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Triangulation with
Independent Models
Models can be formed either numerically or with an analog
instrument. They are then joined together to form a strip which
is adjusted to fit control by means of polynomials.

INTRODUCTION

T HIS TRfANGULATION procedure uses In
dependent models for creating a strip.

The method accepts models derived from
stereoinstru men ts, such as the 'vVild A8, as
well as models obtained numerically, where
the coordinates of the image points are mea
sured wi th the aid of mono- or stereocom
para tors.

A strip is said to be formed where all models
constituting it are uniformly scaled, identi
cally oriented, and are referred to a common

The triangulation process consists of two
major routines:

1. Formation of a model.
2. Connection of two consecutive models to each

other.

FORMA nON OF A MODEL,
NUMERfCAL SOLUTION.

Two photographs wi th an overlap area are
regarded to be orien ted and to form a model
if each pair of corresponding rays intersects if
the photographs are projected into a common

ABSTRACT: Strip triangulation is regarded as a connection procedure between
consecutive overlapping models. The models in turn can be formed either nu
merically or with an analog instrument. A method fo-r forming a model is demon
strated and the connection routine is described. Finally the triangulation is
demonstrated by a computed example. The results show that the final coordinates
obtained from comparator measurements have a high standard of accuracy and
are undoubtedly superior to those derived from a Wild A8. Nevertheless the re
sults obtained from the A8 strip are sufficiently accurate for mapping purposes,
and an instrument like the A8 can be used to advantage for triangulation pro
cedures.

reference frame. All these requirements can be
met by performing a spatial linear transfor
mation of coordinates which transforms each
consecutive model to the preceding one. The
essen tial transformation elemen ts are derived
from coordinates of points lying in the region
common to both models. The strip coordinate
system is chosen arbitrarily, its origin is
usually located in the projection cen tre of the
first photograph.

* This study was completed at the Institute for
Photogrammetry in Stockholm, Sweden. The
author is greatly indebted to Prof. B. Hallert for
placing at his disposal the necessary equipment
that was used in connection with the preparation
of this paper.

space. Because of physical restnctlOns im
posed by a variety of factors, the intersection
of all pairs of rays never occurs. Thus, from a
geometric point of view, the perfect model
can never be formed. Hence, we must always
accept some approxi mate model and accom
plish an orientation which is, in a certain
sense, the best one.

The problem of formi ng a model is named
relative orientation. This in turn is performed
with or without linear orientation elements.
Orientation elements always depend on the
coordinate system to which the model is
referred. It is always possible to choose a
reference frame in which the linear elements,
the base components, are equal to zero, and
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The auxiliary quantItIes V', V", W" and C
are defined by the expressions:

(1.7)

(1.4)

(1.3)
(X/') = Ai/'X/'.

V' = XI' cos ai' - X 2' sin aI'

V" = X I" COS 0'1" - )(2" sin en"

1¥" = Xl" sin a/' + X 2" cos 0'1"

The coordinates to be inserted in the co
planarity condition (1.1) are found from the
transformations:

(X;') = A./X,'

Expressions 1.3 can be expanded in a series,
linear with respect to the orientation angles:

(X,.') = iL;'X;' + dA.;' X/

= eX;,) + dA./X/

(X;") = A;/'X/' + dA./'X;"

= ex.") + dA./'X;".

(X,)
C = (.t") .

All coordinates on the right hand side of
Expressions 1.6 and 1.7 refer to an orien tation
point i, and should have been subscripted by

Substituting Expressions 1.4 into the Con
di tion 1.1 resul ts in a system of linear equa
tions:

eX'l ') ". " ." ". ")bi3 = - -=--(V Slna, + W cos a, S1l1a,
(X /') (1.6)

Pi = bi;X; (i = 1, n j = 1, 5). (1.5)

Pi is the discrepancy in the intersection con
dition, bi; is a coefficient matrix with dimen
sions nXS, and X; is the vector of the un
knowns to be solved. The coefficients b.; are
functions of the measured coordinates, ap
proximately transformed coordinates (X;'),
(X;"), and the ini tial angular orien tation ele
ments around which the matrixes A;;' and
A;;" are expanded in series:

, C?,')(X,"). ,
bi! = V + _ S1l1 a,

(X,")

C?,") (X I')
bi2 = - ----'--'-

(X,")

A i; are the matrixes defined by (1.2) and
X/, X/' are the measured image coordinates.
For the left hand photograph the matrix Ai;
is obtained from Equations 1.2 by assuming
a3' =0.

solve an orientation which depends on an
gular elements only.

