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Errors in Photogrammetry 
It is important that one understand the errors, their sources, 
characteristics, and relative magnitudes in order to apply 
photogrammetric materials effectively. 

TO TEACH OR WORK effectively with 
photogrammetric or remote sensing im- 

ages, a basic understanding is necessary of 
sources of photogrammetric errors and their 
relative and approximate magnitudes. Often 
the subject of errors is covered in  such 
mathematical detail that it leaves the user so 
confused that he simply overlooks these er- 
rors entirely. What is really needed is a sim- 
ple approach for analyzing errors and under- 
standing their effects for (1) applications 

BASIC RELATIONSHIPS IN ANALYSIS 

In dealing with the subject of errors of any 
kind, it is important to realize that there are 
different rules governing the propagation of 
errors depending on whether the process 
used is addition and subtraction, or is multi- 
plication and division. 

SIGNIFICANT FIGURES IN  ADDITION AND SUBTRACTION 

If one adds the number 1.2345 (five sig- 
nificant figures) to the number 123.4 (four 
significant figures), the answer is 124.6, accu- 
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where aerial photos are used as map substi- rate only one place to the right of the decimal 
tutes, (2) where photos are used in conjunc- point because the second number added is 
tion with stereoscopes and parallax bars, or no more accurate than that. 
(3) where photos are used with stereo plotters This same approach is used if one subtracts 
or analytical photogrammetry. This paper rather than adds. 
presents a simple, comprehensive, and prac- 
tical method of these errors SIGNIFICANT FIGURES I N  MULTIPLICATION AND DIVI- 

and ascertaining their approximate mag- SION 

nitudes. The techniques presented here have With multiplication, if one takes the  
been developed by the author in six years of number 1.234 (four significant figures) and 
teaching photogrammetry and have proven multiplys it by the number 1.23 (three sig- 
very effective in analyzing and understand- nificant figures), the  answer 1.51782 is 
ing errors and dealing with them in various rounded off to 1.52 (three significant figures) 
aspects of photogrammetry and remote sens- because the product can have no more sig- 
ing work. nificant figures than the least in the number 
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being multiplied. The same general ap- 
proach also holds for division. The error 
analysis for photogrammetric work herein 
described is derived from the rules govern- 
ing propagation of errors for multiplication 
and division. This is important to remember 
even though almost all photogrammetric 
equations to be analyzed involve multiplica- 
tion or division in their solution. 

Photogrammetric equations are based on 
the fact that all light rays pass through the 
front and rear nodal points of the camera lens 
with direction unchanged. If one neglects the 
thickness of the lens, the geometry becomes 
that of the pinhole camera. (See Figure 1). 

In Figure 1, by similar trianglesZ1X = flI or 
Z = (fIZ)X. Let us assume that the following 
values and probable errors in their measure- 
ment are known (in = inch, ft  = foot): 

f = 10.000 in + 0.001 in 
X = 1000 ft  % 1 ft 
I = 5.00 in. % 0.01 in. 

The problem presented here is that Z is to be 
computed along with the error in Z due to the 
errors in f, X, and I. Two approaches will be 
presented, the first is an exact calculus ap- 
proach. The second is herein called the 
Governing Percentage Method which is used 
in the rest of the paper for analyzing more 
complex error situations. 

FIG. 1. Simple photogrammetric relationship; the 
pinhole camera geometry. ZIX = flI or Z =fill. 
Legend: f, focal length; I, image; X, object; Z, 
flying height above terrain. 

CALCULUS METHOD OF DETERMINING ERROR PROPA- 

GATION 

From Figure 1 and the given values off, x, 
and I, 

Z = 2000 ft  + some error. 

One can calculate the total probable value of 
this error by taking derivatives of Z with re- 
spect tof, I, andX and combining the effects. 

The error in Z due to f by derivatives is: 

dZ = (XII) df = (1000 ft15 in) x (0.001 in) 
dZW = % 0.2 ft  

The error in Z due to X is: 

dZ = (flZ) dX = (10 in15 in) x 1 ft 

d& = + 2ft  
The error in Z due to I is derived from: 

Z = (f/I)X = I-1fX and (dZldI) = (-fXII2) 
or: 

dZ = (-fX/12) d l  = (-10 in x 1000 ft15 in x 
5 in) x .01 inch 

According to the theory of probability, the 
combination of these various errors results 
in: 

Total Probable Error =fl0.2)2 +(2)2+(-4)2] 

= 4.4 f t  or  
approximately 4 ft. 

