
DR. PAUL R. WOLF*

University of Wisconsin

Madison, Wis. 53706

Independent-Model Triangulation
The Balplex 760 plotter demonstrated remarkable accuracy capability:
H/6,OOO horizontally and H/2,700 vertically.

IKTRODUCTIOK

I K RECENT YEARS a considerable gain has
been made in the popularity of the In­

dependent-Modelt method for photogram­
metric control extension. This popularity
growth may be attributed primarily to several
significant advantages that the method holds
over control extension by fully analytic or
stereo-bridgi ng techniq ues. t Because of its de­
pendence on the digital computer, the cur­
rent popularity of the Independent Model
method is also a direct resul t of the develop­
ment of the computer.

A number of recently published research
papers have dealt with the subject of accuracy
of control extension by the method of Inde­
pendent Models (References1,2.3,4.5). These
studies have generally involved the use of
high-order stereoscopic plotters having opti­
calor mechanical projection systems and
binocular viewing systems. The results of
these studies have indicated that control ex­
tension by the method of Independent Models
yields accuracy in computed coordinates as
good as, or slightly better than, stereo-bridg­
ing and it yields accuracy only slightly in-

ABSTRACT: A Balplex 760 plotter was studied as an instrument for independent
model aerotriangulation to determine horizontal and vertical accuracy. The
test consisted of the triangulation of a strip of nine photographs having a dense
network of control. The results were compared to those obtained with a Wild A-5
plotter used both as a strip-bridging instrument and also as an independent­
model instrument. The Balplex root-mean-square errors in planimetry and
height were 1/6,000 and 1/2,700 of the flying height, respectively. Two different
schemes were used to determine the coordinates of the perspective centers: a grid­
plate and a two-point method.

I n comparing the two basic analogic con­
trol extension procedures, one of the impor­
tant advantages of the independent-model
method is that the base-in base-out capability
of the plotting instrument is not required as it
is with stereo-bridging. Double-projection, di­
rect-viewing stereoscopic plotters, if equipped
for digital read-out of X, Y and Z model
coordinates, are therefore capable of being
employed in I ndependent Model Aerotriangu­
lation.

* Presented at the Annual Convention of the
American Society of Photogrammetry, Washing­
ton, D. C. March 1970. Formerly at University of
California, Berkeley.

t Some authors refer to the method of Inde­
pendent Models as Semi-Analytical Aerotri­
angulation.

t The term stereo-bridging as used herein denotes
continuous-strip stereotriangulation by means of a
base-in base-out instrument and includes the
absolute orientation phase.

ferior to fully analytic procedures.
Double-projection, direct-viewing stereo­

scopic plotters, with few exceptions,6 have
been utilized as compilation instruments al­
most exclusively up to this point and have
generally been omitted from consideration in
published independent model accuracy stud­
ies. These plotters are, however, less expen­
sive and owned in much greater abundance
by mapping firms than optical- or mechanical­
projection, binocular-viewing instruments.
And it seems plausible that by employing
independent-model procedures, these compi­
lation instruments can be used on many proj­
ects for control extension in addition to map
compilation. In view of these considerations,
justification seems to exist for a published
account of an accuracy study involving the
use of a double-projection, direct-viewing
stereoscopic plotter.
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FIG. 2. Control used in strip adjustment.
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In order to provide a basis for comparing
the accuracy of independent-model aero­
triangulation with the Balplex plotter, the
strip was first stereo-bridged using a Wild
Autograph A-5. The A-5 was completely re­
built and calibrated in 1965 and may be con­
sidered to be a first-order instrumen t. Next
the strip was triangulated using the A-5 and
the method of independent models. Finally
the Balplex was utilized in performing the
triangulation by the method of independent
models. In each of these three instances,
model coordinates of all ground control points
were read. Using only a nominal amount of
ground control to transform and adjust the
strip, the balance of control was available for
evaluating the accuracies of the computed
coordinates.

The Balplex was equipped with a Corado­
graph coordinatograph which was capable of
readings in X and Y to the nearest 0.0005
inch. Vertical model coordinates were read
directly from the tracing table to the nearest
0.01 millimeter. The A-5 model coordinates
were taken directly from the instrument, the
least gradation being 0.01 millimeter.

I n this study two differen t methods were
used in determining the coordinates of the
perspective centers and these are discussed
subsequently. The strip formation was per­
formed using the method of Schut,7 and the
method of Keller and Tewinkel 8 was used to
perform the strip transformation and ad­
justment.

With the abundance of horizontal and ver­
tical control available in the strip, many dif­
ferent control combinations existed with
which to transform the strip coordinates to
ground. Several control combinations were
used in performing the adjustment, and of
course as would be expected, the greater the
density of control used, the better the ac­
curacy in the computed coordinates of points.
The control combination that was selected
for purposes of reporting accuracies in this
paper, as shown in Figure 2, consisted of
nine vertical and seven horizontal points.

• Ground Z Known Only

... Ground X, Y and Z Known

• Ground X and Y Known Only

A.. Horuonfol Con/rol Us~d /0
fA Adjust lhe Strip

CAPITULATION OF THE METHOD OF

INDEPENDENT MODELS

In brief, the method of independent-model
aerotriangulation as applied to strips con­
sists of the following basic steps:

• Relative orientation in the stereoscopic plotter
of each of the stereo pairs of the strip and
readout of the X, Y and Z model coordinates
of all control points and pass points of each of
the models; the coordinate system being
arbitrary and unique for each independent
model. The first three consecutive independent
models of a strip are depicted in Figure 1.

• Determination of the X, Y and Z model coor­
dinates of the perspective centers (shown as L
and R on Figu re 1) of the projectors in the
arbitrary model coordinate systems.

• Strip formation consisting of the application of
three-dimensional coordinate transformations
which relate the coordinate systems of each
successive model to the arbitrary coordinate
system of the first model.

• Transformation and adjustment of the ar­
bitrary strip coordinates to the g-rOUl1d coor­
dinate system.

This paper summarizes the findings of an
accuracy study in three dimensional control
extension utilizing a Balplex 760(ER-55)
plotter and the method of independen t­
model aerotriangulation. Some additional
studies in perspective-cen ter coordinate de­
termination were conducted and are also dis­
cussed herein.

FIG. 1. Independent-model
aerotriangulation.

I

DESCRIPTION OF THE ACCURACY TEST

A strip of nine photographs taken in the
vicinity of the Sequoia National Park in
California served as the basis for this ac­
curacy test. The strip contained 42 panelled
control points, 41 of which were controlled
vertically and 35 of which were controlled
horizontally. Figure 2 indicates the distribu­
tion of con trol in the strip and also shows the
control that was used to adjust the strip. The
camera used was a Zeiss RMK A 15/23 and
the flying heigh t was approximately 6,000
feet above average terrain. The range in re­
lief in the strip was in excess of 500 feet.
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TABLE 1. AVERAGE ERRORS I PHOTOGRAMMETRIC CONTROL EXTENSION

Average Errors in Feet (H = 6,000')

In Control Used
for AdjustmentMethod

X
(a)

A-S Bridging 0.8
A-S Ind. Models 0.6
Balplex Jnd. Mod. 1.2

y
(b)

0.6
0.6
1.0

Z
(e)

0.6
0.9
0.9

In Control Not Used
In All Control for Adjustment

X y Z X Y Z
(d) (e) (f) (g) (h) (i)

0.9 0.7 0.9 0.9 0.7 1.0
0.7 0.6 0.9 0.7 0.6 1.0
0.9 0.9 1.7 0.9 0.9 1.9

Several different combinations of nine verti­
cal and seven horizontal control points were
used and each yielded essentially the same
results. Both the horizontal and vertical
strip adjustments were performed using the
third degree option of the aforementioned
strip adjustment method.