The formation of a model is done i tera
tiyely. topping the process is regulated by a
criterion which has to indicate that the
elements found assume their final yalues and
cannot be impro\'ed by further iteration
steps. The cri terion applied here is the mean
square value of the discrepancies which come
forth from the intersection condition. After
each iteration step this mean is compu t d and
compared \\'ith that obtained from tI pre
ceding iteration step. As long as this value
decreases signiftcan tly the process is ei ter
ated. Besides, the criterion is checked gainst
a maximum tolerable value which var es ac
cording to the photo-material used.

The solution of the orientation is
upon the coplanarity condition of corre
ing rays. This condition is expressed
known formula:

al denotes the K-rotation, a, denotes the ~

rotation and a3 the w-rotation.

031 = COS 0'3 sin £:t2 cos en - sin cq sin 0'1

032 = - COS 0'3 sin 0'2 sin al - sin 0'3 COS 0'1

033 = COS 0'3 COS at_

Q'I = sin a3 sin a, cos a, + cos a3 sin a,

Q" = - sin a3 sin a, sin al + cos a3 cos a, (1.2)

Q23 = sin 0'3 cos a:!

(III = cos a2 cos aJ

Q12 = - cos O'::! sin 0'1

GIJ = - sin 0'2

(X,') (X,")
--=--.
(X,') (X 3")

The coordinates (Xi) are defined accor ing to
Figure 1. The notation introduced i con
yenien t for program mi ng pu rposes and s used
throughout the paper. All coordinat sand
orientation elements are written as sub
scripted yariables. The quan ti ties referred ta
the left hand photograph are denoted by a
prime index, those referred to the right hand
photograph by a double-prime index.

The quantities in the brackets are co
ordinates transformed from the rotated phos
tographs to two parallel reference system
with a common (X,)-axis which coincides
with the projection base. Both of the origins
are located in the respective projection
cen ters. The transformation uses a eq uence
of rotations similar to that used in the 'Wild
Autographs and its matrix consists of the
following elements:
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the index i. In order to simplify the nolation
this index has been omitted.

The discrepancies Pi are defined by:

P, = (x/), - C(X,"),. (1.8)

The evaluation of the coefficients bi; and dis
crepancies P.i requires a set of values for the
orien ta tion elemen ts. The first iteration as
su mes all elemen ts to be eq ual to zero. Each
following step uses the elemen ts obtained
from the preceding one.

Equations l.S provide a normal equation
system from which corrections to the assumed
orien tation are solved. These added to the
previous angles establish a new set of orien ta
tion elemen ts and a new iteration step is
taken if the criterion so requires. It should be
noted that the transformation matrixes
formed by a set of orientation elements are
always applied to the originally measured
image coordinates X/, X/'.

The orientation elements found from the
fi nal itera tion are used now to com pu te
model coordinates. First the measured co
ordinates are transformed by the Matrix 1.2,
thereafter model coordinates are computed
from the formulas:

XU
3

= (X,') (X 3")

(X,')(X/') _ (X/')(X,') B

.. (X.').
AM j = ---X.lf3 (1.0)

(X,')

(
X') (Y"»)XJf2 = 0.5 __2__ + _'_2- XU

3
(X,') (X/')

As the discrepancies due to the intersection
condition are unavoidable, the X M 2 coordi
nate is determined as a mean of two values
one resulting from the left hand photograpl~
and the other from the right hand photo
graph. The base B is chosen arbitrarily. It
can assume a constant value for all models.

FIG.!. The definition of the
model coordinate system.

