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Expected Accuracy of Convergent 
Photos 
It is recommended that the normal-case of photogrammetry 
be applied if possible, otherwise the angle of convergence 
must be kept as small as possible and as far as possible 
from the critical angle. 

INTRODUCTION There are more contradictory statements. 
THE EXPECTED accuracies of normal photog- Evidently no definite answers exist as to 

raphy, convergent photography, and a whether the accuracy increases or decreases 
comparison between them have been  by using convergent photographs. 
studied for several years, and until now, ac- The accuracy of any photogrammetric sys- 
cording to K ~ n e c n y , ~  the correct conclusions tem can be determined by the accuracy ofthe 
have generally not yet been drawn. In photo- object-$pace coordinates obtained from the 
grammetric literature one finds a statement system. The accuracy of the object-space 
by Hallert2 that states, "The comparison be- coordinates obtained from convergent 
tween convergent and vertical pictures con- photographs (refer to Figure 3) is a function of 

ABSTRACT In photogrammetric literature one finds many contradic- 
tory statements about the accuracy of convergent photography. For 
example, some investigators have shown that the accuracy of 
stereometric model decreases by having convergent photographs, 
whereas others state that the accuracy increases. This article derives 
a new formula which states the accuracy of convergent photography. 
Moreozjer, the applications of this formula on different experimental 
results by other investigators are also gizjen. 

cerning the geometricalaccuracy has shown those parameters B, D, C, 4, mx and my, 
that convergent pictures in general are where mx, my, are the standard errors of the 
superior." image coordinates x and y, respectively. C is 

Another statement by Malhotra and Karara6 the camera principal distance, B is the base, 4 
states, "Precision decreases with an increase is the angle of convergence, and D is the 
of convergence from TO" to ?30°. Precision height. 
then improves with convergence from ?30° These parameters can be categorized into 
to i50°." two groups: 

Another statement by Kenefick4 states, Configuration parameters, D, B ,  and+, which 
"Although Karara3 does not recommend change by changing the configuration of the 
photographing with more than 60° con- two photos (outer orientation parameters of 
vergence, we maintain that 60" should be the two photos). 
considered as being a minimum convergence Camera parameters, mx, my and C ,  which 
angle and 90" or more should be employed change by changing the camera ~ r o ~ e * i e s  
whenever possible." (inner orientation parameters). 

This paper gives new formulas which de- 
 hi^ paper reports on part of a research study fine the accuracy of the photogrammetric SYS- 

conducted at the University of Illinois under the tem as a function of the configuration 
sponsorship of the National Science Foundation parameters D, B ,  and 4 of the two photos that 
(Grant GK-11655). form the model. 
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FIG. 1. Data acquisition arrangement for the normal photogrammet- 
ric situation. 

According to Karara,3 the accuracy of the 
object-space coordinates X, Y, and Z in the 
normal case of photogrammetry, referring to 
Figure 1 are: 

mZ = a f i m x .  BID 
The formulas above were developed under 
the following assumptions: 

myl = my, = my ( 5 )  
C1 = Cz = C (6) 

where mX, mY, and mZ, are the standard er- 
rors of the object-space coordinates X, Y, and 
Z ,  respectively; mx,, myl are the standard 
errors ofxl, yl, respectively; mx,, my, are the 
standard errors ofx2, y2, respectively; (xl, yl) 
andx2, yz) are the image coordinates on Photo 
1 and Photo 2, respectively; B is the distance 
between the two exposures; D is the average 
distance between the object points andthe 
the  object-space points obtained from 
tances of Photo 1, and Photo 2, respectively. 

Equations 1, 2, and 3 give the accuracy of 
the object-space points obtained from normal 
case photography. The  accuracy of the  
object-space points obtained from con- 
vergent photography is discussed in the 
next section. 

The accuracy of the object-space coordi- 
nates obtained from the intersection of the 
rays from convergent photos can be deter- 
mined from the intersection of their corres- 
ponding rays from pseudo-normal images. 

The pseudo-normal image is an imaginary 
image obtained from the same position as 
convergent image, but with zero angle of 
convergence. The relationship between the 
image coordinates x, y of a convergent photo 
and their corresp-on_ding pseudo-normal 
image coordinates x, y can be obtained from 
Figure 2 as follows: 

pseudo-normal 
photo plane 

photo 

convergent pseudo 
camera axis camera axis 

FIG. 2. The relationship between the image 
coordinates of the same point on a convergent 
photo and a pseudo-normal photo. 
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cos 4 o - sin 4 

Z - Zo sin 4 o cos 4 

where XU, Yo, Z,  are the coordinates of expos- 
ure station, X, Y, Z are the object-space coor- 
dinates of a point, x, y are the image coordi- 
nates of that point on convergent photo, F,  i j  
are the coordinates of that point if the photo 
was taken with zero angle of convergence 
(pseudo-normal case), 4 is the angle of con- 
vergence, C is the photo principal distance, 
A', A are constants. 

From Equation 7 one gets: 

sin 4 o cos 4 

and 

Let 
- 
xIC = tan a. 

Then 

sin a = x ( ~ 2  + C2)Y2. 

