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FIG. 1. Photogrammetric refraction a. 

Errors caused by the assumption of a standard atmosphere are 
relatively small under normal photographic conditions. 

(Abstract on page 296) 

N A R E C E N T  REPORT on image geometry, I Ziemannl includes photogrammetric re- 
fraction as one of the sources of'error which 
causes image distortion. Complying with 
current usage, the term photogrammetric re- 
fraction is confined in the report to the bend- 
ing of light rays in a11 undisturbed atmos- 
phere. Of other air refraction phenomena 
causing image distortion, internal refraction 
within the aircraft itself, although not strictly 
belonging to the photogrammetric refraction 
proper, has been included in the present dis- 
cussion because of the important role it may 
have in the final outcome of the total refrac- 
tion effect. 

Referring to Figure 1, the photogrammetric 
refraction is custoi~larily defined as the angu- 
lar separation a of the true and apparent posi- 
tions P and P' of a terrain point viewed from 
an aerial camera. It is a function of nadir dis- 
tance 0 :  

a = R tan 0 (1) 
where R, in turn, is a function of the vertical 
density structure of the atmosphere, flying 
height H, and terrain height h. For a light ray 
making an angle of 45" with the vertical, a = 
R. We shall use R, expressed in radians, 
henceforth as a convenient general measure 
for photogrammetric refraction. 

Neglecting, in this connection, the curva- 
ture of the earth,&e apparent radial shift of a 
terrain point is PP' = R tun8 sec28 ( H  - h ) ,  
from the geometry of the figure. The result- 

ing photographic image of a horizontal ter- 
rain plane is consequently enlarged by  scale 
factors m l  and m, in the radial and tangential 
directions, respectively; 

f being the focal length of the camera, and r 
the distance from the principal point. Away 
from the center of the photograph, where m i  
# mz, the enlargement is not even conformal 
but involves distortion ofsmall detail as well. 

As one might expect with good reason, at 
least some of the refraction error is elimi- 
nated in the photogrammetric process, a 
stereomodel was set up fro111 15 simulated 
ground control points in a pattern shown in 
Figure 2. On each photograph, assumed to be 
taken from 6000 meters, the points were 
shifted radially so as to simulate the effect of 
standard refraction. The residuals which re- 
mained after relative and absolute orienta- 
tions, and linear transformation to ground 
control are given in Table 1. In this particular 
example of a single stereomodel, the residu- 
als would apparently be lost among other er- 
rors from different sources. Similar results 
were obtained in a test involving points 1 to 6 
only. 

However, the errors due to refraction are 
systematic and, on a strip of photographs, 
they may tend to accumulate from model to 
model. For this reason, the application ofra- 



FIG. 2. Test pattern. 
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dial corrections for refraction is justified in 
analytical photogrammetry. 

T h e  summation method used b y  BertramZ 
and Schut3 for the  computation o f  photo- 
grammetric refraction in  a standard atmos- 

the photogrammetric refraction is computed 
dividing the triangular area which falls 
under the refractive index curve (orthe curve 
for density p)  b y  triangle height AB. I f  w e  
now plot a secondcurve showing the average 
refractive index n (or the average density p )  

ABSTRACT Photogrammetric refraction causes a non-homogeneous in- 
crease i n  the scale of an aerial photograph, the enlargement factor 
growing wi th  radial distance from the nadir point. Scaling of the 
photograph during the evaluation process will, on the whole, reduce 
the refraction error, but  it can be eliminated only by  radial correc- 
tions based upon the refractive properties of the atmosphere. Znves- 
tigation of local variations of refraction caused by  changes in atmos- 
pheric pressure, temperature and humidity shows that, up to flying 
heights of 2000 to 3000 meters, the largest variations are associated 
with changes in  the vertical gradient of temperature, whereas for 
flying heights over 5000 meters the amount of refraction largely 
depends on the absolute temperatures rather than the temperature 
gradients. Wi th  the exception of winter photography in  the middle 
and high latitudes, local variations of refraction should not constitute 
a serious source of error in aerial photogrammetry, and corrections 
for refraction computed from standard atmosphere may be consid- 
ered adequate if the photographs have been taken in  unconditioned 
camera environment. 