CON:-IECTlON PROCED RE A:-ID

FOIUIATIO:-,r OF A STRIP

The transformation procedure by means of
which two con-ecuti\'e models are connected
to each other is based on points common to
both models. rn what follows, the model to be
connected is denoted the new model, and that
to which it is connected is called the preceding
model. Each common point has two sets of
coordinates, one referred to the system of the
new model and the other related to the strip
system. The origi n of the new model is lo
cated in the left projection cen tel', the pro
jection cen tel' of the common photograph. To
facilitate the solution of the transformation
sought, the strip coordinates of the transfer
poin ts have to be translated to the same
origin. For this reason the strip coordinates of
the above mentioned projection center have
to be known. I n the first model these co
ordinates are equal to B, 0, O. The strip co
ordinates of other projection centers are de
termined during the connection procedure.

The transformation by means of which the
new model is transformed can be wri tten as:

XC, = Xl', +SA 'jAMj (i = 1,3 j = 1,3) (2.1)

where XCi are the temporarily translated
coordinates of the preceding model, X ill;
denote the coordinates of the new model, XT i

is an addi tional translation and S is a scale
factor. The system of equations resulting
from Expression 2.1 is not linear with respect
to the unknown elements of Ai;. Supposing
that an approxi mate solu tion exists for the
unknowns, Expression 2.1 can be linearized as
follows:

XC, = 5A'jX.If; + Xl', + dSA,jX.lvTj
+ SdA'jXAIj . (2.2)

All quantities resulting from the approximate
solu tion are denoted wi th a bar. The seq uence
of rotations applied here is identical with that
used in the orientation process, hence the
matrix A ij in Equations 2.1 and 2.2 is iden
tical with the matrix given by Equations 1.2.
Indroducing an auxiliary vector X.I i=

AijXJI; into Formula 2.2 yields:

XC, - 5Xo4, = Xl', + dSXo4, + 5dA"XJI1 j . (2.3)

According to Equation 2.3 each common
point provides three equations:

(2.4)

+XA,dSXC, -5Xo4 , = XT ,

+ Cll)" + C12)'2 + C13)'3

XC2 -5Xo4 2 = XT2 +XA 2dS

+ C21)" + C22)'2 + C23)'J

XC3 - 5XA 3 = XT3 + XA 3dS

+ C3I)'1 + C32)'2 + C33Y3.

(Xi)

(X'])

(X,)

p'

Xj)

O'
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(2.5)

(3.1)

(2.7)
ijl.'!. = {:3i-1.2 + ai-I.'/' - Cii./.

XM, = (X.\f" - 200.00 + B/4)· 2

XM, = (X.\f" - 200.00)·2.

The expressions on the right-hand side of
Equation 3.1 are multiplied by 2 in order to
obtain the coordinates in the correct units.
The subscript r stands for the recorded value.

MODELS EVALUATED IN

THE AUTOGRAPH A8

Model coordinates determined in the Auto
graph A8 relate to a reference system which
differs from the model system defined pre
viously. Firstly, the origi n of the recorded
coordinates does not lie in the left projection
cen ter of the model, and secondly, the posi
ti"e direction of the observed height differ
ences is upwards, whereas the positive direc
tion of the calculated X i\I3 coordinate in the
model system used before, is downwards. To
allow for these differences two measures have
to be taken: (1) the coordinates of the left
projection center must be determined in the
reference system of the Autograph projection
plane, and (2) the direction of the measured
heights must be reversed.

The primary axis of the instrument that
coincides with the projection base is defined
in the projection plane by the equation
X lVI, = 200.00, where X lVI2 is read on the ap
propriate scale (according to the notation
used, X NI2 is equi valen t to Y). As the pri
mary axis passes through the projection cen
ter, the X lVI2-coordinate of this point is al
ready known. The X jl{,-coordinate of the left
projection center is defi ned by: X NIl = 200.00
-B/4. B is the length of the base as read on the
base scale. I t is divided by 4 because the
scales in the projection plane are subdivided
into two-centimeter intervals. All plane co
ordinates read can be translated now to the
left cen ter of projection:

The index i refers to the new model, and Cl

represents the relative orientation angles in
question. Approximate "alues for {3, and for
the scale factor S are easily derived from a
linear transformation of plane coordinates of
two points lying in the common region.

