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Asymmetrical Lens Distortion
The parameters can be estimated from the laboratory data
obtained during camera calibration.

INTRODUCTION

I NLABOHATORY camera calibration, according
to the ASP Manual of Photogrammetryl,

the calibration report provides the user with
the following information:

Point of symmetry.
Tangential distortion (maximum values of
tangential distortion).
The radial lens distortions along at least four
diagonals.

cations this assumption cannot be accepted
for two simple reasons:

• The tangential components ofasymmetrical
lens distortion of some cameras are large, as
one can see from the maximum value of
tangential distortion components given in
the calibration report.

• The tangential components ofasymmetrical
lens distortion can be estimated from the
calibration data.

In the next sections one can see that asym-
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In photogrammetric applications the user
treats the calibrated data by one of these
methods:

Estimate the average radial lens distortion and
neglect the asymmetrical lens distortion.
Estimate the average values of the radial lens
distortion and the radial components of asym
metrical lens distortion by Harris, Tewinkel,
and Whitten modeJ3.
Use the information as it is and by interpolation
one can estimate the corrections for any point
on the film plane.

The corrections of the image coordinates by
applying anyone of the above methods (in
cluding the interpolation method) are based
mainly on one assumption - that the tangen
tial components of asymmetrical lens distor
tion do not exist.

In high-precision photogrammetric appli-

metrical, radial, and tangential lens distor
tion parameters can be estimated from the
values of radial lens distortion along the four
diagonals.

THE ASYMMETRICAL LENS DISTORTION MODELS

In photogrammetric literature two models
have been adopted to represent the asym
metrical lens distortion. The first model is
called the thin-prism model 2, according to
which the asymmetrical lens distortion com
ponents !J.rr and !J.r l take this form:

!J.rr = P co.s (ep - epo) }
( 1)

!J.r, = P 8m (ep - epo)'

The second model is called Conrady's
model 2 , according to which the asymmetrical
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lens distortion components lir,. and lirt take
the form:

Brown2 , and many others, adopted
Conrady's model as the model for asymmet
ricallens distortion and it will be adopted in
this paper. According to Brown2 , the correc
tion of the image coordinates takes the form:

ESTIMATION OF THE ASYMMETRICAL LENS

DISTORTION PARAMETERS FROM THE RADIAL LENS

DISTORTION ALONG THE FOUR DIAGONALS

In any report on camera calibration, the
user is provided with a table similar to Table
1 in which the values ofthe radial lens distor
tion lirh Iir2, Iir3, and Iir4 along the four
diagonals 1,2,3, and 4 are given at different
radii (Figure 1). The values of the radial lens
distortion given in Table 1 at any diagonal i
can be expressed mathematically in the form:

Conrady's model, as well as thin prism
model, shows one important fact, that the ra
dial component and the tangential compo
nent of asymmetrical lens distortion are cor
related, and if the radial component is
known, one can determine the tangential
component. Based on such a correlation, one
should be able to determine the parameters of
asymmetrical lens distortion Pi and P2 in
Equation 5 from the radial component of the
lens distortions along the four diagonals.

(4)

(3)

(2)

where lir,. is the radial component of assym
metrical lens distortion, lirt is the tangential
component of assymmetricallens distortion,
and cP",JhJ2'" etc., are constants.

In most analytical photogrammetry appli
cations the above Equation 3 takes the form:

where

(9)

(10)

lir; = lirs + lir,.

lir; = lirs + (3P) sin (cP - cPo).

Substituting the value of P from Equation 4
into Equation 10 one gets:

where lir; is the total radial lens distortion at
radii i, lir, is the radial component ofsymmet
rical lens distortion, and lir,. is the radial
component of asymmetrical lens distortion.

Substituting the value of lir,. from Equation
2 into Equation 9, one obtains:

fir; = firs + (3Jr2) sin (cP - cPo). (11)

(8)

and x, !f are the image coordinates with the
point of autocollimation as an origin.

y

FIG. 1. The location of the four diagonals in the
image plane.