As any error can be either positive or nega- 
tive, accumulative or compensating, one can 
say that the total resulting error in Z due tof, 
X, and I may be as high as 0.2 + 2 + 4 = 6.2 ft. 
Assuming by some coincidence that some of 
the errors inf, X, and I really approach zero, 
then the total error on Z will perhaps lie be- 
tween 0 to 6 ft; perhaps about 4 feet. 

DETERMINING ERROR PROPAGATION BY GOVERNING 

PERCENTAGE METHOD 

Rather than using calculus, a simpler ap- 
proach using percentages of errors will give 
the same results. This method is herein 
called the Governing Percentage Method, and 
is extensively elaborated on later in this paper. 

It is possible to express the errors in f ,  X, 
and I in terms of percentages of the numbers 
themselves: 
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f = 10.000 in.; error in f = 0.001; 
percent error in 

f = 0.001 inl10.000 in = 0.01% 

X = 1000 ft; error inX = 1 ft; percent error in 

I = 5.00 in; error in I = 0.01 in; 
percent error in 

If we sum the percentages of .Ol%, 0.1% 
and 0.2% caused byf, X, andl, we have .31%. 
This same percent error will carry through to 
the calculated value of Z. Assuming ac- 
cumulating error, the error in Z is calculated 
as follows: 

Error in Z = 31% of 2000 ft  = 6.2 ft 
which is the same as the error obtained by 
calculus. By analyzing the percentages of er- 
rors on the input figures we can see that the 
governing or largest percentage is 0.2% and 
the final propagated error it causes is approx- 
imately 0.2% x Z, or 4 ft. This same govern- 
ing percentage approach can be applied to 
various and complex photogrammetric calcu- 
lations, involving multiplication and divi- 
sion. 

Whether or not a particular error is of con- 
cern depends on the photogrammetric tech- 
nique being used. Many aerial photos are 
used simply as map substitutes. Where this is 
done, certain errors should be understood. 

AERIAL PHOTOS USED AS MAP SUBSTITUTES 

In Figure 1, we assume that the objectx is 
on flat ground and that there is no relief dis- 
placement, i.e., difference in scale over the 
photo caused by difference in distance be- 
tween the ground and the photo. We assume 
that there is no relief-displacement error. 

Also, in Figure 1, we assume that the film is 
parallel to the flat ground, or that I is parallel 
to X. We assume that there are no tilt errors. 

We also assume that the light rays pass 
straight through the lens-direction unal- 
tered. We assume, therefore, no lens distor- 
tion errors. 

We assume that the distance I measured on 
the photo is the true distance projected by the 
camera. We, therefore, assume no error due 
to the film or paper-print shrinkage. In some 
instances, we can enlarge images by projec- 
tors which take care of film shrinkage. We 
then assume that the shrinkage is uniform 
across the photo. We assume that there is no 
differential film shrinkage. 

Likewise, we assume that the plane upon 
which the image was projected was truly flat, 
that it had no bumps on it caused by dust 
behind the film or caused by uneven thick- 
ness of the film emulsion. we,  therefore, as- 
sume no focal-plane flatness errors. 

One other important error in any photo- 
grammetric work is the error caused in meas- 
urement. For analysis of Figure 1, we already 
stated that the error in measurement of I was 
+ .O1 in, so the measurement error has al- 
ready been accounted for in this example. 
Other errors such as atmospheric refraction 
may be present, but are usually insignificant 
compared to the errors already listed. 

Generally speaking, if a photo is used as a 
map substitute, we assume that the following 
errors are zero: 

Relief displacement. 
Tilt. 
Paper or film shrinkage. 
Differential shrinkage. 
Lens distortion. 
Focal-plane flatness. 

