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Densification of Urban Geodetic
Nets*

Employing aerial photography of the City of Atlanta at a scale
of 1:17,500, horizontal coordinates of ground points were
determined with a standard error of better than 7 em.

INTRODUCTION

T HE SYSTEM OF geodetic monumentation in
most urban areas in the U.S. is widely

acknowledged to be inadequate for modern
needs. In many communities the problem is
not so much one of quality as of quantity, for
local first-order networks tied to the national
grid may already be in place. By and large,

result, most urban areas are beset with a
multiplicity of local survey datums per
petuated by diverse interests ranging from
various utilities and public works depart
ments all the way down to private surveyors.
The consequences of this Balkanization of
urban surveying networks have been costly,
to say the least. Delays, disputes, misun-

ABSTRACT: The development of the bundle adjustment with self
calibration advances photogrammetric technology to the stage
where the densification of urban geodetic networks can be ac
complished to requistie accuracies from photogrammetric blocks of
relatively small scale (1:17,500). This was demonstrated in a recent
pilot project conducted in the City ofAtlanta. Field checks showed
that photogrammetrically determined coordinates of monuments
had standard errors ofbetter than 7 cm horizontally. The production
of such high accuracies from photographs of such small scale re
nders the photogrammetric approach to densification overwhelm
ingly attractive economically in comparison with other methods of
comparable accuracy. Although densification constitutes the indis
pensable first step to the development of the modern cadastre based
on description of property by coordinates, progress to date in this
regard has been disappointingly slow. We hope that the application
of advanced photogrammetric technology will serve to stimulate
progress.

the spacing of stations in such networks
ranges from 3 to 5 miles. Only a relatively
small percentage of local surveys are tied to
the national network, mainly because of the
expense entailed in traversing the several
miles typically necessary for a proper con
nection closing on two different points. As a

* Presented at the Fall Technical Meeting of the
American Society of Photogrammetry, September
28 to October 1, 1976, at Seattle, Washington.

derstandings, inadvertent destruction or
misuse of property, infringements, interrup
tions of projects, litigation, inequitable taxa
tion, inefficiencies, and undue hardships are
only some of the negative consequences.
Perhaps the only positive consequences
consist of the short term convenience and
economic advantage accruing to special pub
lic and private interests from narrow locali
zation of surveying operations. Yet, just such
considerations have traditionally predomi
nated, and it has been estimated that cur-
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rently only about one urban survey in four is
tied to the national network.

To bring order from the present chaos in a
manner acceptable to all interests, two major
measures must be undertaken. The first con
sists of implementing in urban areas an ap
propriate level of densification of the hand
ful of locally available first-order monu
ments tied to the national grid-a nominal
spacing of one new monument every one
half mile would be sufficient to assure
large-scale voluntary use of a densified net.
The second consists of enactment of appro
priate legislation requiring that all surveys of
legal standing be tied directly to the den
sified network. As a practical matter, the
second measure cannot be taken until the
first has been implemented--{)therwise, un
acceptable economic burdens would ensue.

A few far-sighted communities already
have taken action along the above lines. In
Monroe County, New York, for example, a
program has been underway for several
years leading to an exemplary system of
monumentation. When completed, perma
nent monuments will have been installed at
minimum intervals of nominally one-half
mile along all roads under the county's
jurisdiction-a total of well over 3,000
monuments in an area of some 670 square
miles. Yet, this project which began in 1968
and is still underway by means of conven
tional traversing will ultimately consume a
decade and will end up costing over 1.2 mil
lion dollars. It has thus become clear that un
less a far more timely and economical means
for densification is forthcoming, it is unlikely
that many other communities will embark on
similar undertakings. In recent years two
candidates of great promise in this regard
have emerged, namely, photogrammetric
triangulation and inertial surveying. This
present paper is concerned primarily with
the former, though brief consideration will
be accorded the latter at the conclusion of
the paper.

WHY DENSIFY?

Before technical aspects of photogrammet
ric densification are discussed, it is appro
priate that further consideration be given to
reasons for densification. Perhaps the most
compelling reason is that densification is the
indispensable first step to the creation of a
modern computerized land data system.
This fundamental fact was brought out in
paper after paper published in the Proceed
ings of the North American Conference on
Modernization of Land Data Systems: A
Multi-Purpose Approach. This conference

was held in Washington, D.C., on April
14-17, 1975, under the joint sponsorship of
the following participating agencies:

American Bar Association
American Congress on Surveying and Map
ping
Canadian Institute of Surveying
American Land Title Association
American Society of Photogrammetry
International Association of Assessing Offic
ers
National Association ofCounty Recorders and
Clerks
National Research Council (Canada)
Department of Energy, Mines and Resources
(Canada)
Service du Cadastre, Ministere des Terres et
Forets
Comision de Estudios del Territorio Nacional
Oficina de Catastro, Gobierno del Edo de
Mexico
Department of Commerce (U.S.)
Department of Interior (U.S.)
Department of Agriculture (U.S.)
Department of Housing and Urban Develop
ment (U.S.)

The conference, referred to as MOLDS
(Modernization of Land Data Systems), was
convened for reasons set forth in the intro
duction made by the Chairman of the Execu
tive Committee, Capt. John D. Phillips of
the NOANFederal Geodetic Control Com
mission. In the section of his paper entitled
"Why the Conference", Capt. Phillips states:

Over the years there has been a great deal of
discussion and concern with the existing
situation in the field ofland use and inventory
systems and real property and conveyance rec
ords in the North American countries. The
importance of general land records was rec
ognized by many countries a long time ago.
The Economic Council of the United Nations
and the Pan American Institute of Geography
and History on several occasions has called on
national authorities to implement modern sys
tems to satisfy the multiple requirements of a
modern society. The North American coun
tries have been lax in this particular area. This
lack is causing serious damage, delays and
economic losses-especially when integrated
programs are conceived to combat environ
mental social and land use problems and de
ficiencies. This Conference, the first under
the (North American Institute for Moderniza
tion of Land Data Systems) MOLDS umbrella
is to draw attention to the need, define
parameters, review progress and lay the foun
dation countries to establish compatible na
tional land data systems.

Of the many significant papers presented at
this prestigious conference, one of the most
important is the Preliminary Report of the
Ad Hoc Committee of representatives of the
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American Bar Association and the American
Congress of Surveying and Mapping. The
committee report was presented jointly by
William A. Chatterton and John McLaughlin
and is entitled: "Towards the Development
of Modern' Cadastral Standards," Of par
ticular cogency with regard to densification
are the proposed Cadastral Survey Standards
put fOlth under Section 5.3 and 5.4 which
state:

5,3 The committee has concluded that "all
descriptions of land parcels, easements, and
other interests in land required for con
veyancing, taxation, and any other purposes
should be ultimately tied to the state/ provin
cial plane coordinate system." Only in this
way can the consumer be afforded acceptable
protection. As a means of promoting the use of
the coordinate system, the committee further
agreed that: "upon the verification of the state
plane coordinates system within a given re
gion, areas should be proclaimed as designated
survey areas within which:

a) All property surveys carried out for
agencies having the power ofeminent domain
would be required to be tied to the coordinate
system:

b) all property surveys carried out to create
subdivisions of greater than 20 lots would be
required to be tied to the coordinate system;

c) all property surveys carried out within
800 meters of a coordinate monument would
be required to be tied to the coordinate sys
tem;

d) and any other property survey, at the
owner's discretion, could be tied to the coor
dinate system."

5.4 Minimum standards of survey practice
within the designated survey areas, including
accuracy of measurement and the provision of
evidencial documentation, would be estab
lished and regulated by an appropriate state/
provincial agency. Accuracy specifications for
property surveys should be developed in
terms of error ellipses for monumentation and
tolerance lanes for boundaries. At this time,
however, this committee acknowledges prev
alence of relative precision criteria and have
agreed that all property surveys within the
designated survey areas should satisfy the
minimum relative precision criteria of I (Icm
+ 0.0002 * Distance in meters),

As a practical matter, these key recommen
dations of the committee can be im
plemented only if a uniform system of
monumentation of sufficient density has
been established in a given area, In order for
recommendation (c) of 5,3 to have any sub
stance it is clear that 'coordinate monu
ments' must be provided at minimum spac
ings of about 800 m or nominally one-half

mile (this inter'lretation assumes that, in
general, the di.;tance from a point to a
monument is reckoned along a grid of streets
rather than along a mathematical straight
line). Unless densification is established to
such a level, there is no economically practi
cal possibility of carrying out the pivotal rec
ommendation of the proposed standards,
namely, that "all descriptions. , . should ul
timately be tied to the state/provincial plane
coordinate system." Hence the truth of the
earlier statement that densification is the in
dispensable first step to the creation of a
modern land data system. Auxiliary benefits
include

(a) substantial savings in costs oftraversing to
tie special surveys into the national geodetic
system:

(b) immediate and adequate availability of
geodetic control sufficiently accurate for vir
tually all future mapping projects anywhere
within the area;

(c) the practical and economical realization of
the direct tie-in of all future surveys of the
facilities of public and private utilities (elec
tric, telephone, water, gas, sewer, public
transportation, public works agencies, etc.) to
a common unified datum (although the de
sirability of this is universally recognized, it is
presently prohibitively expensive precisely
because of lack of densification);

(d) the economical and timely reconciliation
of discrepancies or conflicts arising from d;f
ferent existing surveys and/or maps involved
on projects involving a diversity of agencies
or interests;
(e) the practicability of establishing appro
priate parameters for the transformation to a
unified system of numerous 'floating datums'
established by various agencies and groups
over the years; and
(f) easing of the ultimate transition to a com
puterized land data system by early phase-in
of legal requirements for specification of
property descriptions by coordinates (e.g., by
requiring that all conveyance of property to
new owners during, say, a five-year trans
tional period be supported by a survey tied to
the state place coordinate system and paid for
by the new owner).

With such compelling reasons for densifica
tion, it is both surprising and dismaying that
so little has yet been accomplished in this
regard throughout the country. Perhaps con
tinuing pressures from such groups as
MOLDS coupled with technical advances
(such as those to be reported here) will in
creasingly stimulate recalcitrant com
munities into undertaking basic programs of
densification.
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BENEFIT/COST ANALYSIS FOR DENSIFlCATlON

6.07
1.00$ 31,000J

(1+.10)1$555,000 + [I~
B
C

This means that by the fifteenth year of the
project's economic life the community
would have realized a return of $6.07 for
every $1.00 invested. Indeed, the breakeven
point of the project would be reached before
the end of the first year. The economic im
pact of the project is therefore overwhelm
ingly favorable. Cost/benefit ratios for other
time horizons and interest rates are sum
marized by Johnson in Table 1.