The radial components of the lens distor
tion lirh Iir2, Iir3, and lir4 at radius r along any
diagonal can be obtained by substituting the
values of cP in Equation 10 to be equal to 45,

TABLE 1. THE CALIBRATION DATA PROVIDED BY

CAMERA CALIBRATION LABORATORY FOR LENS

DISTORTION

Cone Lens Distortion (urn)
Angle Radius lir" liTh lire lird

0 0 0 0 0 0
7.5 19.738 -6.0 -6.3 -7.2 -6.2

15.0 40.171 -14.5 -15.0 -15.2 -15.1
22.45 61.944 -9.9 -11.8 -13.8 -12.4
30.0 86.549 0.1 -1.8 -7.3 -4.7
35.0 104.962 11.0 7.4 0.3 5.1
40.0 125.774 19.9 14.3 4.5 10.2
45.0 149.881 29.3 21.2 8.1 14.6
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90 + 45, 180 + 45 and 270 + 45 for the
diagonals 1., 2, 3, and 4 respectively. Accord
ingly,

flr) = K lr2

fir) = K2r2

(22)

(23)

Llr1 = Llrs + (3Jr2) sin (45 - cPo) (12) where

Using the values offir) andfJr) at different
radii hom Table 2, one can use the least
squares solution to obtain the most probable
values ofK l and K2 in Equations 22 and 23.

The most probable value of K1 and K2 can
be obtained from the expressions:

Llr2 = Llr, + (3Jr 2) cos (45 - cPo) (13)

Llr3 = Llrs - (3]r 2) sin (45 - cPo) (14)

Llr4 = Llr, - (3Jr2) cos (45 - cPo)' (15)

Using the values ofLlrb Llr2' Llr3' and Llr4 from
Table 1, one can calculate the values of three
funetionf(r),fir), andfJr) at different radii
using the formulas:

K l = (-3] 1 sin cPo) / \/2

K2 = (3]1 cos cPo) / \/2.

(24)

(25)

f(r) = (M1 + Llr2 + Llr3 + MJ /4

flr) = (Llrl + M 4 - Llr2 - M 3) /4

(16)

(17)

(26)

(27)

f(r) = Llr, (19)

Fir) = (-3Jr 2 sin cPo) / \/2 (20)

fir) = (M l + Llr2 - Llr3 - MJ /4. (18)

The values off(r),fir), andfJr) calculated by
using Equations 16, 17 and 18 are given in
Table 2.

The mathematical formulas of f(r), f1(r),
andfJr) can be obtained by substituting the
values of Llrb Llr2, Llr3' and Llr4 from Equa
tions 12, 13, 14 and 15 into the above Equa
tions. Accordingly,

K l = 0.1.70 X 1.0- 4 mm- l

K 2 = 0.308 X 1.0-4 mm- 1 .

(28)

(29)

PI = (\/2 K l ) /3

P2 = (\/2 KJ /3.

The estimated values of K l and K 2 obtained
by substituti ng the values offl(r) andfJr) and
r from Table 2 into Equations 26 and 27 are:

Knowing the values of K1 and K 2 one can
estimate the values of PI and P 2 by using
Equations 24, 25 and 7 and 8. Accordingly,
the values of PI and P 2 are:

(21)fir) = (3Jr2 cos cPo) / \/2.

The function f( r) gives the symmetrical lens
distortion at any radius r. The two functions
fir), and fJr) will be used for estimating
asymmetrical lens distortion parameters PI
and P 2 in Equation 5.

The two funetionsflr) andfJr) in Equa
tions 20 and 21 can be put into the form:

The estimated values ofP1 andP2 obtained by
substituting the calculated values of K l and
K2 into equations and are:

PI = 0.807 X 1.0-5 mm- l

P2 = 0.1.45 X 1.0- 1 mm- l .

TABLE 2. THE VALUES OF SYMMETRICAL LENS

DISTORTION (IN \1ICROMETERS) I\r) AND THE Two

FUNCTIONS £'l(r) AND I~(r) AT DIFFERENT RADII

Radius f(r) ft(r) f.jr)

0 -0 0 0
19.738 -6.425 0.325 0.275
40.171 -14.950 0.150 0.200
61.944 -11.975 0.825 1.125
86.549 -3.425 1.125 2.575

104.962 5.950 2.1 3.250
125.774 12.225 2.825 4.875
149.881 18.3 3.65 6.950

Using the estimated values of PI and P 2 one
can correct for asymmetrical radial and
tangential lens distortion by using Conrady's
model.