PHOTO PRINTS USED IN  CONJUNCTION WITH STEREO- 

SCOPES AND PARALLAX BARS 

If one views two overlapping photos side 
by side and measures parallax with a parallax 
bar, all of the errors listed for the single photo 
exist and may be doubled except the error of 
relief displacement which is really the paral- 
lax being measured*. Several very significant 
additional errors must also be considered in 
this situation. In Figure 2 by similar triangles 
ZA/B = f/Pa where ZA, f, and B are as shown in 
Figure 2, and Pa is the parallax of point a. This 
is the equation that is commonly used to cal- 
culate the difference in elevation between 
the aircraft and any point on the ground. Ifwe 
take the parallax of the top and bottom of the 
tree in Figure 2 we have: 

Pa = fBEA and PC = fBIZc 

The difference in parallax between the top 
and bottom of the tree is: 

z,-z* also equals dh and from 

Pa =.PEA, ZA = .PIPa 

*According to the Theory of Probability ifwe use 
2 photos the resulting error in the combination can 
be expected most probably to have a magnitude of 
d2 = 1.414 times the errors in a single photo. It is 
also conceivable to have a maximum error 2 times 
the magnitude of the errors of a single photo. 
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FIG. 2. Geometry for using overlapping photos and a parallax bar. 

Therefore, 
dh =(dpZJfB) (WPJ =dpZJP,. 

Ifdh is small compared toZ,, Po approaches 
b, the photo base, and 

dh = dpZ,lb. 

This is the equation that is often used to re- 
late difference in parallax to difference in 
elevation. 

In these equations we assume a common 
flying height for both photos, but there may 
be up to 100 feet difference in flying height. 
Also, significant measuring errors are usually 
caused by transferring principal points and 
calculating b or B. In summary, for work with 
parallax bars, we have all of the errors as- 
sociated with a photograph used as a map 
substitute except the relief displacement 
error; this is reflected in the parallax which is 
measured. The remaining error effects are all 
increased and, possibly, doubled because 
two photographs are used. Additional errors 
are due to unequal flying heights and errors 
in  measuring and transferring principal 
points. 

ERRORS I N  STEREGPLOTTING AND ANALYTICAL 

PHOTOGRAMMETRY 

With stereoplotting we measure the relief 
displacement as with the parallax bar. How- 
ever, each projector is also adjusted to take 
out the tilt effects and, therefore, the errors 
due to tilt. The projectors are adjusted to take 
out any errors caused by unequal flying 
heights. If we use the proper projection lens 
or projection techniques, we can handle the 
lens-distortion errors. We adjust the projec-. 
tors until the projected image matches the 
plotted ground control distances so that uni- 
form film or plate shrinkage is of no concern. 
The errors that still exist with the stereoplot- 

ter is of no concern. The errors that still exist 
with the stereoplotter are errors caused by 
differential film and plate shrinkage, errors of 
focal-plane flatness and any stereoplotter 
measuring errors. 

The same error analysis applies for analyti- 
cal photogrammetry as well as for stereoplot- 
ting. With special cameras, it is possible with 
reseau grids etched on the focal plane to 
handle the errors due to differential film 
shrinkage. Very special cameras using glass 
plates rather than film can almost eliminate 
both the effects of differential film shrinkage 
and focal-plane flatness. Such cameras are 
very special indeed and are not normally 
used for operational photogrammetry. For 
operational photogrammetry, be it stereo- 
plotting or analytical work, the limiting errors 
will normally be (1) errors due to differential 
film shrinkage, (2) errors due to focal-plane 
flatness, and (3) errors due to measurements. 

Any other less-precise photogrammetric 
operation will be limited by some combina- 
tion ofthe errors previously listed. Following 
is a detailed investigation of each error 
source and an attempt to ascertain the mag- 
nitude of each. 

In Figure 1, the scale of the photograph is 
ZIX which is also equal to flZ or (focal 
length)l(flying height). Of course, as Z 
changes, so does the scale. As a point is 
moved up or down in elevation, its image is 
displaced on the photograph. 

In Figure 3 the general equation that 
expresses this displacement is: 

drlr = dzlz*. 

*If this relationship is not readily apparent from 
Figure 3, any good photogrammetric text will show 
its derivation. 
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A P 
I FIG. 3. Displacements on an aerial photo due to 

differences in elevation. 