- sin a cos 4 - sin 4 cos a - - 
C sin a sin 4 + cos 4 cos a! 

= tan (a  - 4). 

Substituting the values of TIC and xlC from 
Equations 20 and 17 into Equations 14 and 
15 one gets: 

(1 + taiz a tan 4) mx 
mF = 1 - tan (a - 4) tan 4 

[ ( ~ I c  tan 4 mx), + (sec 4 my)2] 
% 

mc = -- 
1 - tan (a - 4) tan 4 (22) 

COS" sin"[ ["I THEORETICAL ACCURACY OF THE OBJECT-SPACE [:I=+[ 0 1 0  COORDINATES 
-C -sin 4 0 cos 4 -C (9) The accuracy of the object-space points can 

be determined by using the image coordi- 
From Equation 8 one gets: nates of the pseudo images. The determina- 

x cos 4 + C sin 4 tion of the accuracy of the object-space coor- 
x = - c  

x sin 4 - C cos 4 (10) dinates is based on the following assump- 
tions: 

- 
y = - C  Y 

x sin 4 - C cos 4' 
Applying the law of propagation of errors to 
Equations 10 and 11 one gets the following 
two equations: 

mT = 
(C cos 4 + 7 sin 4) mx 

x sin 4 - C cos 4 

[(y sin 4 mx), + (C my)2] Yb 
mij = 

x sin 4 - C cos 4 (13) 

The two equations above can be put into the 
form: 

mF = 
(1 + (TIC) tan 4) mx 

1 - (xlC) tan 4 

[ ( x l ~ )  tan C$ mx)2 + jsec 4 my),] ?h 
mij = 

1 - (xlC) tan 4 (15) 

a. The values of mx, my are equal, and 
have the same values for all the points. 
(This assumption has been adopted inmost 
applications of analytical photogram- 
metry.) According to such an assumption 
one has: 

mx, = mx2 = my, = my, = m. (23) 

b. The photos have a symmetrical config- 
uration as in Figure 3. (This configuration 

The value of xlC in Equations 14 and 15 can v 
be obtained from Equation 9 as follows: object-space 

FIG 3. Data acquisition arrangement for the 
- F cos 4 - C sin 4 - - (16) symmetrical situation ($1 = $2 = $ and a2 = = 

C 2 sin 4 + C cos C$ 4. 
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has been adopted by Karara,3 Malhotra and Substituting the above values into Equations 
Karaq6 Kenefick4 and many others in their 28, 29 and 30 yields the expressions: 
investigations.) According to the symmet- 
rical configuration one has: mX = (Sl2C)(sec 4)m = K,(sec 4)m (31) 

(24) 
mY = (S1C)m = K2m (32) 

(25) mZ = (SIC 2)(cosec 4)m =K3 (cosec 4)m. (33) 

In the error analysis in this section one 
takes the central point of the object for com- 
parison between different models, and for 
estimation of the accuracy of the object-space 
coordinates. 

The accuracy of the image coordinates of 
the central point ofthe object according to the 
above assumptions are: 

(1 + tan a tan 4)m 
mx, = mx2 = -- 

1 - tan ( a  - 4) tan $I (26) 

sec 4 m 
myl = my2 = 1 - tan (a  - 4) tan 4 (27) 

Substituting the values of mx and my from 
Equations 26 and 27 into Equations 1,2, and 
3, one has: 

D (1 + tan a tan 4) rn mX = - 
C 1 - tan ( a  - 4) tan 4 

(28) 

D mY = - (set 4) m 
C 1 - tan ( a  - 4) tan 4 (29) 

(DIC) (1 + tan a tan 4) m 
mZ = - fi (BID) 1 - tan ( a  - 4) tan 4 (30) 

Equations 28, 29, and 30 give the expected 
values of mX, my, and mZ in the symmetrical 
case as a function ofbase(B) height(D), angle 
of convergence (+), camera principal dis- 
tance (C), and the standard deviation of 
image coordinates. 

The experimental investigation for the val- 
idity of the developed formulas was per- 
formed by applying them to some experi- 
ments of reliable investigators. The results of 
these investigations are reported in the next 
two experiments. 

Experiment 1. Malhotra and Karara6 and 
Kenefick4 studied the effect of the angle of 
convergence in case of maintaining the scale 
of convergent photo constant. The distance S 
between the central point of the object and 
the two cameras is always constant and the 
cameras' axes are always directed at the cen- 
tral point as in Figure 3. The expected accu- 
racy in such a situation can be obtained from 
the developed equations by introducing: 

Sl = Sz = S 

D = S cos + 

The positional accuracy mT is equal to 

One can see from Equations 31, 32 and 33 
that by increasing the angle of convergence 
4, mX increases, my remains constant, and 
mZ decreases. By substituting the values of 
mX, my, and mZ from Equations 31,32, and 
33 into Equation 34 one gets: 

One can see from the values of(dld4) mT and 
(d2/d+2) mT that the values ofmT decrease by 
the increase of 4 for $<y; the value of mT 
reaches its minimum level at +=y, and the 
values ofmT increase by increasing the value 
of 4 for +>y where tan2 y = (K3/K1) = 11d2. 
The values of rnX, my, and mZ at different 
angles of convergence $I reported by 
K e n e f i ~ k , ~  Malhotra and Karara? are given in 
Figures 4 and 5, respectively. 