One point concerning the foregoing
analysis should be particularly emphasized:
one and only one benefit of densification was
considered, namely, savings in traversing for
the 31 percent of surveys historically tied to
the national network. In actuality, numerous
other benefits from densification are to be
expected, as discussed earlier. How much,
for example, might be saved by the likeli
hood that with the higher density of monu
ments a far greater percentage of surveys
(than 31 percent) would be tied to the na
tional network? Or what would the savings
be from the speed-up of initiation (and

of geodetic densification underway by
means of ground survey. Monroe County
was selected by Johnson for analysis be
cause accurate cost data were available on
the first phase of the project in which the
initial average spacing of monuments of 5.8
miles (some 20 monuments) was decreased
to an average spacing of 1.1 miles (some 532
new monuments). Eventually, well over
3000 monuments are to be installed of nomi
nal intervals of one-half mile. From analysis
of questionnaires returned by the surveying
profession, Johnson was able to estimate that
of the total of some 3140 traverses performed
in Monroe County in 1970 some 973 (or 31
percent) were tied into the national geodetic
system. By using his model, Johnson was
then able to compute that, with the spacing
of monuments decreased from 5.8 miles to
1.1 miles, an annual savings of2570 miles of
traverse could be realized. This translated
into an annual cost savings (B a ) of $630,781
(at 1970 prices). As for costs, the total capital
investment (K) for the project of densifica
tion was an actual $555,000, and the annual
operating and maintenance costs (0) were
estimated to be $30,912. With the time hori
zon (T) taken conservatively at 15 years and
the cost of money (i) taken as 10 percent, the
benefit/cost ratio becomes

15L $631,000
1=1 (1+.10)1

Benefit
Cost

B
C

The general desirability of densification is
not a matter of contention among informed
parties. However, it would be helpful to all
concerned if some quantitative measure of
its value could be established. For proposed
public projects this is normally ac
complished through an analysis of benefit
to-cost ratios associated with the project. The
ratio is defined by the standard formula

T

L Ba

t=1 (l+i)t

in which
&. = value of annual benefits resulting

from the project,
T = the useful life of the project (or time

horizon),
i = the cost of money (interest rate),
a = annual operating or maintenance

costs, and
K = the initial capital investment cost.

Naturally, the greater the benefit-to-cost
ratio, the more economically desirable the
project. Although ratios as small as 1.2: 1
have been successfully used to justify mul
timillion dollar projects, a ratio of 1.4: 1 is a
more acceptable threshold and a ratio of
greater than 2: 1 is considered to be most
compelling.

As applied to densification, the main diffi
culty in a benefit/cost analysis is in quantify
ing the annual benefits Ba : the other
parameters T, i, 0, and K can be estimated or
postulated with reasonable confidence. For
tunately, a detailed study has already been
performed on one well-defined benefit,
namely, the miles of traverse saved by virtue
of a specified level of densification. This
study was prepared by Phillip C. Johnson of
the National Geodetic Survey and is entitled
"A Measure of the Economic Impact of
Urban Horizontal Geodetic Control Sur
veys," (published by the U.S. Department of
Commerce, August 1972).

In his study, Johnson first developed a
mathematical model for the estimation of the
miles of traverse saved by increasing the
number ofapproximately evenly spaced con
trol monuments in a specified area from an
initial number N to an increased number
N +N'. It is enlightening to recount the main
points of Johnson's analysis as applied to a
specific example, namely, Monroe County,
New York (area 673 square miles; county
seat, Rochester). As mentioned earlier, this
county has an active and extensive program
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It has to be explained that these values pre
sent the maximum admissible discrepancy
between two determinations of distance be-

are to be required. Unfortunately, no defini
tive standards have been adopted in this
country that serve to clarify this matter.
However, such standards are in effect in
Western Europe and, in particular, in West
Germany where land values are especially
high. This ~opic is addressed by Wahl (1975)
in another paper presented at the 1975
MOLDS conference referred to earlier. A
pertinent extract from this paper is-

Until now such evasive terms like "accepta
ble" or "admissible" errors, discrepancies, or
differences between the results oC-two differ
ent surveys or the calculated and measured
values, were used without giving any numeri
cal values. The numerical values for such
"admissible errors", called "tolerances", are
established by almost all surveying instruc
tions for the various measured elements, like
angles, distances and calculated areas. The
logical supposition is that the tolerances were
established accordingly to the postulated re
quirements of accuracy. In reality, the
Cadastre in his development always accepted
the already existing National Network ofCon
trol Points as its basis, principally due to the
economy and time-saving of such arrange
ment. Consequently, the conventional cadast
ral tolerances were in concordance with the
accuracy of the National Network of Control
Points. In newly formed cadastral systems,
very often with independent networks of con
trol points, the required accuracy and the op
timal surveying method with its correspond
ing tolerances can be chosen. We will limit
ourselves to the discussion of tolerances of
distances and areas, the most important for
the various users of the cadastral information.
As an example, the conventional German
Cadastre presents the tolerance for the differ
ence of the results of two surveys of a distance
between two boundary points, or for the dif
ference between a measured and the calcu
lated by coordinates distance, by means of the
following formulas:

D[ = ± (5 + 0.03 s + 0.8VS) cm

Dll = ± (5 + 0.05 s + 1.2VS) cm

where
s = the difference in m,
D[ = the tolerance for normal conditions of

the terrain,
Dll = the tolerance for difficult conditions

of the survey.
The numerical values for different distances
are presented in the following table:

TABLE 1. SENSITIVITY OF BENEFIT-COST RATIOS

TO CHANGES IN INTEREST RATE AND TIME

HORIZON (FROM JOHNSON (1972)).