The distance r is really a photo representa- 
tion of the ground distance AP. As point A is 
moved upward by dz, a '  is moved on the 
photo by the distance dr. The resulting error 
in scale of the line r is dr; the percentage 
error in line r is drlr, which is equal to dzlz. 
Therefore, the percent error due to relief is 
equal to dzlz. The absolute magnitude of this 
error varies depending on the ruggedness of 
the terrain and flying height. Ifz is 1000 ft and 
dz is 100 ft, the percent error due to uneven 
terrain is 100/1000 = 10%. 

The most significant error in a single photo 
used as a map substitute is the error caused 
by uneven terrain. The next most significant 

7 7  Photo 
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Photo 

f = 10.00 inches 
apa  4 . 0 0  inches 
~ b =  4.00inches 

FIG. 5. Calculating the ground distance AB where 
up,  pb, f, a n d 2  are given and the photo is tilted 3". 

error is the error caused by tilt. For the photos 
of Figures 1 and 3, the assumption is that the 
photographs are vertical. Generally speak- 
ing, due to air turbulence, etc., such photos 
are likely to have up to 3" tilt. Following is an 
analysis to arrive at the magnitudes ofcompu- 
tational error which might be caused by 3" 
tilt. 

Let us assume in Figure 4 that the images 
on the photo are used to calculate the ground 
distance AB, first we assume a vertical photo. 
From Figure 4, 

tan a = 4.00110.00; a = 21'48' and 
AP = PB = tan a x 10,000 ft  = 4000 ft 
AB = AP + PB = 8000 ft. 

Now let us assume that there was really 3" 
tilt in the photo at the time of exposure as 
shown in Figure 5. From Figure 5, 

a = 21'8' (as in Figure 4) and 
B = a-3" = 18'48' 
A = a+3O = 24'48' 

AN = 10,000 x tan B = 3404 ft 
NB = 10,000 x tan A = 4620 ft 
AB = AN + NB = 8024 ft. 

If we assume a vertical photo and it was, in 
fact, tilted 3' as shown, there is an error of 
8024-8000 = 24 ft in the calculated length of 
AB due to the 3" tilt. The relative error due to 
the 3" tilt in this instance is 24 ftl8000 ft or 
0.3%. Other methods of analyzing the effects 
of the 3" tilt produce errors of the same gen- 
eral magnitude. As a general rule, the errors 
due to normal tilt can be expected to be be- 
tween 0 and 0.3%. 

A P B 
ERRORS DUE TO SHRINKAGE 

 FIG.^. Calculating the ground distanceAB where 
u p ,  pb, f, and Z are given and the photo is as- To calculate the errors due to paper print 
sumed to be vertical. shrinkage, one has to measure the distance 
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I (- d = distortion 

Example : 

f = 152 mm 
dm,, - 0.15 mm 

FIG. 6. Effects of lens distortion. 

between fiducial marks on a finished print 
and compare that to the distance on the nega- 
tive. The resulting difference over the aver- 
age distance is the relative error. Good- 
quality papers will produce shrinkage errors 
from 0 to 0.2%, whereas poorer-quality pa- 
pers will produce shrinkage errors as high as 
0.5%. 

To obtain the film shrinkage, one compares 
the negative to the camera opening. The 
shrinkage errors of most aerial films can be 
expected to be less than 0.1%. Differential 
film shrinkage or non-uniformity of this 
shrinkage in any one direction will perhaps 
be about 1/10 to 11100 ofthis or about 0.005%. 

Figure 6 shows a sketch of lens distortion 
and a typical distortion curve for an older 
camera lens. In this example, if a = 4S0, the 
distance r is equal to f = 152 mm. The lens 
distortion at this angle is dm,, = 0.1 5 mm. The 
relative error in the distance r due to the lens 
error is d,,,h = 0.15 mml152 mm = 0.1%. As 
a general rule, the errors on a photo due to 
lens distortion will be less than 0.1% and 
considerably less on higher-quality cameras. 

In photogrammetric calculations, we as- 
sume a flat focal plane. Aerial cameras have 
vacuum systems to flatten out the film for this 
purpose. However, pieces of dust may catch 
between the film and the vacuum platen, or 
the thickness of the film itself may vary. Fig- 
ure 7 shows a sketch of such errors. 