The results published by Malhotra and 
Karara, and Kenefick conform very much 
with the formulas in Equations 31,32, and 33, 
the minimum value of mT obtained from 
Kenefick, and Malhotra and Karara's experi- 
mental results, given in Figures 4 and 5 are at 

Angle o f  convergence 

FIG 4. Generalized curves showing the relation 
of standard deviation in the object space with the 
angle of convergence for a two-station reduction 
(Kenefick4). B = 2 S sin 4. 
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Frc 5. Effect of base-to-distance ratio and con- 
vergence on precision of point determination by 
stereometric system (Malhotra and Karara6). (mA 
= m ~ l g 3 ) .  

an angle of convergence of 42" (24 = 84") and 
40" (24 = 80"). According to the developed 
formula, the minimum value of mT is at a 
convergent angle of 40". 

The accuracy of the object-space coordi- 
nates at angle ofconvergence of45" (24 = 90") 
estimated using the developed Equations 31, 
32, and 33 are 1153,000,1176,400 and 1155,000 
for X, Y ,  and Z ,  respectively. Their corres- 
ponding values obtained by Kenefick4 are 
1156,100, 1174,400 and 1156,000 for X, Y and Z 
respectively. Moreover, the shape of the  
curves for X, Y ,  and Z obtained from the for- 
mula confornls with those given by Ken- 
nefick and Malhotra and Karara's experimen- 
tal results. 

Exper imen t  2 .  Malhotra a n d  Karara6 
studied the effect ofthe angle ofconvergence 
in cases of maintaining base (B )  and height 
(D)  constant. 

At fixed B and D, the accuracy on the 
object-space coordinates X, Y ,  and Z can be  
obtained from Equations 28, 29, and 30 by 
introducing B and D as constants. Referring 
to Figure 3, 

(I + tan a tun I$) m 
mX = K ,  

1 - tan  ( a  - 6) tan  $I 

(sec 4) n1 171Y = K2 
1 - tun ( a  - 4) tun 4 

(1 + tun a tail 4) m mZ = K3 - - 
1 - tan ( a  - 4) tan 4 (38) 

where K1, K2, and K3 are constants. The val- 
ues ofmX, my,  and mZ at different angles o f 4  
(angle of convergence) can be ol~tained from 
the two functions x(4) and y ( 4 )  where 

1 + tan a tan 4 
T((p) = 

--- .. - -- -- 
1 - tun ( a  - 4) tun C#J 

sec 4 = -- 
1 - tczn(a - 4) tail 4 

The properties of x(4) and y ( 4 )  at different 
values of 4 can also be  obtained by evaluating 
(dxld+)+, (d!jld~$)+, ( d2~ ld42 )4  a ~ ~ d ( d ~ y l d $ ~ ~ ) c # ~  
at different values of 4 .  

Evaluating the above quantities at differ- 
ent  + one gets: x(+) and y ( 4 )  increase by in- 
creasing the angle of convergence for $<a; 
x(+) and y ( 4 )  reach the highest values as 4 
reaches its critical value for 4=a; x(4) and 
y ( 4 )  decrease by increasing the angle of 
convergence for $>a. 

Accordingly, it is concluded that: mX,  mY,  
and mZ increase by increasing the angle of 
convergence for 4<a; mX,  m y ,  and mZ reach 
the highest value as 4 reaches its critical 
value for +=a; mX,  mY ,  and mZ decrease by 
increasing the angle ofconvergence for +>a. 

The results published by Malhotra and 
Karara6 conform with the results given by the 
for~~lulae  in Equations 36, 37, and 38. For 
example, Malhotra and Karara found that for 
BID = 0.5 and 1.0, the accuracy ofX, Y ,  and Z 
decrease by increasing the  angle of con- 
vergence until the  angle of convergence 
reaches a certain limit (the critical angle), 
then the accuracy of X, Y, and Z increase as 
the angle of convergence increases. This is 
exactly what one expects by using the above 
formulas. 

The  two experiments above prove the  
capability of Equations 18, 19 and 20 to esti- 
mate the accuracies of the object-space points 
in convergent photographs. In these two ex- 
periments the expected accuracies according 
to the developed fornlulas confirm the results 
published by the investigators. According to 
the formulas the accuracy of the object-space 
points is a non-linear function of the base 
and height. It is also a non-linear function of 
the angle of convergence. As a result, any 
statement defining the accuracy of the con- 
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vergent photography as a function of the 
angle of convergence only is incomplete. In- 
creasing the angle of convergence can in- 
crease or decrease the accuracies of the 
object-space points depending on how the 
base and height values change. Finally, the 
expected accuracy of the object-space points 
at any principal distance (base, height) can be 
obtained directly from the formulas. More 
investigations about these formulas are un- 
derway at the University of Illinois, U.S.A. 
and Cairo University, Egypt. 
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