TEST RESULTS

The accuracies of the three separate aero­
triangulations are summarized in Tables 1
:lnd 2. In Table 1 average errors in feet in the
computed X, Yand Z ground coordinates are
listed. The average errors are the means of
the absolute values of the discrepancies be­
tween control coordinates and computed
coordinates. In columns a, band c are listed
average errors for only those control points
used to adjust the strip. Columns d, e and f
list average errors for all control, including
that used to adjust the strip. Finally columns
g, hand i list average errors for only the con­
trol which is in excess of that used to adjust
the strip. This latter average error is most
revealing and should be of primary interest,
because in aerotriangulation projects these
points exclusive of the control used in strip
adj ustment are the unknowns that are sough t.

Table 2 lists root-mean-square errors 111

feet in the computed X, Y and Z ground

coordinates. In col umns a, band c are the
rms errors for only that control used to ad­
just the strip. Columns d, e and f list the fms
errors for all control and columns g, hand i
contain the fms errors for only the excess
con trol.

The resul ts of this one test, of course,
could not be considered conclusive enough to
enable the drawing of firm conclusions. How­
ever, this test does indicate the following:

* The methods of stereo-bridging and inde­
pendent models yield approximately the same
accuracy which is in agreement with published
findings of others.

* Both methods yield higher accuracy in
planimetric coordinates than in the Z-coor­
dinate which of course is expected.

* Although the first-order plotter yields the
higher accuracy of the two instruments, the
Balplex shows a capability for quite remark­
able accuracy.

Considering columns g, hand i of Table 1,
it is seen that the average error with the
Balplex was approximately 1/6,700 of the
flying height for computed planimetric co­
ordinates and approximately 1/3,100 of the
flying height for computed vertical coordi­
nates. In Table 2, columns g, hand i indicate
that with the Balplex, root-mean-square er­
rors 111 computed planimetric coordinates
were approximately 1/6,000 and 1/2,700

TABLE 2. ROOT-MEAN-SQUARE ERRORS IN PHOTOGRAMMETRIC CONTROL EXTENSION

Root Mean Square Errors in Feet (H = 6,000')

In Control Used
In All Control

In Control Not Used
Method for Adjustment for Adjustment

X y Z X Y Z X Y Z
(a) (b) (e) (d) (e) (f) (g) (h) (i)

A-S Bridging 1.1 0.8 0.8 1.1 0.8 1.1 1.1 0.8 1.2
A-S Ind. Models 0.7 0.7 1.2 0.9 0.8 1.2 0.9 0.8 1.2
Balplex Ind. Mod. 1.0 1.0 1.0 1.1 1.1 2.0 1.0 1.0 2.2
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FIC. 3. Grid-plate method for determining the coordinates of the perspective center.
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of the flying height, respectively. From these
results it seems evident that double-projec­
tion, direct-viewing plotters are capable of
satisfactory accuracy in control extension for
many mapping projects. For certain compila­
tion projects where the full C-factor ca­
pability of the Balplex is to be utilized, this
vertical control accuracy must be considered
borderline.

DETERMIN AnON OF PERSPECTIVE

CENTER COORDINATES

As a part of this study, two different
methods for determining perspective center
coordinates were investigated. The first
method, illustrated in Figure 3, was used on
both the A-S and Bal plex and consisted of
using a precise grid plate.' I n this method, the
grid plate was inserted into each projector
and the X, Y, and Z model coordinates were
monocularily read for a number of grid inter­
sections. Treating the projector principal dis­
tance as analogous to the camera focal length,
and considering the precise coordinates of the
grid intersections and their respective model
coordinates as analogous to photo coordi­
nates and ground control coordinates respec­
tively, the space resection problem was
solved. The basic and well known collineari ty
equations which are solved in the resection are
given in Figure 3. The solution provided the
X, Y and Z coordinates of the perspective
centers in the model system and in addition
it yielded the orientation angleE. A minimum
of three intersections must be read for a

solution, but the four corner points are recom­
mended as a practical minimum. A greater
number of redundant readings provides sta­
tistically improved results.

