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Considerations include the separation of measurement error
from film deformation using systematic trend statistics,
immaterial transformations, and orthogonal polynomials.

INTRODUCTION

F ALL THE research necessary for the im-
O provement of photogrammetric meth-
ods of measurement, the investigation of film
deformation is most elemental—elemental in
the sense of being amenable to strict experi-
mental and data reduction controls. It is the
purpose of this paper to outline considerations
to be used for reducing the measurements ob-
tained in film deformation studies. These con-
siderations were brought to light through a

tor is not particularly interested in the exact
amount of deformation for each area of each
and every piece of film; it is more usual that
the interest is in guaranteeing that the film,
in general, conforms to certain pre-selected
criteria, In this sense the third objective, De-
termination of Corrections to be Applied to
Photogrammetric Images, differs from the
first two. For in the third objective one wants
to know not only that the film deformation
does not exceed a given magnitude, but also

ABSTRACT: In some of the previous studies of film deformation litile or no dis-
tinction had been made between those residual image coordinate errors that were
due the measuring process from those that were strictly deformational. Data from
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trends, immalerial transformations and orthogonal polynomials are considered
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study' conducted on data collected by Brock
and Faulds.?

Three separate objectives seem to be valid
for film deformation studies:

e Standardization of Film Characteristics,

e Standardization of Film Handling, and

e Determination of Corrections to be applied to

photogrammetric images.

The first named objective, Standardization of
Film Characteristics, is of concern primarily
to the film manufacturer who must determine
the characteristics of his film for the purpose
of product improvement. The second objec-
tive, Standardization of Film Handling, has
as its purpose the maintenance of quality
control over the development, drying, and
storage of film and glass plates.

In these first two objectives the investiga-

* Presented at the International Symposium on
Image Deformation, Ottawa, Canada, June 1971,

how much a given image on the film must be
moved (corrected) in order to nullify the af-
fect of deformation. This paper is directed to
this last objective.

Two methods of data collection are in cur-
rent use: the grid method, and the moiré
fringe method. As the grid method seems to be
the more appropriate for the numerical de-
termination of corrections, the present dis-
cussion is confined to this method.

MEASUREMENT ERrRrROrR CONFOUNDED WITH
FiLm DEFORMATION

In determining film deformation one ap-
plies an algebraic polynomial generally of
first, second, or third degree. The only theo-
retical condition placed on the deformation is
that it be representable by such an algebraic
polynomial, and it is usual to add terms until
one has what he considers to be a reasonable
fit of the film to the grid. The polynomial
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model is, therefore, open-ended. As a con-
sequence of this, some definite criteria must
be applied to the judgment of such a poly-
nomial model.

A first criterion is the comparison of two
variances. Both of these variances represent
the errors of measurement of the individual
grid intersections, but they differ in the man-
ner in which they are computed. The first
variance is estimated from the discrepancies
of repeated measurements of the grid inter-
sections and is not influenced in any way by
the choice of the polynomial model. The sec-
ond variance is computed from the sums of
squares of residuals after a least-squares fit of
the model; it is influenced by (1) errors of
measurement, and (2) the inadequacy of the
chosen model to represent the film deforma-
tion. If a model is found for which these two
variances are equal (within some limit), one
has the tendency to assume that the model fit
is good.

The difficulty with applying this criterion
is that the first variance—that is, the vari-
ance as determined by repeated measure-
ments of the grid intersections—can be highly
unreliable. In the analysis of the Brock-and-
Faulds data it was found that a sizable bias
existed between the measurements of the
same grid as performed by two different op-
erators. This bias was as great as 3.3 microm-
eters on some grids. Thus if the variance of
the mean is obtained by pooling the observa-
tions, computing the variance of a single ob-
servation, and dividing by the number of ob-
servations, the variance of the mean may be
seriously overestimated. A more reliable way
should be to compute the means for each
operator and then obtain the variance of the
overall mean from the variance of the dif-
ferences of the means of each operator. If
X4, Xp represent the means of a grid inter-
section as determined by operator A and op-
erator B respectively, then the overall mean
is:

Xa+ X5
2

and the variance is (neglecting correlation):
ox® = § (e4* + a5?).

But the variance of the function (X4 —Xp) is
equal to the wvariance of the function
(X4+Xg) and so the variance of the overall
mean can be computed from the variance of
the differences (X4— Xg). This method of
computing the variance is independent of the
number of measurements inherent in X4 and
Xg.

T:
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A second criterion which should be, but
seldom is, used is that of determination of
systematic trend.? For this criterion one forms
the ratio 6%/¢® where 8% is the variance of suc-
cessive differences of residuals and ¢* is the
variance of the residuals. If ne trend exists,
the expectation of 8%/¢® is 2; if a trend does
exist, the ratio will be less than 2, This test
does not require knowledge of the variance of
the measurements—it is applied strictly to
the residuals as obtained from model fit.

Tables 1 and 2 give the variances and sys-
tematic trends for two types of film for dif-
ferent ages after their development, and for
two different exposures. Each age and expo-
sure was fit to five different polynomial
models. The data used were from Brock and
Faulds. One sees that in general as the vari-
ance is reduced, the systematic trend is also
reduced (i.e., the numerical value is raised).
An a priori variance of 5.7 micrometers was
computed from the measurements. It is evi-
dent that this a priori variance is too great;
because generally if the variance after fit is at,
or is slightly below, 5.7 micrometers, a con-
siderable amount of systematic trend still
exists.

AVERAGE SHRINKAGE

It is the purpose of this section to compare
two different methods of determining average
shrinkage. The first method was given by
Brock and Faulds. They found the shrinkage
between two grid intersections by measuring
the distances on the control grid and on the
film grid between consecutive intersections.
The difference of these two distances is the
shrinkage. The average shrinkage is the aver-
age of the shrinkages over the whole plate.
The second method is a least-squares fit of an
affine transformation; the average shrinkage
was then determined from the parameters of
the transformation. Table 3 gives the average
shrinkages and standard deviations of both
methods. There are two grids, 1 and 4, each
grid measured at four different ages. The
average shrinkages, regardless of age, agree
to a remarkable degree! Round off error is
sufficient to account for the small differences.
The standard deviations do not agree so well.
At the younger age the first method underesti-
mates variance relative to an affine transfor-
mation. As the film ages and becomes more
nearly affine (see Table 1) the first method
overestimates variance.

IMMATERIAL TRANSFORMATIONS

An immaterial transformation is a trans-
formation between the control grid and the
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TaBLE 1. VARIANCES, FipuciaL ARRANGEMENT 1, 81 Resipuavs, 81-Point Frr*
Acelale Base Estar Base

Age 11 Days 45 Days 109 Days 7 Days
Grid No. 1 4 1 4 1 4 4 4
Similarity

S 122.7 143.7 8.7 39.9 6.3 10.4 27.8 27.7

Sy 99.1 155.6 10.8  39.1 7.5 30.1 28.7  31.5
Affine

S 45.1 22.6 4.6 10.4 8.7 il 2.6 2.2

5o 21.5  34.8 6.7 9.7 4.9  25.0 3.4 5.9
Projective

See 48.3 26.2 4.6 9.9 2.8 9.5 2.6 2.0

Sorr 13.1 20.2 5.6 a1 4.6 9.8 3.2 5.7
Hyperbolic

o 44 .8 22.4 4.1 10.0 3.7 4.9 2.3 2.2

S 10.4 17.3 5.7 6.0 4.7 7.1 2.9 5T
Higher

& 2.5 4.2 2.2 7.9 1.7 3.6 1.8 1.8

S 4.6 14.3 4.1 5.9 3.8 5.8 2.4 3.6

* Note: This Table is taken from Reference 1.

TaABLE 2. SysTEMATIC TRENDS, FIDUCIAL ARRANGEMENT 1, 81 REsipuaLs, 81-Point Fir*

Acetate Base Estar Base
Age 11 Days 45 Days 109 Days 7 Days
Grid No. 1 4 1 B 1 4 1 4
Similarity
X 22 12 1.08 .31 .69 113 .54 o
h§ .94 .73 1.06 1.17 1.25 .87 .80 1.02
Affine
X .60 .56 .98 .50 .90 .89 1.39 1.54
¥ 1.07 1.09 1.64 1.29 1.70 1.05 1.96 1.84
Projective
X .56 .48 1.03 .43 1.07 W43 1.45 1.66
¥ 1.15 1.37 1.83 1.70 1.85 1.42 2.03 1.91
Hyperbolic
X .60 57 1.07 44 .87 .82 1.69 1.54
¥ 1.16 1.56 1.84 1.73 1.78 1.58 2.18 1.91
Higher
X 1.47 1.19 1.42 1.27 1.36 .93 1.83 1.91
v 2.17 1.69 2.31 1.79 2.14 1.87 2.50 2.30

* Note: This Table is taken from Reference 1.
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TABLE 3. AVERAGE SHRINKAGE

Brock and Faulds Affine Transformation

Average Standard Average Standard

Shrinkage Deviation Shrinkage Deviation
X ¥ Sx Sy X ¥ Sx Sy
Mar 1 73 66 3.26 3.47 73.1 66.4 6.7 4.5
4 75 68 3.29 4.33 75.4 67.2 4.8 5.9
Apr 1 40 40 2.18 2.85 40.5 40.3 2.1 2.6
4 48 45 3.72 2.88 49.1 45.4 3.2 1
Jun 1 31 32 2.70 2.61 31.3 3248 1.9 2.2
4 33 33 2.37 3.53 33.3 33.6 2.3 5.0
Aug 1 9 12 2.07 2.69 9.3 12.2 1.6 1.8
4 5 9 2.00 3.05 5.1 8.7 1.5 .4

* Note: This Table is taken from Reference 1.

film grid in which no deformation is involved.
In general only the similarity transformation
(perhaps with an inversion) is an immaterial
transformation. For example, if one measures
the control grid and then removes it, replac-
ing it with the film grid which in turn is mea-
sured, then it is unlikely that the film grid
will occupy exactly the same position on the
comparator as did the control grid. The rigid
motion required to bring the two grids to the
same coordinate system is then immaterial;
it in no way reflects film deformation. Some
authors (Lampton and Umbach?, Ziemann®)
have apparently considered the similarity
transformation inclusive of scale changes as
immaterial. This is justified provided focal
length is modified to counteract the scale
change of the film.

In at [east one instance one may arrive at
an erroneous conclusion by not recognizing
the existence of an immaterial transforma-
tion. Let us suppose that it is desired to find
the relative efficiency of using four fiducial
marks for determining film shrinkage. If one
does this by comparing the residual variance
as obtained by a least-squares fit over the
whole grid plate to the residual variance ob-
tained over the whole plate by a least-squares
fit to only the four fiducials, it is possible that
those intersections not used in the four
fiducial least-squares fit will contain among
them a significant immaterial transformation.
The existence of the immaterial transforma-
tion will cause the computed variance to be
greater than it ought to be. The way to over-
come this problem is to fit the immaterial
transformation to the intersections which

have not been used in the primary adjust-
ment. The resulting residuals and variance
will be reduced accordingly.

ORTHOGONAL POLYNOMIALS

Kheyfets® has shown us that we can apply
two-dimensional orthogonal polynomials to
topographic surfaces. His ideas are easily ap-
plicable to film deformation studies, especially
if equally spaced grids are used. The basic
advantage of orthogonal polynomials is that
the normal equations are strictly diagonal.
Thus one may add terms to the polynomial
without influencing the previously computed
terms., Consequently it is very simple to assess
the influence of each term with regard to
variance and systematic trend. It is also com-
paratively simple to study the effect of dif-
ferent grid spacings.

SUMMARY

Three objectives pertain to film deforma-
tion studies. This paper has discussed several
items one ought to consider in dealing with
the third objective, i.e., the determination of
corrections to be applied to photogrammetric
images. These considerations include the
separation of measurement error from film de-
formation by means of a systematic trend
statistic, the idea of the immaterial transfor-
mation, and the possibility of using ortho-
gonal polynomials.
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Errata
In the article, “Psychophysics,”” by Mr. 13.5(AD — .03)—-27
J. C. Trinder, the expressions in the second 11.2(AD — .01)~-03
column of page 465, May 1971, should read: 12.0(AD — .0035)~-4%0
exponent = — 0.322 (width)®-272 18.8(AD — .04)= 1%

7.3(AD — .015)—-82
12.3(AD — .005)—-82
In Table 6 at the bottom of the same page, 9.0(aD — .015)=-%"

all the numbers on the right of the expressions 13.7(AD — .025)-55
are exponents: 11.0(AD — .003)—-415,

— IZ(QD — apu)—o.aas (width)o.242
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