The connection procedure described re
gards the coordinates of all points as equally
weigh ted. I t is a known fact that the error
propagation due to rclativc orien tation causes
different errors at various model points.
Nevertheless these weight variations have
been neglected. I t can be shown that neglect
ing these variations is farily justified.

Vand TV are auxiliary quantities defined by:

V = XIII, cos {3, - XM, sin {3,

W = XM, sin {3, + XM, cos {3,.

The angles {3i denote the three rotations of the
model: {3, == K, {3, == cP, {33 == [I, and Yi the angl ula r
corrections to be solved for. Executing the
iteration process for solving the transforma
tion unknowns is similar to performing rela
tive orientation and need not be described
again.

\Vith the aid of the solved unknowns, the
coordinates of the new model are transformed
to the trip system. The transformation in
cludes also the vector that represents the base
of the new model. I ts com ponen ts in the new
model are: B, 0, 0 and its transformed com
ponents are given by:

XO, = SB cos fJ, cos fJ, + XT,

XO, = SB(cos (31 sin (3, sin (33 - sin (3, cos (3,)

+X~ ~·0

XO, = SB(cos (3, sin (3, cos (3, - sin (3, sin (33)

+XT3•

Adding the values XO, to the known strip
coordinates of the left-hand side projection
center provides strip coordinates for the right
hand side projection cen ter of the connected
model.

Proceeding in the above manner, a chain of
transformations can be carried out along the
strip successively until all models are con
nected into one system.

rterating the connection of two models
i-l, i is speeded up if appropriate initial values
are assumed for the unknowns. I t is obvious
that the photograph common to both models
must assume a spatial position in the trans
formed model, which differs only slightly from
that it had in the preceding model. Therefore
suitable approximate values to start the
iteration process can be obtained from the
relations:

The coefficients C,j are obtained frol11 the nell'
model coordinates and approximate conncc
tion elements:

c" = - 5W cos {3,
c" = - 5(V sin {3, + X.\I" cos (3,)

c,,, = a
c" = 5(V cos {33 - W sin fJ3 sin (3,)

c" =5XA, sin{3"
c,,, = 5XA 3

C:ll = - 5(V sin {3:J + W cos {3" sin (3,)

c", = 5X A , cos {3"
C,,, = - 5X A,.
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The X M 3-coordinate is handled similarly.
To read it in millimeters one should use the
height scale 1: 10,000. After inserting this
glass scale a reference reading is taken, so that
a simple integral number on the scale coin
cides with a number on the scale attached to
the vertical colu mn. I t may be convenien t to
choose the reading Z = 300. Thereafter the
XM"3-coordinate in the model, which in
creases from the base downwards, is deter
mined as follows:

Z'n denotes the chosen reading on the vertical
column, and fir is the difference between the
two readings on the height scale, the dif
ference between the height reading of the
point in question and the reference reading
which conforms to Zin.

The proced ure to relate the observed co
ordinates of model points to a system with the
origin in the left projection center uses data
supplied by the Autograph itself. If one does
not rely on these data he can check them by
a proper calibration of the instrument.

Each model should provide the following
information: spatial coordinates of at least
six points; the length of the base and the
orien ta tion elemen ts 01.2', 01./', 01.3" (eq uivalen l
to ¢', ¢", w"). The orientation elements are
needed to establish a set of initial values for
the connection of two consecutive models.

Further processing of the data and the strip
formation is identical with that described in
the previous section.

RESULTS OF TESTS

The preceding sections gi\'e a general out
line of the computation method and demon
strate the geometrical model on which the
triangulation is based. But the actual photo
graph deviates from its mathematical de
scription and for this reason it becomes neces
sary to allow for such deviations as far as
possible. Consequently, the triangulation
procedure contains additional routines which
correct the measured image coordinates of
each point before the orientation procedure is
brought into action. The routines mentioned
are corrections for radial distortion and film
shrinkage. Film shrinkage is eliminated to
some extent by a linear transformation of the
measured coordinates to a set of given data of
fid ucial marks.

The orientation method used does not
make any assumptions as to the number and
location of orientation points, size of orienta
tion angles and character of terrain. Con
vergence of the iteration process is rapid,

XJF:, = Zin - t3.r. (3.2)

models with moderate tilts up to 5 degrees are
oriented after three iterations, for models
with tilts of the order of magnitude of 20
degrees, fi\'e iterations are required.