The second method for the coordinates of
the perspective center, depicted in Figure 4,
did not require a grid plate but rather it
utilized the diapoEitives of the models them­
selves. 9 The method consisted of monocu­
larily reading the X and Y model coordinateE
of random image points at two or more dif­
ferent Z settings which were as widely spaced
as possible. The two-point form of the equa­
tion for a straight line, given in Figure 4,
was then applied to calculate the perspective
center coordinates.

In the two-point equation, XL, YL and
ZL are the model coordinates of the perspec­
tive center, Xl, YI and Zl are the model co­
ordinates at the first Z setting, and X 2, Y2

and Z2 are the model coordinates at the sec­
ond Z setting. A minimum of two different
points each read at two Z settings is required
for a solution; however, four corner points
are again recommended as a practical min­
imum and more redundancy improves the
resul ts.

Both methods have advantages and dis­
advantages. In the two-point method an ex­
pensive precise grid plate is not needed and
furthermore the added operation of placing
the grid plate in the projectors is eliminated.
The data processing with the two-point
method is somewhat simplified also, as grid­
plate coordinates need not be introduced into
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FIG. 4. Two-point method for determining the coordinates of the perspective center.

the system. In addition, errors due to faulty
centering of the grid plate are not introduced.
With the A-S plotter, the standard devia­
tions in X and Y for ten grid-plate centering
tests was about ± 10 microns at the nine­
inch photo scale. A similar test with the
Balplex yielded standard deviations of about
±50 microns at the nine-inch photo scale.

In the grid-plate method, all model co­
ordinates of grid intersections may be read at
one Z-setting, thereby reducing the reading
time and effort considerably. In addition,
fewer readings are needed to obtain standard
deviations in the perspective center coordi­
nates that are equivalent to the standard
deviations obtained by the two-point method.
Also, a large range in Z of the plotter is not
necessary for the grid plate method as is the
case with the two-point method.

Both of these methods were utilized with
the A-S plotter and both yielded satisfactory
resul ts. Only the grid-plate method was used
with the Balplex, however, because its Z
range, limited mechanically by the screw on
the tracing table, is only six inches, or about
l/Sth of the optimum projection distance.
The two-point method of perspective center
determination was used in obtaining the A-S
independent-model results which are included
within Tables 1 and 2.

Tests were performed to ascertain the rela­
tive precisions of the two methods of per­
spective-center coordinate computation. In
these tests, many different perspective-center
determinations were made using both
methods, with variations in the number of

points read. Care was exercised to retain
geometically strong point configurations as
the number of points used was reduced. From
these determinations, the curves of Figure 5
were prepared. Figure SeA) indicates the
standard deviations obtained through many
grid-plate determinations of perspective cen­
ter coordinates using the A-S plotter. The
curve is a plot of the number of grid-plate
intersections read on the abscissa, versus
standard deviations in the computed per­
spective-center coordinates on the ordinate.
The standard deviations are given in microns
at the nine-inch photo size. The errors of
centering the grid plate is not included in the
X and Yvalues.

Figure S(B) is a plot of standard deviations
ob tai ned wi th the two-poin t method and the
A-S. In this figure the number of images read
at two Z settings is on the abscissa and the
ordinate is the same as that of Figure SeA).
Figure S(C) is a plot of the same information
as Figure SeA), except that it applies to the
Balplex. Ordinate values are again given at
nine-inch photo size for comparative pur­
poses.