Time Horizon

5 10 15 20 30 50
Interest

Rate Benefit Cost Ratios

5.00 3.96 6.13 7.47 8.35 9.40 10.28
7.50 3.75 5.64 6.72 7.38 8.09 8.55

10.00 3.56 5.20 6.07 6.56 7.02 7.26
12.50 3.37 4.81 5.50 5.86 6.16 6.27

hence completion) of projects dependent on
surveying; or savings to aerial mapping proj
ects which would not require special sur
veys to bring in ground control; or savings
likely to be realized from the long run de
crease in litigation ultimately to be ex
pected? The quantification of these and
other benefits were, of course, beyond the
stated scope of Johnson's investigation and,
we trust, will be addressed in future studies.
However, from a cursory consideration of
additional benefits it would not seem to be
out of line to expect that their inclusion
would lead to at least a doubling of the
numerator of the BIC ratio. If so, a benefit!
cost ratio of perhaps 12: 1 could be justified.

Another avenue exists for further im
provement of the benefit/cost ratio, namely,
though the reduction of the denominator of
the ratio. In Johnson's analysis, costs were
based on the assumption that densification
was to be accomplished by means of conven
tional ground traversing. However, as
pointed out in Brown (1973), the emergence
of analytical photogrammetry now provides
an acceptable alternative that, in projects of
sufficient scope, can reduce overall costs to
one third of those to be expected from con
ventional traversing. Conservatively, then,
the prospect exists for reducing the total de
nominator of the BIC ratio by a factor of
two. Accordingly, a strong case can be made
that the benefits of densification are likely to
exceed costs by a factor of better than 20 to 1
when the photogrammetric approach is
employed. By normal standards such a ratio
is astronomical. Nationwide, it means that
tens ofmillions of dollars are, in effect, being
lost annually because of the lack of suf
ficiently densified geodetic networks.

ACCURACIES NECESSARY FOR DENSIFICATION

Before any project of densification can be
undertaken, an answer must be provided to
the fundamental question of what accuracies

sin m

D[ incm
D ll in cm

20

9
II

50

12
16

100

16
22
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tween two boundary points for two different
surveys, or one survey and the distance calcu
lated by coordinates. This maximum admissi
ble discrepancy between two determinations,
or "limit of error", (in German Grenzfehler),
is accepted as the triple value of the mean
square error of the surveying method, and its
probability of occurrence is very limited,
about 1 in 370 surveys. Also the significance
of the three terms in the formulas has to be
understood. The first term, ± 5 cm, is the limit
error of the identification of the centre of the
boundary monuments. The 2nd term repre
sents the influence ofnot eliminated systemat
ic errors of the survey, and the 3rd term
the influence of the random errors. Also these
two factors could be diminished by the use of
more exact instruments and methods. As a re
sult, more rigorous tolerances could be estab
lished.
As an example of such more rigorous toler
ances, the newer tolerances for the survey
lines of the Cadastre of Hamburg, used before
the introduction of the Computational
Cadastre, are presented. Here already in the
determination of the points of the Control
Network, an accuracy of an average mean
square error of the coordinates of =+= 7 cm was
achieved.

As explained in Wahl's paper, the specified
tolerances represent 3 sigma values for the
differences between two repetitions of the
survey between a pair of points. It follows
that if a denotes the standard deviation of an
individual survey, the tolerance is equal to
3\12a. Thus, with spacing between control
monuments of s = 800 m (or one-half mile),
one obtains for the conventional tolerance
for normal ronditions of terrain
3V2 a = D/

=± [5 + 0.03 (800) + 0.8 v'8OO] cm
= ± [5 + 24.0 + 22.6] cm = 51.6 cm.

From this the admissible standard deviation
a of the individual survey of the distance
between two monuments with separation of
800 m becomes

a = 12.2 cm or 0.40 ft
or taken one step further, the standard devia
tion a o of the horizontal coordinates (X or Y)
of the individual monuments must be

ao = (T/V2 = 8.6 cm = 0.28 ft.
Interestingly, this figure corresponds almost
precisely to one half the value to be ex
pected from the application of the formula
proposed by Chatterton and McLaughlin
(1975), namely, ± (1 cm ± 0.0002 x Distance
in meters), when applied to a distance of800
m. Accordingly, if a value of 8.6 cm were
adopted in a program of densification as the
acceptable standard deviation for the coor
dinates ofthe typical monument, it would mean

that the accuracy of the monuments would
be twice as great as the accuracy demanded
of the most distant point ultimately to be re
ferred to the monument in subsequent sur
veys. This seems to be an altogether,reason
able requirement, although some might pre
fer a tighter specification. However, it seems
doubtful whether a specification much
tighter than ±5 cm could be justified on
economic and practical grounds.