Connecting the models uses all common
points located in the overlap area; however
three common points are sufficient. Practice
shows that a larger number of points does not
necessarily improve the solution. The con
nection procedure uses redundant observa
tions. This in turn entails two sets of co
ordinates for each common point, one in the
preceding model the other in the new model.
For strip triangulation the final coordinates of
each connection point are obtained by aver
aging the two sets. In case of block triangula
tion another approach may be necessary. The
accuracy of the connection procedure can be
estimated from the coordinate differences and
expressed by the mean-square difference.
Such an estimate has been computed from
differences in 24 connected models. The mean
square difference in plane coordinates was
0.01 mm in photography scale, the respective
figure for heights was 0.02 mm. Figure 2 is a
histogram that shows the distribution of the
differences. I t is worth noting that the dis
tribution of the height differences tends to be
rectangular.

Until now triangulation is regarded as a
procedure which generates spatial coordinates
for a number of points related to an arbitrary
coordinate system. If these points are to be
used for mapping purposes as a basis for
orienting the individual models the manifold
of strip coordinates has to be transformed to
the system to which the mapped object is
referred.

Due to unavoidable error accumulation the
strip becomes deformed. Various methods are
applied to allow for such deformations, most
of which utilize control points lying in the
middle and the edges of the strip. The tri
angulation reported here uses a second degree
correction polynomial constructed on the
basis of nine points uniformly distributed
along the strip.

In order to compare the validity of the
connection procedure the same strip has been
measured both in the Wild stereocomparator
and in the Au tograph A8. The scale of pho
tography was 1: 17,000 and the strip consisted
of eight models. In addition to those used for
establishing the correction polynomial, 36
control points were available. After trans
forming the strip to the ground system and
correcting the coordinates, residual errors
were computed for all points. The residuals
enable one to estimate the accuracy of the
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FIG. 2. Histograms showing the distribution of the differences. Plane (horizontal)
coordinates are shown on the left, and heights on the right.

final coordinates. Table 1 summarizes the re
sults. Columns Y" ry , r, indicate the number of
residuals in each class.

It is also of interest to compare the final
coordinates of the new points evaluated in the
comparator strip and in the A8 strip. As one
and the same strip was triangulated in both

TABLE 1. RESIDUAL ERRORS IN CONTROL POINTS

Residuals

Class of residual, Comparator A8
em.

v. vy v. v. vy v.

-45 -35 I 2
-35 -25 1 2 3 1
-25 -15 -l 5 3 3 -l
-15 - 5 7 7 7 8 2 7
- 5 5 21 19 9 10 9 9

5 IS 8 1 6 5 8 3
15 25 3 5 5 8 6
25 35 1 2 2 5 2
35 -l5 2

Mean square S.x;= 7 cm. sx=15cm.

residuals Sy= II elll. Sy= 19 cm.
s.= IS cm. s.=22 cm.

Extreme ex =-15cm. ex = 33 cm.
residuals

I
ey=-28cm. eJ/= -43 cm.
e,= -31 cm. r,,= -44 Clll.

instruments the transfer points used were
identical in both cases. The differences be
tween the coordinates of these points can be
represented by the following figures; mean
square difference in x-coordinates 17 cm., in
y-coordinates 19 cm. and in heights 25 cm.
The largest difference was 29 cm in x, 34 cm. in
y, and 45 cm. in height.

S l'~I)IAR \'

Strip triangulation is conceived as a
connection procedure bet\\'een consecuti\'e
models with an O\'erlap area. The models in
turn can be formed numerically or mechanic
ally, with the aid of analog instruments. The
paper demonstrates a method to form a model
and describes the connection routine between
models. Finally the triangulation is demon
strated by a computed example. The results
show that the final coordinates obtained from
comparator measurements have a high stan
dard of accuracy and are undoubtedly su
perior to those derived from Autograph A8
models. N e\'ertheless the coordinates ob
tained from the Autograph strip are suffi
ciently accurate for mapping purposes, and an
instrument like the A8 can be used to advan
tage for triangulation procedures.
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