In Figure 7, the ray striking a truly flat focal 
plane would be imaged at a. However, be- 
cau.;e of the deviation from the flat focal 

plane due to distance t, the ray is really im- 
aged at b. The error on the flattened image is 
the distanced. The relative error in distance r 
is dh. Typical values fort are about 10 pm or 
0.01 mm. For a = 4S0, d = t. The value ofr for 
a normal camera will be about 150 mm. The 
relative error then is 0.01 mmll50 mm or less 
than 0.01%. 

The magnitude of errors caused by lack of 
focal plane flatness will be in the magnitude 
of less than 0.01%. 

Measuring errors are always present and 
depend entirely on the technique used. The 
percentage of this error is, of course, calcu- 
lated by forming a ratio of the probable error 
Ad and the distance measured d, 1 

Probable error 
Percent error in measurement a d  

due to = 
measurement measured d 

length 

COMBINED EFFECTS OF ERRORS 

From the foregoing analysis, the mag- 
nitudes of the different errors can be sum- 
marized as follows: I 
USING A SINGLE PHOTO AS A MAP SUBSTITUTE I 

Table 1 summarizes the errors that exist if a 
single photo is used as a map substitute. As- 
suming flat terrain one can see from Table 1 
that the expected error will still be up to 
about 0.5% which corresponds to a precision 
of 0.51100 = 11200. 

It is clear that unless one corrects for paper 
shrinkage and tilt effects, there is no use wor- 
rying about lens distortion, film shrinkage, or 
focal-plane flatness in this example. 

Assuming terrain differences of 400 ft and a 
flying height above average terrain of 4,000 

TI=-  
Focal Plane 

I 

FIG. 7. Errors due to lack of focal-plane flatness. 1 
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Uneven terrain (&/z) (varies, depends on terrain) 
Tilt 0 to 0.3% 
Paper Shrinkage 0 to 0.5% 
Film Shrinkage 0 to 0.1% 
Differential Film Shrinkage 0 to 0.005% 
Lens Distortion 0 to 0.1% % 
Lack of Focal Plane Flatness O to 0.01% 
Measuring (Adld) (varies with technique) 

ft, the terrain error becomes 40014000 = lo%, 
and terrain is clearly the governing error in 
this application and will limit the expected 
precision. 

In this example, if one scales distances di- 
rectly from the photo used as a map, the errors 
are about 10% which gives a precision of 
101100 = 1 11 0 .  Calculated ground distances 
from such a photo can have errors as large as 
10% of the calculated length. 

Terrain effects are almost always govern- 
ing in such instances and there is little point 
in worrying about tilt, lens distortion, or film 
shrinkage if there are significant differences 
in terrain. 

PHOTO PRINTS USED WITH STEREOSCOPES AND PARAL- 

LAX BARS 

If two overlapping photos are fastened 
down side by side and used with a parallax 
bar to obtain elevations, the uneven terrain 
error ofTable 1 drops out because this is what 
is being measured. 

All the other errors still exist and are in- 
creased and may be doubled because of the 
two photographs. Also, significant errors are 
introduced due to transfer ofprincipal points, 
due to measuring, and due to unequal flying 
heights, since the basic equations for such 
work assume common flying heights. 

In any event, assuming perfect transfer of 
principal points and perfect measurements 
and common flying heights, the resulting er- 
rors may still be as high as is shown in Table 
2. 

If one uses the equation (Z,lB) = UP,) or Z, 
= BflPa for the sketch in Figure 2 to get abso- 
lute elevation of the terrain at Point A, there 

Tilt 2 X 0.3% = 0.6% 
Paper Shrinkage 2 x 0.5% = 1.0% 
Film Shrinkage 2 x 0.1% = 0.2% 
Lens Distortion 2 x 0.1% = .2% 

Total 2% 

may be up to 2% error in Z,. This is a preci- 
sion of 21100 = 1150. IfZ is about 5,000 ft, this 
will give a 100 ft error. This acounts for the 
experience of many people that parallax bars 
are almost worthless for determining 
absolute elevations for normal work; 2% of 
5000 ft  is an error of 100 ft. 