As a summary one can follow these proce
dures for estimating the asymmetrical lens
distortion parameters PI and P2 :

* Calculate the values off (r), f1 (r) andf2 (r)
by using Equations 16, 17 and 18.* Estimate the values of K 1 and K2 using
Equations 26 and 27.* Estimate the values of PI and P2 using
Equations 28 and 29.
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According to the Harris-Tewinkel-Whitten
model, the asymmetrical lens distortion
parameters a, b, and c can be estimated fi-om
the values of CI and C2 as follows:

(43)

(44)

(39)

(40)

(41)

(42)

(35)

(36)

(37)

(38)

PI = ca /3

P2 =cb/3.

a = - sill <Po

b = cos <Po'

0= 45 + <P

] = c /3

a = cos (0 + 45)

b = sill (0 + 45).

As a result, one can estimate the asymmet
ricallens distortion parameters in Conrady's
model (PI and P2) and correct for radial and
tangential components of asymmetrical lens
distortion, rather than using the Harris
Tewinkel-Whitten model asymmetrical lens
distortion parameters a, b, and c and correct
only for asymmetrical radial lens distortion.

CONCLUSIONS AND REMARKS

Using the above relationship in Equation 33
through 38 one has:

Using the values of cos <P,,, sin <po, and] fi-om
the above equations into Equations 6 and 7
one has:

The developed model for asymmetrical
lens distortion is based on one main assump
tion that Conrady's model is the proper
model for representi ng asymmetrical lens
distortion. This assumption has been ac
cepted by most photogrammetrists.

The main advantage of the developed
model is that it is the only model that makes
use of laboratory camera calibration data for
correcti ng the asymmetrical radial and
tangential components of lens distortion.

Accordingly, it is recommended that such a
model be used in camera calibration labora
tory report to provide the user with asymmet
rical lens distortion parameters.
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(32)

(30)}PI = (ca) /3

P2 = (cb) /3.

The mathematical proof of Equation 30 can
be obtained by evaluating the values of the
two functions (~r3 - ~rJ /2 and(~r4 - ~rzJ /2
in both the Harris-Tewinkel-Whitten model
and Conrady's model. In the Harris
Tewinkel-Whitten model, Equation 2.1 of
reference three:

(~r3 - ~rJ /2 = c I r2
}

(31)
(M4 - ~rzJ /2 = C2r2.

where Cl and C2 are constant, 8r], ~r2, ~r3, and
~r4 are the radial components of asymmetri
cal lens distortion, i.e., (~rj = ~rj - ~r,).

From Equations 31 and 32 one can have
these relationships:

] = (C I
2 + C22)'/z /3 (33)

tan (45 + <Po) = C2 / CI' (34)

In Conrady's model according to Equations
12 through 15:

(~r3 - M I ) /2 = (-3]r2) sin (45 - <Po)

(M4 - ~rzJ /2 = (-3]r2) cos (45 - <po)

MODIFICATION OF HARRIS-TEWINKEL-WHITTEI\

MODEL FOR ASYM~1ETRICAL LENS DISTORTION

The model developed by Harris, Tewin-
kel, and Whitten3 has been built to correct for
asymmetrical radial components of lens dis
tOItion. This model is still the only model in
analytical photogrammetry for correction of
the asymmetrical lens distortion by using the
radial lens distortion along the four diagonals
provided by laboratory camera calibration.
The asymmetrical lens distortion parameters
in this model are defined by three parameters
a, b, and c. The mathematical model for esti
mation of such parameters is desc:ribed in
detai lin reference3 .

In investigating the Harris-Tewinkel
Whitten modeJ3, it was found that one can
correct for asymmetrical radial, and tangen
tial distortion using Conrady's model if one
has the asymmetrical lens distortion
parameters a, b, and c.

The relationship between the asymmetri
cal lens distortion parameters PI and P2 of
Conrady's model (Equation 5) and the
asymmetrical lens distortion parameters a, b,
and c can be defined as:


