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Calibration of a Comparator

A computer program, applying least squares and weighting the
master grid values, finds the errors of the instrument as
well as the observational accuracy.

INTRODUCTION

PHOTO COORDINATES are an essential requirement for both analytical aerial tri-
angulation and calibration of survey cameras. The simultaneous adjustment pro-
cedure also requires the standard error of the photo coordinates. Generally photo
coordinates are measured using stereo or mono comparators and all measuring in-
struments are frequently calibrated to check their stability.

A comparator is calibrated in order to determine the precision of observations, the
standard error in x and y coordinates, the systematic errors and the stability of the
comparator readings over a period of time.

Generally, comparators are calibrated using standard grid plates. The coordinates
of the grid plates are subject to errors. In the methods described by Prof. B. Hallert!
and Mr. G. H. Rosenfield® the errors originating in the grid plate coordinates cannot
be eliminated.

AsstrACT: The objective of this paper is lo describe a procedure of calibrating
a comparator using two grid plates with known standard error and then complei-
ing a simulianeous adjustment carrying the comparator and grid coordinates
as unknown parameters. The paper also describes a method of obtaining the
standard error of the pholo coordinates using the standard error of the grid
coordinates. In the existing literalure on this subject no method of correcting the
errors originating in grid plales is offered. Further, existing literature describe
only procedures of obtaining the standard error of the precision of observations,
but not the standard error of the photo coordinates.

The objective of this paper is to describe a procedure for calibrating a comparator
using two grid plates of known standard errors and to perform a simultaneous adjust-
ment, carrying the comparator and grid coordinates as unknown parameters. The
paper also describes a method of obtaining the standard error of the photo coordinates
using the standard error of the grid coordinates.

The method described in this paper is used to calibrate the Zeiss PSK stereocom-
parator of the Ohio State University and the results given below are from this calibra-
tion.

The first section of the paper explains the theory and the method of obtaining the
precision of the comparator observations. The second section deals with the theory of
obtaining standard error in x and y coordinates using simultaneous adjustment pro-
cedures. The third section analyses the results obtained in the calibration of the psk
comparator. The final section gives a flow chart of the computer program used for
computation.
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PRECISION OF OBSERVATIONS
METHOD

The selected points on the grid plates are numbered consecutively. The plates are
placed on both sides of the comparator with a slight Kappa rotation with respect to
the comparator grid. The readings are then taken on both plates for all points. This
may be repeated any number of times, e.g., L times

THEORY

In order to compute the precision of observation, the mean and residuals v of the
coordinates on each point and on each plate were computed. The standard error was
computed for each point from

oi = V[Z(V2+ V,)/(L —1)]

where L is the number of observations at a point ¢, and V,, V, being residuals in x
and y coordinates respectively. Hence the standard error of observation

o = v/[Ze:?/4N]

N being the total number of points. The number of degrees of freedom is 4N because
x, v coordinates are measured in two plates.

StANDARD ERROR IN X AND ¥ COORDINATES
THEORY

In Figure 1 suppose x, y refers to grid-plate coordinate system, and x’, y’ refers to
comparator coordinate system. Ideally the two systems must be related to each other
by a rigid-body transformation and change of scale (isogonal affine transformation),

[x’] S[cos¢ sin ¢][x]+[c] [Ax+By+c ]

y' —sing cos ¢ Ly Gt —Bx+ Ay + ¢

where S is a common scale factor, ¢ is the angle shown in Figure 1, and4, B, ¢, ¢’ are
constant transformation parameters. Using the above equations it is possible to make

a least square adjustment and obtain values of the parameters 4, B, ¢, ¢’. The vari-
ance of unit weight is then given by

o = {(a' — x'a)* + (¥ — y'a)?} /(2N — 4)

where x’a, ¥'a are the adjusted values.
In practice we have the following points to consider:

e The grid coordinates are subject to errors.

e The scale of both the comparator and grid plate in x and y directions may not be the same.

e The angle between the x and ¥ axes of both the comparator and grid plate may not be at

right angles.

e Mechanical errors in the comparator, namely, backlashes, rounding-off errors, etc.

An observer has no control over the errors due to the last item except that he can
perform the observation in a systematic sequence and control the maximum limits
of these errors.

Manufacturers of grid plates do not, in general, give errors on the orthogonality of
the x and y axes. However, the standard error of ¥ and y coordinates are available.
Thus we will assume that the grid plate axes are perpendicular to each other with
ZEero error.

In Figure 2, suppose s and s’ are the scale factors along x” and y’ axes. If the &’ axis
makes an angle ¢ with x axis, and the y’ axis makes an angle ¢’ with the x axis, then
we have
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1/5(x cos ¢ + y sin ¢) + ¢;
1/s'(x cos ¢’ + y sin ¢') + ¢,

which can be written as (a general affine transformation)

x!

’

2

A+ By +
Axx + Bz)’ + ¢

where 4,, By, etc., are the transformation parameters.

Now suppose we treat the grid coordinates as observed quantities. We will have
the following equations in our mathematical model for adjustments:

' — (Alxg + Blj'a + 61) =0
¥ — (daxa + Baya+¢2) = 0

&= %a

Fi1a. 1. Coordinate transformation: x,
y refer to grid-plate system, and &, y'
to the comparator.
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where x,, 9, are the approximate values of x, y. From this we will have the following
observation equations:

AA1)

AB,y
(Ve % Yo 1 0 0 0 4, By)[AG Wi
V,,._OOOxﬂyalAngA.fig+W’2=0
Vs 0 0 00 O O 1 O||AB: W,
Vy) 0O 0 00 0 0 0 1 ]|AC W,

Ax

Ay

where
Wi=a" — (Ad1x. + Bry. + ¢1)
W, = y’ = (A 2%q + Ba2ya + ¢2)
Wi=x— x,
Wi=1y— Y-

At this stage we have to consider the weights. The standard error of the grid coordi-
nates are known (unlike the standard error of the comparator coordinates), and the
standard error of the precision of observation of the comparator observations is also
known. Using thisand the fact that a weight is a1/0?, we can estimate the weights. Also
notice that the adjustments of observations of x” and y’ can be handled independently.
Suppose we adjust using x* only and suppose x and Pcs are the weights on com-
parator and grid coordinates respectively. We can then rewrite the observation equa-
tions as
—Va + A16 + A28 = & — (413 + Biya + ¢1)
—V. + (1, 0)8 = g — %y
=V, + (0, 1)% =3 — Y
where 8= (A4, AB, Ac) and §= (Ax, Ay), and A1 and A2 are corresponding vectors.
Thus we have the normal equations as
A1tPxA1s + A1'PxA25 = A1tPxEL
A2tPxA18 + (A2tPxA2 + Pex)s = A2!PxE1 + PexE,

where

o]
—_
Il

x — (Awxa + Biva + 1)
Fe— % = 3‘-:1
2-(,5)

¥ — Y
_ (ch 0 )
Py = ;

0 Pex

We can write the normal equations as

Q-
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()-rw

are the corrections for the parameters
where

and

: (Al‘Px/II Ay PxA2 )
~ \A4ytPxd, (A2PxA2 + Pex

i (AI‘P::EI )
A2'PxE1 + PexE2

Using (5, 8]7, the adjusted values of 44, By, ¢1, %4, ¥ can be obtained. If necessary an
iterative procedure can be used. In general two or three iterations will be sufficient.

From the adjusted values, the standard error of unit weight can be obtained in the
usual way by computing the residuals. Let the standard error of unit weight be ay.
Now if our weighting is correct (i.e. our hypothesis is correct) then the given grid
standard error g,2=0¢?/Pcx can be tested using the chi-square test. If it does not
satisfy the chi-square test we can estimate a new value of Pcx using ¢¢® and ¢.% Using
the new value of Pcx and old Px we can recompute a new value of o* which should
satisfy the chi-square test on ¢,* =¢¢*/Pcx. 1t should be possible to do so with one or
two trials. Thus, knowing a¢?, the standard error in the comparator x coordinate will
be given by o,2=0¢*/P-.

Similar procedures can be used for estimating o,% The adjustment procedure also
gives the values of 4,, By, C,, etc. Thus, using Equations 1 and 2, we have

1/5% = 42* + Bi*; 1/8% = 4+ By

S =1/+/4:2+ B:%;, S =1/+/4:.*+ B?
tan ¢ = B/ A and tan ¢’ = Bo/ A,
¢ = tan~! (By/A4,) and ¢’ = tan~! (B:/4.).
Ideally, ¢’ —@=m/2 but, due to mechanical errors, etc., in practice we will have
(¢'—¢) =m/2—¢ (say).

These values of ', S and e may be used for future work as follows. From Figure 3 it
is evident that the corrected value of comparator coordinate is given by

x' = Sx' + S’y sin e
v = 8§y cos ¢

where x., y.” are the corrected values of x’, 9" with a standard error of ¢.’, ¢,’ as com-
puted earlier. However, the parameters 4, B, etc., can be used directly.

ANALYSIS OF THE RESULTS

Based on the above theory, the PSK comparator was calibrated and the results are
as follows.

The standard error of precision of one observation is obtained as 1.5 um. On weight-
ing Px:Pcx=1:2, & becomes 0.8 um, and on weighting Px:Pcx=1:3, % becomes
0.7 pm, which means that the chi-square test will be satisfied as the given ¢£=0.7 um.

Using these results, the standard error in both x and y comparator coordinates is
obtained as 1.2 um. This is to be expected as we are using the mean values of the ob-
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served coordinates at each point. In other words, the standard error of precision of
the mean should be 1.5/+/L, L being the number of observations.

On performing a rigid-body transformation, together with a scale factor, the stan-
dard error in x and y is obtained as 1.65 um, on the assumption that: the scale in both
x and y directions are the same, x and y axes are at right angles and there are no errors
in the grid coordinates.

Using the scale factor and the correction for non orthogonality given in the rigorous
adjustment, and performing the transformation as before on the assumption that the
grid coordinates are not subject to error, the standard error is obtained as 1.5 um;
which shows that 0.15 um error is due to a systematic error in scale and nonortho-
gonality and the residual of 0.3 um is due to errors in grid coordinates.

COMPUTATION AND PROGRAMMING

Based on the theory stated above, a computer program was written in Fortran for
IBM 360/75 to perform the necessary computations. Flow charts of the program are
shown in Figures 4-8.
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