TABLEJ. RESIDUALS F R O M  UNCORRECTED REFRACTION 
(H = 6000 m; R = 59 pad;  f = 152.4 mm) 

- -- - -- 

dx, dy, dz, dx, dy, dz, 
Point (F)  (4 (w) Point ( F )  ( ~ m )  (1.4 

1 0 0 + 1 9 0 0 +2 
2 0 0 - 2 10 0 +1 - 2 
3 0 0 +1 11 0 0 -2 
4 0 0 + 1 12 0 - 1 -2 
5 0 + 1 -2 13 0 0 +2 
6 0 0 + 1 14 0 0 0 
7 -1 0 0 15 0 0 0 
8 - 1 0 0 

phere has a simple analytical interpretation from ground level up  to any flying height, the 
which deserves a closer examination. Refer- areas o f  the two shaded triangles in  the figure 
ring to Figure 3, one finds immediately that will be  equal, giving the important relation- 
in  Schut's formula, which may be  written ship, 
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i.e., photogrammetric refraction R is equal 
to the refractive index at the camera level z+, 
subtracted from the average refractive index 
in the air column between the around and - 
camera levels. This interpretation of the 
photogrammetric refraction is valid regard- 

Z 

less of the atmosphere considered. 
In most standard atmospheres, refractive 

index and density can be expressed mathe- 
matically as integrable functions of height; 
those functions, in Equation 2, yield formulas z= h 
for the photogrammetric refraction in terms 
of flying height and ground height. For ex- 
ample, taking the standard distribution of Z=o n 

pressures and temperatures given by Brunt" FIG. 3. Photogrammetric refraction as a function 
for the I.C.A.N. Atmosphere, we have in this of refractive index. 
atmosphere the density distribution 

4.256 photogrammetric refraction at moderate fly- 
( z s l l  km)  : P = 1.2256 (1 - 0.02257 z )  ing heights can be obtained approximating 

o.15,e (= - 1 1 )  refractive index n as a second-order function 
(2211 km) : p = 0.3638 e - of height: 

where density p is in kglm3, height above sea n = no + clz + c2z2. 
level, z is in kilometers, and e stands for the This gives 
base of natural logarithms. Integration of 
these density functions gives the following H 

- 
expressions for the photogrammetric refrac- n =AS n d z  
tion in the I.C.A.N. Atmosphere: H - h  

h 
Flying heights of up to 11000 meters- 

- 277.0 (1 - 0.02257 H)*."~ (34 

Flying height over 11000 meters- 

where camera height H and ground height h 
are both in kilometers above the sea level. 
Comparison of Formulas 3a and 3b with the 
refraction tables by Schut3, the latter based 
on the U. S. Standard Atmosphere, 1962, 
shows trivial differences not exceeding 0.2 
p a d .  

Much simpler, though formally less accu- 
rate, formuias for t h e  computation of the 

and 

Coefficients c, and c2 are evaluated for any 
atmospheric model desired so as to obtain the 
best possible fit forthe vertical distribution of 
the refractive index in Equation 4. 

In the U. S. Standard Atmosphere, 1962, 
one obtains the approximate formula: 

Flying heights of up to 9000 meters- 

106R = 13(H - h )  [ l  - 0.02(2H + h ) ]  (6) 

where again, camera height H and ground 
height h are both in kilometers above the sea 
level. This formula gives the standard values 
of photogrammetric refraction correctly to 
within 2 0.5 prad. 
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In climates vastly different from standard where the coefficients are 
conditions it may be advisable to determine 
coefficients c ,  and c2 on the basis of regional c I = -  $ ( 3 4 . 1 + 2 / 3 )  
monthly aerological data5. 

c2 = a (34.1 + 2/3) (34.1 + 3P) 

The actual atmosphere in which photo- 
graphs are flown is a dynamic medium where 
the vertical distribution of density and, there- 
fore, the photogrammetric refraction con- 
stantly departs more or less from that in a 
standard atmosphere. Whether or not such 
departures can be large enough to have an 
adverse effect on the photogrammetric accu- 
racy shall be investigated in view of the ob- 
served variations in those meteorological 
elements that govern the vertical density 
structure: pressure and temperature at the 
sea level, vertical gradient of temperature, 
and water vapor content of the air. 

A formula which expresses the photo- 
grammetric refraction in terms of meteor- 
ological elements was recently given 
by the author%: 

We assume here, for simplicity, that the 
ground is at sea level, where the symbols 
have the following meanings: p, and pH are 
the barometric pressures in millibars at the 
sea level and at the camera level, respec- 
tively, H is the flying height in kilometers 
above the sea level, and TH is the absolute 
temperature in kelvins at the camera level. 
Denoting the vertical gradient of tempera- 
ture by p ('Clkm), we have also 

and, as was shown in the reference, 

to  being the absolute temperature at the sea 
level. If these values are substituted into 
Equation 7, and the result expanded into a 
binomial series, one obtains the following 
relationship between photogrammetric re- 
fraction R and the basic meteorological ele- 
ments: 

106R = 39.6 (34.1 + P) (poITo2) H x 

[1+ C ,  (HIT, ) + c,  (HITo)" + . . ] (8) 

The magnitude of local variations in refrac- 
tion can be investigated with the aid of Equa- 
tion 8. 

SEA-LEVEL PRESSURE 

Barometric pressure indicates the weight 
of the overlying atmospheric column. Con- 
sequently pressure changes at the ground 
level, which necessarily require physical 
transport of air towards regions of increasing 
pressure, are much smaller than pressure 
changes observed in  the free atmosphere at 
any higher altitude where they are caused by 
vertical movement of air within the column 
itself. 

The highest sea-level pressures are ob- 
served in winter over the continents (1075 
mb in Siberia, December 1877), the lowest 
(below 900 mb) in tropical storms. In weather 
conditions favorable for photographic flights, 
however, the  sea-level pressure should 
rarely depart more than +30 mb from the 
standard value of 1013 mb. According to 
Equation 8 this will cause a proportional var- 
iation of up to 2 3  percent in the standard 
photogrammetric refraction. 

SEA-LEVEL TEMPERATURE 

The daily average sea-level temperatures 
vary in different parts of the world, generally 
within a range of about 26  percent of the 
standard temperature 288 K, with the excep- 
tion of the middle and high latitudes where 
winter temperatures often fall much below 
this range. The effect ofthe temperature vari- 
ation on the photogrammetric refraction de- 
pends on the flying height. 

At low flying heights, the last, bracketed 
factor in Equation 8 can be disregarded; con- 
sequently the photogrammetric refraction at 
lower flying heights, other things being the 
same, is inversely proportional to the square 
of sea-level temperature To. A decrease of 
temperature by 6 percent will thus increase 
the photogrammetric refraction by 12 per- 
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cent, and a temperature rise will similarly 
decrease it. 

With increasing flying height, the last fac- 
tor in Equation 8 becomes more and more 
prominent, gradually decreasing the effect of 
the sea-level temperature on the refraction. 
At the tropopause, i.e., for a flying height of 
11000 meters, a change of 6 percent in the 
sea-level temperature corresponds to a 
change of approximately 8 percent in the 
photogrammetric refraction. Finally, at al- 
titudes high enough for pressure pH to be 
negligible, the sea-level temperature has no 
effect whatever on the photogrammetric re- 
fraction, as is evident from Equation 7. 

VERTICAL GRADIENT OF TEMPERATURE. 

Because the atmosphere is an effective ab- 
sorbent of long-wave radiation fro111 the 
earth's surface, but practically transparent to 
direct sunlight, the diurnal variation of tem- 
perature is in the free atmosphere il~uch small- 
er (except over arid deserts seldom more 
than 2 or 3OC at an altitude of 2000 meters) 
than the daily range of surface temperatures, 
which may exceed 20°C between a minimum 
occurring shortly before sunrise and a max- 
imum during midafternoon. Consequently 
the vertical gradient of temperature, and 
therefore a l ~ o  the photogrammetric refrac- 
tion, is extremely variable in the lower 2000 
or 3000 meters of the atmosphere; at higher 
altitudes over 5000 meters the variations are 
small, and do not have any significant effect 
on refraction. 

The decrease of pressure with elevation 
cannot maintain a decrease in air density if 
the vertical temperature gradient becomes 
sufficiently steep, the limit for constant den- 
sity being p = -34OClkm, approximately. A 
steeper gradient will produce a state of insta- 
bility, in which the density of air increases 
with height and the refraction of light rays 
becomes inverted giving rise to certain types 
of mirage phenomena (such as the familiar 
road mirage). 

On a calm day, such a gradient may obtain 
in the first few meters above strongly heated 
dry ground, such as desert rock or sand, often 
producing violent dust whirls. On low photo- 
graphic flights over such areas one may ex- 
pect abnormally steep temperature gra- 
dients, say -20°C/km or more, instead of the 
standard gradient -6.5'C/km. Under these 
conditions the photogrammetric refraction 
will be reduced, according to Equation 8, by 
more than 50 percent. 

At the other end of the scale, extremes of 
the temperature gradient are found in ground 
inversions in which the temperature, instead 

of decreasing, increases with height. Ground 
inversions are produced by contact cooling of 
the air at the surf'ace. With the exception of 
warm air flowing over a cold surface, they are 
essentially due to the radiational cooling of 
the ground during the nights, and are often 
referred to as radiation inversions. The 
strongest ground inversions, which may per- 
sist both day and night, occur in the high 
latitudes in winter when the long nights pro- 
vide excessive periods ofradiational cooling. 

In the middle latitudes during the summer 
months, nocturnal inversions are colnlnonly 
observed over low-lying land when the sky is 
clear and the wind is light. They are gener- 
ally confined within the first kilometer of the 
atmosphere, and have a tenlperature gradient 
of, say, +lO"C/km, at the most. Under such 
conditions the photogranlmetric refraction at 
lower flying heights will be increased, ac- 
cording to Equation 8, by as much as 60 per- 
cent of the standard value. 

The atmosphere is usually more or less 
stratified, and inversion layers which affect 
refraction are not restricted to ground inver- 
sions alone. Mechanical turbulence of air by 
surface winds, for example, tends to induce 
an inversion of temperature at the top of the 
mixed layer. In such inversions, the rise in 
temperature may be only a few degrees, but if 
the layer happens to be a short distance 
below the aerial camera, a significant effect 
on the photogrammetric refraction may re- 
sult. Actual limits for such effects are, how- 
ever, difficult to establish; a few test compu- 
tations would suggest a inaxilnum increase of 
standard refraction by 15 to 20 percent. 

For flying heights over 6000 meters, ob- 
served variations from the standard tempera- 
ture gradient do not change the photogram- 
metric refraction by more than 1 percent. But 
even in this instance, the photogrammetric 
refraction cannot be determined fro111 obser- 
vations made at the ground level alone, be- 
cause equivalent sea-level temperature To ,  
which must be referred to the standard tem- 
perature gradient extending from top to bot- 
tom through the troposphere, is indetermi- 
nate without knowledge of the actual tem- 
perature gradients in the lower levels. 

VAPOR PRESSURE 

The ordinary standard atmosphere is con- 
sidered absolutely dry, but in the actual at- 
mosphere some water vapor is always pres- 
ent. Under given pressure and temperature, 
moist air is lighter in density than dry air by a 
factor of1 - 0.378 e l p ,  where etp denotes the 
ratio of vapor pressure to the total pressure. 
On a very hot and humid day, air density in 
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ture kept constant at 5OC (T, = 278 K). We 
have then6, 

AR = - 62 prad. 

The total photogrammetric refraction will be 
practically nil, R + hR = -3 prad. 

Internal refraction AR, if appreciable, 
makes it impossible to determine standard- 
atmospheric refraction corrections without 
making observations of pressure and temper- 
ature (or refractive index) both inside and 
outside the aircraft. But if measurements are 
to be made, it will be better to resort to Equa- 
tion 7, which now becomes 

106 (R + AR) = 

and gives the total photogrammetric refrac- 
tion under the actual conditions from equally 
simple measurements. 

In two articles published in Geodesy and 
Aerophotography, Kushtin7,s derives correc- 
tions to image coordinates due to internal 
refraction effects on photographs taken 
through a tilted glass plate, or through a 
spherical window. 

Interpretation of the estimated meteor- 
ological limits for refraction shown by 
the solid curves in Figure 4, in terms of image 
coordinates at  the corners of the format ( 0  = 
45"), suggests a maximum uncertainty of 
-~3,urn, quite independent offlying height, in 
radial corrections determined on the basis of 
standard atmosphere. Because the greater 
part of this error becomes eliminated in the 
photogrammetric scaling process, correc- 

tions for refraction computed from standard 
atmosphere can be considered adequate for 
most practical purposes. 

The practice of taking aerial photographs 
through a port-glass from conditioned camera 
environment may have a deteriorating influ- 
ence on photogrammetric accuracy, at Ieast as 
long as the port-glass is considered as a fix- 
ture of the aircraft rather than a part of the 
camera optical system. 

I wish to thank my colleague Z. Jaksic for 
his suggestions and advice in arranging the 
test computations described in the introduc- 
tion to this research. 
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