On the other hand if one wishes only to 
measure the height of say a tree, as in Figure 
2, the difference in parallax between the  to^ 
and bottom of the Gee can be measured di- 
rectly as dp. The equation dh = dp x blZ, can 
be used and a 2% error is applied to the calcu- 
lated value ofdh. In this instance, ifthe calcu- 
lated value dh, or the height of the tree, is 100 
ft, the error will be 2% x 100 ft  or 5 2 ft  which 
is indeed satisfactory for most forestry work. 
This accounts for the fact that stereoscopes 
and parallax bars or parallax wedges are in- 
deed useful tools for measuring differential 
heights such as tree heights above ground. If 
the above equation is used, the 2% error is 
applied against the tree height and not 
against the large distance between the plane 
and the tree. An error of 2% of a tree height of 
100 ft results in an error of 2 ft which is ac- 
ceptable to most foresters. 

STEREOPLOTTERS AND ANALYTICAL PHOTOGRAM- 

METRY 

With stereoplotters and analytical photo- 
grammetry, the terrain heights are what is 
measured, whence terrain effects are no 
longer an error. Paper prints are not used, so 
the paper shrinkage error disappears. Images 
are appropriately enlarged to match-plotted 

Differential Film Shrinkage .005% 
Lack of Focal-Plane Flatness .01% 
Measuring (varies with machine) 

ground control so film shrinkage is no prob- 
lem. Differential film shrinkage still does 
exist. Lens distortion errors are normally 
taken out by proper projection lenses or cor- 
rection plates so this e'rror drops out. Errors 
due to lack of focal-plane flatness still exist. 
Measuring errors are a factor and are incorpo- 
rated into the C-Factor for the particular plot- 
ter used. Table 3 shows the errors that still 
exist with stereoplotters. 

As it is shown, one can expect up to 0.01% 
error with a stereoplotter which converts to a 
precision of 0.011100 = 1110,000. A common 
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C-factor for stereoplotters is 1000, which 
is equal to: 

C-Factor = Z/(Contour Interval) or 
(Contour IntervallZ) = 111000. 

Here the errors are still less than one-tenth of 
the Contour Interval. The operator's measur- 
ing ability is also a very important factor in 
limiting the accuracy of stereoplotters or 
transferring points in analytical photogram- 
metry. 

One can easily see that it is the error due to 
lack of focal-plane flatness (as well as measur- 
ing) that controls the accuracy of stereoplot- 
ter work. 

Analytical photogrammetry really consists 
of doing with a computer what is done 
graphically on the stereoplotter. Therefore, 
all the principles that apply to errors on the 
stereoplotters also apply to analytical photo- 
grammetry. In other words, the errors due to 
focal-plane flatness are governing in analyti- 
cal photogrammetry to about 0.01% or a pre- 
cision of 1110,000. This will allow for a prob- 
able error in calculated points to be as low as 
1/10,000 of Z (the flying height). 

It is interesting to note that the standard 
errors in operational analytical photogram- 
metry are about 115000 of the flying height 
and with the most careful research work, they 
approach 1110,000 of the flying height. 

To be an effective user or teacher of photo- 
grammetry, one must have a basic workable 
understanding of errors, their sources and 
their magnitudes. The simplified procedure 
herein described as the Governing Percen- 
tage Method reduces all source errors to a 
percentage. The source error percentages re- 
flect the percent error in the calculated an- 
swer as long as the calculations are basically 
multiplication and division. 

For using a single photo as a map substi- 
tute, the governing error source is uneven 
terrain which produces an error of Azlz = 

(terrain elevation difference)l(flying height 
above terrain), which in operational work can 
commonly be as high as 10%. Less significant 
error sources in this case are tilt and paper 
shrinkage both approaching a possible 0.5%. 

With stereoscopes and parallax bars, the 
governing source errors are measurements, 
tilt, and shrinkage and will result in errors as 
high as 2% which effect either the calculated 
distance between the plane and the point in 
question or the height of an object such as a 
tree, depending on the equations used. 

With stereoplotters and analytical photo- 
grammetry, the governing error source is 
measuring limitations and lack of focal plane 
flatness, which can cause errors of up to 

is corres- 0.01% or a precision of 1110,000. Th' 
ponds to the operational limits of accuracy of 
both stereoplotters and analytical photo- 
grammetry. 

The Governing Percentage technique of 
error analysis has proven understandable, 
practical, and invaluable for teaching of er- 
rors in photogrammetry education. 
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