URBAN DENSIFICATION BY CONVENTIONAL

TRAVERSING

In order to place densification by photo
grammetric means into proper perspective it
is appropriate that consideration first be
given to certain aspects of densification by
means of conventional traversing. To this
end, the specific and admittedly idealized
situation pictured' in Figure la is analyzed.
Here, the four corner points A,B,C, and D
are considered to consist of established,
first-order monuments of the national net
worl: and, for present purposes, are consid
ere(' spaced at 8 km intervals. The inter
ven.ng points pictured as small dots repre
sent locations of new monuments to be es
tablis~1ed by densification and are assumed
to be evenly distributed at 800 m intervals.
The li~les connecting the dots define the as
sumed course of the traverse in accordance
with one straightforward design. Here,
traverses are first made between A and Band
C and D respectively. With the intermediate
points on these two vertical segments thus
established and considered to be known, the
remaining points are established as indi
cated by means of horizontal traverses join
ing opposing points on segments AB and
CD. It is further assumed that the traverse is
performed in accordance with first order
standards as defined in Table 2. Thus, each
800 meter segment is measured to an "aver
age accuracy" (which will be assumed to
represent one standard deviation) of 1 part in
50,000. The matters of primary interest in
this exercise concerns the accuracies to be
expected for the coordinates of the newly es
tablished monuments and the cbst and time
likely to be required for a typical project.

A rough estimation of the accuracy to be
expected for, say, the mid-pointM of the den
sified net may be arrived at by use of a
rule-of-thumb for an open traverse, accord
ing to which

a = n ao + nl> s a p

wherein
a = standard deviation of coordinate of

terminus of traverse,
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TABLE 2. STANDARDS OF SURVEYING ACCURACY.*

* Taken from "Standards and Specifications for supplemental
Horizontal Control Surveys", a paper presented by J. F. Dracup
to the 1970 Annual Meeting of ACSM.

obtain aQ = 9.9 cm and an = 9.6 cm. These
would be improved by a factor of roughly
V2i2 by virtue of the closing of the traverse
on D (closings on Band C are too remote to
be of much value), and hence they become
aQ = 7.0 and aR = 6.8 cm, respectively. Since
Q and R are reached by independent routes,
the errors in their coordinates are essentially
mutually independent. The expected stan
dard deviation of the distance between
points Q and R is, therefore, given by [(7.0)2
+ (6.8)2J1'2 = 9.8 cm, a value acceptable, yet
unsettling, for one finds that the proportional
accuracy of the distance between Q and R

A. Triangulation and Trilateration
Minimum

Order of Accuracy Accuracy

50,000
20,000
10,000

l:Part in

150,000
100,000
75,000
50,000
20,000
10,000

Average
Accuracy

25,000
10,000
5,000

l:Part in

100,000
50,000
25,000
20,000
10,000
5,000

First-order class I
First-order class II
First-order class III
Second-order class I
Second-order class II
Third order

B. Traverse
First order
Second order
Third order

n = number of intermediate segments,
ao = estimate of bias of typical segment,
s = length of typical segment (same units

as ao), and
a p = proportional accuracy of random

error in typical segment.
Thus, if M were reached via L in an open
traverse starting, say, from A, n would be
equal to 10. A reasonable value for ao is 1 cm
or 0.01 m. Then, since s is equal to 800 m
and ap for a first order traverse is 1:50,000, it
follows that a turns out to be equal to

a = 10 (0.01 m) +
101'2 x 800 m

50 000 = 0.15 m = 15 cm

However, iJ~ the postulated net, M is not
reached by a simple traverse from A, but is
also reached via links to B, C, and D. Hence,
the accuracy of M following an appropriate
adjustment will be improved over that of the
simple open traverse by a factor approaching
2. Accordingly, a value of roughly 8 cm
would be a reasonable expectation for the
standard deviation of the coordinates of the
midpoint of the net. Now, this is in line with
the value of 8.3 cm arrived at earlier as a
reasonable specification for densification to
the 800 meter level. One might thus con
clude that a traverse executed according to
the design just described would be perfectly
satisfactory. However further probing will
disclose that the survey has a certain weak
ness. If the rule-of-thumb for traversing ac
curacy were applied to points Q (reached
from A via P) and R respectively, one would

------- 8100-------11
,

B __-~--+-----<O---+---<II~----.C

1-__ 8100 1

B -+-_--_-+-_--_-9·C

......._-__-_~I\__- __-_---.N

Q

RA --l800.1- D

FIG. lb. An alternate, moderately redundant
scheme leading to realization of homogeneous
accuracies.

R --l1lOO_1- D

FIG. la. One possible, minimally redundant
scheme for densification by traversing.

A
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turns out to be only 1part in 8200 which is
equivalent to what is to be expected from a
third-order traverse between Q and R. This
demonstrates that even a superficially logi
cal first-order traverse can actually yield the
equivalent of third-order results for contigu
ous stations that are not directly connected
with each other.

What the foregoing signifies for urban den
sification is clear. To produce homogene
ous accuracies, a traverse should ideally fol
Iowa highly redundant scheme akin to that
(Figure Ib) wherein each interior station is
reached by a pair of independent traverses.
Moreover, to be comparable in rigor to
photogrammetric method presently to be de
scribed, the entire net should be adjusted as
a whole, rather than being subject to simple,
piece-wise adjustment. This would not be a
palticularly formidable demand for the 121
station net of Figure 1b. However, such a net
would ordinarily constitute only a single
'cell' of the overall net required for the
coverage of a typical urbanized county. Ifan
overall area of, say, 40 by 40 km (roughly 25
by 25 miles) were considered to constitute a
typical project, densification to the 800 m
level would generate a total of 51 by 51 =
2601 stations and would entail some 4000
km of traversing in accordance with the re
dundant scheme of Figure lb. The rigorous
least squares adjustment of the net would
lead to a system of normal equations on the
order of 5204 by 5204. With proper ordering
of unknowns, the coefficient matrix of the
normal equations could be made to assume a
banded form which would render the solu
tion of the system feasible, though nonethe
less still formidable.

At a rate of $250 per kilometer the total
cost of the postulated 4000 km traverse
would approach $1,000,000. In addition, at
$75 each, the cost of fabrication and installa
tion of monuments would total about
$195,000. Analysis, data reduction, and re
porting would require at least another
$150,000 bringing the total project cost to the
neighborhood of $1,345,000. With average
progress of2.4 km per party day over reason
able terrain the first-order traverse would
consume some 1600 productive party days.
With due allowance for weather and other
delaying factors, this could be expected to be
pushed towards 2000 party days. This cor
responds to an eight-year project for one
party or to a two-year project for four parties.
From six months to a year should be added
for the accomplishment of the final overall
adjustment. Accordingly, with four field par
ties an optimistic estimate for the total dura-

tion of the project would be 30 calendar
months.

Although various assumptions in the
above breakdown can be challenged, it is be
lieved that the net estimated totals are fairly
consistent with expectations of current prac
tice. As such, they provide a reasonable basis
for subsequent comparisons with densifica
tion by the photogrammetric method.

DENSIFICATION BY PHOTOGRAMMETRIC

TRIANGULATION

Technical aspects of the application of
photogrammetric triangulation to densifica
tion have been thoroughly covered in previ
ous papers of the author (Brown, 1971, 1973,
1974, 1976). Therefore, only a few of the
major considerations will be touched on
here. Of paramount importance is the con
sideration that accuracies of the highest
order are to be obtained only by means ofthe
bundle adjustment with self-calibration.
Here, no compromises are made in the name
of expediency. The adjustment involves the
simultaneous, least-squares triangulation of
all bundles of rays from all exposure stations
to all measured ground points in a process
which also (a) recovers the elements of
orientation of all participating exposures, (b)
adjusts the control survey (in accordance
with its postulated accuracy), and (c) esti
mates coefficients of error models that de
scribe the residual systematic errors affect
ing the plate coordinates. The general sys
tem of normal equations generated by this
process is of order 6m + 3n + q where m, n,
and q denote respectively, the number of
photos, the number of measured ground
points, and the number of error coefficients.
The 3n unknowns corresponding to the
ground points can be eliminated by the al
gorithm originated in Brown (1958) to pro
duce a reduced system of normal equations
of order 6m + q. Through proper ordering .of
the photos constituting a typical block this
reduced system, can, in tum, be made to as
sume a banded-bordered form with the q
unknowns of the error model being confined
to the border. As pointed out in Brown
(1968), such systems can be solved effi
ciently by means of an algorithm termed re
cursive partitioning. What this would entail
for a photogrammetric block covering the 40
by 40 km area considered in the preceding
section merits special attention. First, by vir
tue of analytical error propagation based on
realistic assumptions it can be deduced that
an appropriate photogrammetric block for
the project is one consisting of26 strips of26
photos (a) with forward and lateral overlap of
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60 percent (b) with a horizontal/vertical con
trol point located near the nadir of every fifth
photo on the perimeter (a total of 18 points,
in all, spaced at 8 km intervals around the
perimeter), and (c) with a photo scale of
nominally 1:17,500. The layout of such a
block is pictured in Figure 2. If the given
control were regarded as flawless and film
measuring accuracies ranging quadratically
from 3 ILm at the center of the frame of 6 ILm
at the corners were achieved, the desired ac
curacy of 8.3 cm could be expected to be
modestly bettered with excellent uniformity
throughout the block, provided the adjust
ment were accomplished by means of the
bundle adjustment with self-calibration. If a
total of 18 error coefficients were exercised
for self-calibration, the reduced banded
bordered system of normal equations would
be of order 6 x 676 + 18 = 4074 with
bandwidth of 424 elements and borderwidth
of 18 elements. Solution of this system by
recursive partitioning would be about
[4074/(324 + 18)]2 = 142 times faster than a
conventional reduction. The problem could
thus be solved by recursive partitioning on a
medium-scale computer in a matter of a few
hours, whereas a prohibitive three to four
hundred hours would otherwise be re-

quired. It is this consideration that makes
the bundle adjustment with self-calibration
computationally feasible.

It should be pointed out that the im
provement to be expected from the incorpo
ration of self-calibration into the bundle ad
justment is very considerable, ranging in
general from a factor of 2 to 3. As compared
with widely employed methods of analytical
triangulation based on piecewise polyno
mial adjustment of strips (e.g., the well
known Schut method), the bundle adjust
ment with self-calibration can be expected to
produce results of at least five times greater
accuracy.

It has been demonstrated both theoreti
cally and practically that the bundle adjust
ment of a block with reasonably tight
perimeter control can be expected to yield
accuracies that are essentially uniform
through the interior of the block. The impli
cations of this are at first difIicult to accept
by persons accustomed to thinking in terms
of propoitional accuracies customarily used
to characterized ground surveying. In the
hypothetical 40 by 40 km block just consid
ered the expected standard deviation of X
and Y would be close to 7.5 cm for virtually
all points. Converted to proportional ac-
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FIG. 2. Layout of photogrammetric block covering a 40 by 40
km area used as the standard in analyses of comparative costs of
densification by different methods.
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curacies for various distances, this corre
sponds to the values given in Table 3. Thus,
in conventional terms, accuracies of photo
grammetric triangulation range from those to
be expected from third-order traverses (for
relative positions of adjacent points) to ac
curacies far beyond normal expectations
from a first-order traverse for relative posi
tions points separated by 20 km or more. It is
the homogeneity of the absolute accuracies of
coordinates that makes the photogrammetric
method so potentially attractive from the
theoretical point of view in applications to
geodetic densification. The fact that propor
tional accuracies range from adequate to
spectacular is of secondary concern.

It is to be emphasized that the strict valid
ity of the results given in Table 3 depends on
the assumption that the postulated
peripheral control is totally free of error. In
actuality this is not the case, and the photo
grammetric adjustment will tend to distrib
ute errors in the control framework to
points throughout the block in a smoothly
flowing apportionment. However, by virtue
of its theoretical potential for producing uni
form accuracies, the photogrammetric
method is inherently capable of extracting
full benefits from control surveys of the
highest possible accuracy. Accordingly,
photogrammetric densification should ideal
ly be supported by the very best control
surveys afforded by the state-of-the-art.

In a later section an estimate will be made
of the time and cost required for the photo
grammetric densification of the hypothetical
40 by 40 km area which was analyzed in the
preceding section in connection with den
sification by traversing. It will be useful be
forehand, however, to review the design and
outcome of an actual project of photogram
metric densification.

ACTUAL DEMONSTRATION OF

PHOTOGRAMMETRIC DENSIFICATION

When it comes to claims made by photo
grammetrists, all surveyors are from
Missouri-they have to be shown. This skep
ticism is well and good, for our industry is
still dominated by obsolete technology in
sofar as photogrammetric triangulation is
concerned. As a result, negative experiences
continue to accumulate and, to outsiders, all
of photogrammetry seems to be tarred with
the same brush. Yet the difference between
run-of-the-mill photogrammetric triangula
tion and the most advanced photogrammet
ric triangulation (the bundle method with
self-calibration) is comparable to the differ
ence between ground surveying by third
order and first-order methods. After years of
frustration in attempting to promote urban
densification by photogrammetry, the author
welcomed in late 1974 the opportunity and
challenge for a demonstration afforded by
the Georgia Coordinate Mapping Commit
tee. Arrangements were made under the aus
pices of this group for the cooperative un
dertaking of a small pilot project in the city
of Atlanta. The major active participants in
this project were DBA Systems Inc., Air
borne Data Inc., the City of Atlanta, and the
Georgia Department of Transportation
(DOT). The major goals of the project were
to

(a) determine the feasibility of urban densifi
cation of the existing geodetic net to an rms
accuracy of0.25 ft (7.6 cm) by means of photo
gram metric triangulation of 1: 17,500 scale
photos made by DBA's super wide angle
camera with a proprietary platen reseau (for
correction of film deformation) and operated
from a gyroscopically stabilized camera
mount ASTACS proprietary to Airborne Data
(ASTACS is short for Automatically Stabilized
Airborne Camera System);

TABLE 3. PROPORTIONAL EQUIVALENTS OF UNIFORM ACCURACIES OF COORDINATES GENERATED FROM

ADJUSTMENT OF HYPOTHETICAL 676 BLOCK OF 1 : 17,500 SCALE PHOTOS COVERING A 40 x 40 KM AREA.

Distance Between Points

(1) 800 m (adjacent points)
(2) 1600 m (every other point)
(3) 3200 m (every fourth point)
(4) 20,000 m (center of block to edge)
(5) 28,284 m (from center of block to corner)
(6) 40,000 m (from one side of block

to opposite side)
(7) 56,569 m (across diagonal of block)

Standard Deviation
of Distance*

0.106
0.106
0.106
0.106
0.106

0.106
0.106

Proportional
Accuracy

1: 7,547
1: 15,094
1: 30,189
1: 188,679
1: 266,830

1: 377,358
1: 533,670

* This figure is essentially the same for any new monument with respect to any other new monument and is equal to the standard
deviation of the coordinates (Le., 0.075 m) multiplied by V2.
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(b) determine in conjunction with (a) the
feasibility of a previously untried method of
offset targeting in place of direct targeting of
monuments; and
(c) determine the feasibility of generating dig
itized planimetric maps to a scale of I" = 100 ft
along with topographic maps having 2 foot
contour intervals from the same (I: 17,500
scale) super wide angle photographs to be
used for geodetic densification (thereby dem
onstrating possible dual utility of the photo
graphs).

The major responsibilities ofthe participants
were

(a) targeting and monumentation-DOT and
City of Atlanta;
(b) special surveying for extra control and
field checks for verification of accuracies
DOT;
(c) providing super wide angle camera with
proprietary reseau platen-DBA Systems;
(d) photographic flights employing ASTACS
stabilized camera platform-Airborne Data;
(e) performance of analytical aerotriangula
tion using bundle adjustment with self
calibration-DBA Systems;
(f) generation of digital tapes for com
puterized plotting of mapping data-Airborne
Data;
(g) production of mapping products from dig
ital tapes-City of Atlanta;
(h) general coordination of project-Airborne
Data.