From a study of the grid-plate curves of
Figure SeA) and 5(C), one may conclude
that very little precision is gained by reading
more than about ten grid intersections. Sim­
ilarily from the two-point curves of Figure
5(B), ten image points also seem to be about
optimum; however, it is to be noted that this
represents a total of 20 readings. A further
study of these curves indicates that the grid­
plate method yields smaller standard devia-
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lions in the Z coordinate than in X and Y.
Interestingly, the reverse is true with the two­
point method. In addition, it is noted that
the standard deviations of the Z coordinate,
as determined by the grid plate method, are
smaller than those obtained for Z by the two­
point method. Again the reverse is true for
thp, ~ and Y coordinates.

This latter observation lead to further
study into the sensitivity of the computed
pass point coordinates to each of the X, Y
and Z coordinates of the perspective centers.
Although perfect, fictitious, independent
models would seem to be the preferred ap­
proach in this investigation, this study was
performed using the Wild A-S data from the
same strip of photos. Perturbations were de­
liberately introduced into each of the X, Y
and Z perspective-center coordinates by
amounts approximately equal to the standard
deviations of those coordinates. The degrada­
tion in computed coordinates as a result of
these perturbations were then observed. On
the basis of these tests the following qualita­
tive conclusions could be drawn.

• X-perturbation caused practically no notice­
able degradation in computed X or Y ground
coordinates. There was, however, a slight
degradation in the computed Z coordinates of
points.

• Y-perturbation caused practically no notice­
able deterioration in any computed ground
coordinates.

• Z-perturbation caused no noticeable de­
terioration in the computed Z coordinates of
points. There was a slight deterioration in X,
and a slightly more noticeable degradation in
the computed Y, ground coordinates.

On the basis of these tests alone it is diffi­
cuI t to reach a decision as to the preferable
method of perspective-center determination.
It seems that the grid-plate method, with its
higher standard deviation in X, will cause a
slightly higher degradation in computed Z
ground coordinates. On the other hand, it
seems that the two-point method, with its
higher standard deviation in Z, will cause a
slightly higher degradation in computed X
and Y ground coordinates. It is this author's
opinion that either method, if carefully per­
formed using approximately ten points, will
yield highly satisfactory resul ts in indepen­
dent-model aerotriangulation. Further re­
Eearch in this area would be valuable, ho\\"­
ever.

SUMMARY

An investigation was made to determine
the accuracy of horizontal and vertical con­
trol extension employing a double-projection
direct-viewing stereoscopic plotter and the
methods of independent-model aerotriangula­
tion. In particular, the study featured a Bal­
plex 760 plotter whose optimum model scale
is equivalent to S X enlargement from the 9­
inch photo scale. The test consisted of the
triangulation of a strip of nine photos dense
in ground control. To form a basis for ac­
curacy comparison, the strip was also triangu­
lated using a first-order Wild A-S plotter. The
results indicated that, although the first­
order instrument yielded superior accuracy,
the Balplex demonstrated quite remarkable
accuracy capability. The Balplex root-mean­
square errors in the planimetric and vertical
coordinates of the extended control were ap­
proximately 1/6,000 and 1/2,700 of the flying
height, respectively. Although a single test is
not sufficient to enable drawing firm conclu­
sions, it does indicate that control extension
to satisfactory accuracy using double-projec­
tion direct-viewing plotters may be feasible
for many mapping projects.

A further phase of this study has indicated
that with a plotter having a substantial range
in Z, perspective-center coordinates may be
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FIG. 5. Standard deviations versus
number of points observed.
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determined to satisfactory accuracy by em­
ploying either a grid-plate or a two-point
method. No definite preference in methods
could be established, although both methods
possess certain advantages and disadvan­
tages. With either method, the optimum num­
ber of points that should be read seemed to be
approximately ten; the practical minimum is
four corner points. If care is exercised, either
method should yield highly satisfactory re­
sults in independent-model aerotriangulation.

Although this project was conducted with­
out the aid of encoders for automatic, direct­
recording of model coordinates, such equip­
ment is definitely recommended for utmost
efficiency in independent-model aerotriangu­
lation.
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