X and Yare computed fiducial coordi
nates from Step One, the a's, b's, c's and
d's are coefficients to be determined.

Note that in these observation equations,
the fiducial coordinates are held fixed to those
calculated in Step One. The only unknowns
therefore are the resid uals and dXp and d Yp .

The unknowns dXp and dYp are computed
using Equation 4, followed by the calcula
tions of the most probable coordinates X p

and Yp and their estimated standard devi
ations.

""ith a small computer Steps One and Two
are performed separately as just described. If
a larger compu ter is a "ailable, however, sta
tistically better results are obtained by com
bining the two steps, whereupon the fiducial
coordinates and all photo coordinates are ob
tained simultaneously in a single adjustment.

STEP THREE

I n this study the transformation presented
by Keller and Tewinke13 was used to shift the
origin of coordinates from fiducial A to the
principal point, to rotate the arbitrary co
ordinate axes into the fiducial axis system,
and to correct for any shrinkage and expan
sion. The following t\\·o equations apply:

X' = X + a, + b,X + Cl r + d,.'( Y

V' = V + a, + b.X + c21" + d,X Y

A pair of these equations are written for
each fiducial mark, yielding fOUl" X' equations
and four Y' equations. These equations are
solved for the coefficients which are subse
quently used to calculate con"ected and trans
formed X 1,' and Y1,' coordinates.

TEST RESULTS

This method of obtaining trilaterated photo
coordinates has been tested by using a glass

(6)

(5)

[X - X] [V - V]= ~__a dX + Po a dV .
(APc) p (APc) P

Upon calculating the unknowns, they are
applied to the initial approximations to ob
tain most probable values for the fiducial co
ordinates. Also the estimated standard devi
ations of the most probable fiducial coordi
nates may be calculated, and it is noteworthy
that the accuracy of the fiducial coordinates
is important since the subsequent calculation
of photo coordinates depends on them.

STEP TWO

Referri ng agai n to Figu re 1, P is a poi nt
whose coordinates X p and Yp are to be deter
mined. The distances from the fiducial marks
to the poin t P of 5 l, 52, 53 and 5, are ob
served. Wi th the coordinates of the fid ucials
known from the calculations of Step One, X p

and Yp may be calculated explicitly by using
only the 51 and 52 measurements. The fol
lowing equations apply:

As only two observations explici tly provide
X p and Yp , two redundant observations
remain and consequently the most probable
values of X p and Yp may be calculated
through a least-squares solu tion. Equations 5
provide X Po and Y po values to be used as
initial approximations in the solution. Four
observation equations are formulated by
again using prototype Equation 2. For illus
trative purposes, the observation equation
for 51 is:

TABLE J. CALCULATlO:-l o. FIDUCIAL COORDINATES IN AR131TRARY SYSTEM

Arbitrary Estimated Standard

Line
Aleasured Fiducial Coordinates (111m.) Deviations ("//1m.)

Length (117m.) Mark
.\ y .\ Y

AB 159.850 A 0.000 0.000 fixed fixed
BC 159.815 B 159.848 0.000 .005 fixed
CD 159.880 C 159.966 159.813 .008 .005
DA 159.880 D 0.088 159.878 .008 .005
AC 226.015
BD 226.115
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TABLE II. TRILATERATED PHOTO COORDDIATES

Final Transfor1lled
Estimated

lIJensured Distances (111.111.) Standard Devi-
Poi1lt

Coordinates (111111.) ations (111111.) Re1l1arks

S, S, S,
I

s. X V X
I

YI

1 189.89 100.47 59.36 171.65 71.892 -,n.818 .00-1- .003 PUG Mark
2 95.25 81.99 1-11 .70 149.72 -24.336 -34.699 .0Oi) .007 Panelled Point
3 57.71 105.49 17796 154.47 -62.644 -28.149 .004- .00.1 Panelled Point
4 82.62 103.48 145.48 131.40 -31.698 -14.491 .007 .007 Panelled Point
5 114.93 97.34 113.33 128.68 0.799 -15.6.12 .00-1- .004- PUG Mark
6 76.59 121.n 14-9.62 115.70 -36.521 3.257 .008 .008 Panelled Point
7 119.71 114.23 106.41 112.17 6.641 1.049 .004 .004 PUG Mark
8 156.08 134.70 72..,0 106.85 42.283 14.904- .005 .005 Panelled Point
9 9644 157.08 145.40 7582 -26.173 41.868 .007 .006 Panelled Point

scale and found to consi tently yield very
favorable results. Tables I and II list actual
sample results for one of the tests where Steps
One and Two were performed separately.
This test was performed on a diapositive hav
ing a side fiducial format. Figure 2 illustrates
the arbitrary axis system for side fiducials.
The final transformation step rotates this
arbitrary system into correct orientation.

Table I lists the data of Step One, that of
calculating the fiducial coordinates. In Table
I I data of teps Two and Three are tab
ulated, those of calculating and transforming
the photo coordinates. As is seen from the
tables, the a\'erage estimated standard de\'i
ations of the X and Y fIducial coordinates was
about six microns and the average estimated
standard deviations in X p and Yp was abou t
five microns.

The glass scale used to test the method was
purchased for sligh tly less than $200. rt is
320 millimeters long and precisely graduated
to the ten th of a milli meter. The scale is
viewed under magnification by means of
mO\'able lenses, one for each eye. This per
mits I'eadings to be accurately estimated to
the nearest hundredth of a millimeter. Glass
scales of this type are curren tly available
from at least one European and one American
manufacturer.

The measurements were taken with the
glass plate lying on a light table. This pro
cedure enhances the fidelity of the imagery
and enables more reliable measurements. The
measured lengths listed in Table I were taken
as the mean of two observations; those of
Table I I were each observed once. The total
measuring time for the number of points pre
sen ted in the sample test was approxi mately
a half hour. Computer time required was very
minimal.

The data of Table I and II was also used in
an adj ustmen t which simul taneously per
formed steps one and two. For this run the
average estimated standard deviation in X p

and Yp was just 5 microns. To further verify
the accuracy of the method, a second run for
the same points of Table II was made with a
second set of independen t measu remen ts. The
second run yielded photo coordinates which
agreed within an average of 5 microns with
those of Table I r. I t is to be noted that for
this utmost accuracy the image of poi n ts must
be clear and discrete; panelled points, PUG
or snap marks are excellent.

x
-r

FIG. 2. Side fiducial format.
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SUM~iARY

A method of obtaining photo coordinates
through least squares trilateration has been
presented. The method is only feasible when
used in conjunction with an electronic com
puter, but otherwise requires only simple and
inexpensi\'e apparatus. The method has been
tested using a simple glass scale and has
yielded a\'erage estimated standard devi
ations in the X and Y photo coordinates of
about fl\'e microns. The results of this method
do not equal those obtainable with precise
comparators, but the method does yield un
usually good results in relation to cost if an
electronic computer is available. Some signifi
cant advantages are held by this method
over other conventional low order procedures.

I t is expected to be of in terest to organizations
whose accuracy standards can be met with
this approach and/or whose budgets may not
permi t pu rchase of a precise com para tor.
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