In fulfilling each phase of the project each
participant bore his own expenses. In this
paper emphasis will be placed mainly on
those aspects of the pilot project concerned
with geodetic densification by photogram
metric triangulation.

The pilot project encompassed the 3 by 4
mile area shown in Figure 3. At nominal
half-mile intervals within this area potential
locations for permanent monuments were
selected-a total of63 locations in all. Actual
locations of monuments were established by
field reconnaissance to be as close as possi
ble to the ideal locations laid out on a map.
As can be seen from Figure 2 which depicts
the actual locations of the monuments, it
proved possible to adhere rather closely to
the planned layout despite the wooded,
hilly, and built-up character of the land
scape.

Photogrammetric projects in urban areas
requiring the installation of a large number
of movable panels to serve as photo
identifiable targets can be expected to be
beset with all sorts ofdifficulties that are well
known to the industry. It was thus felt that an
improved approach to targeting was needed
in order to enhance the practicability of
photogrammetric densification. In an at-

tempt to satisfy this need, the method ofdual
offset targeting was formulated. As applied
to the Atlanta project it was implemented as
follows: Near each of the selected locations
of the monuments two circular targets of 32
inch diameter were painted in fluorescent
orange along the center of the adjacent
roadway. The separation of the targets was
preset to be precisely 30 feet and the center
of each target was marked by a surveyor's
nail. The monument itself, whether actual or
potential (some were put in after the photog
raphy), was located off the roadway about
equidistant from the two painted targets as
shown in Figure 4. In those cases where
monuments were actually implanted, the
offset distances of the monument from the
centers of the two painted targets were meas
ured along with the differences in height
between the monument and the centers
of the targets. From these easily made offset
measurements and the coordinates (ulti
mately to be established photogrammetri
cally) of the neighboring targets it becomes a
simple matter to compute the precise coor
dinates ofthe monument itself. This means that
the permanent monument need not actually
be installed prior to the photography. It can
be installed at any desired later time as long
as the centers of the associated offset targets
remain recoverable. This constititues a sig
nificant advantage of the offset target
method, for the installation of monuments is
a far more time-consuming and tedious task
than the painting of dual targets in the road
way. Moreover, because of the designed
proximity of each eventual monument to cor
responding pairs of painted monuments, the
necessary offset measurements can be made
quickly, easily, and inexpensively by rela
tively unskilled personnel. Three other ad
vantages of this approach are noteworthy: (a)
vandalism of movable targets placed over
monuments is a major problem in urban
areas, whereas targets painted in the road
way are virtually immune to disruption; (b)
such targets by virtue of their location along
the center of the road are less likely than the
monument itself to be obscured in the
photography by nearby trees or structures;
and (c) painted targets are extremely durable
and are photographically useful for many
months after initial installation. Still another
advantage of offset targeting will be brought
out later.

In addition to the 63 pairs of offset targets
just discussed, a total of 32 painted, single
targets was established close to the bound
ary of the block to serve as wing pass points
in order to help strengthen the photogram-
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FIG. 3. Layout of Atlanta project.



DENSIFICATION OF URBAN GEODETIC NETS 459

/~ C M:JNUMENT
;/ "

/ ,
/ ,

/ ,
/ ,

/ ,
/ ,

/ ,
;/ "

/ ,
/ '/ ,

/ ,
/ ,

TARGET A 0----------------------0 B

FIG. 4. Illustrating process of location of monu
ment by means of measurements from nearby
offset targets. Distance AB between centers of
offset targets is pre-established to a convenient
fixed value (30 ft in the Atlanta Project). Monu
ment C is located approximately equidistant from
A and Band subtends an angle close to the op
timum value of 90°. After the monument has been
so installed, distances BC and AC are taped and
height differences betwen A and C and Band C
are measured. From these quantities together
with the photogrammetrically determined coordi
nates ofA and B the coordinates of the monument
can be computed.

metric adjustment. Horizontal control was
provided by. six paneled, first-order points
indicated in Figure 2. With the exception of
the station Pershing, vertical control coin
cided with horizontal control. In addition to
this vertical control, a single vertical point
(DOT 32) was epecially established near the
center of the block by the Georgia DOT.

Photographic coverage of the test area was
taken at a scale of 1: 17,500 (altitude = 4900
ft) with DBA's Zeiss RMKA 8.5/23 camera
using the DBA 61-point reseau platen. With
both forward and side overlap of60 percent,
each photo contained a rather uniform pat
tern of 25 points (or pairs of points). The
photographs proved to be of excellent qual
ity, and none of the painted targets was
obscured. This demonstrated that near opti
mal distribution of targets is altogether prac
tical in an urban area even when photog
raphy is performed with a super-wide
angle camera and thus answered one of the
questions raised before the test.

At this point it is appropriate to explain the
reason for the choice of a super-wide-angle
mapping camera if = 85mm) rather than the
more conventional wide angle mapping
camera if = 150mm). When both cameras are
flown at the same scale, they yield essen
tially equivalent accuracies in planimetry.
However, because of its much more favora
ble base/height ratio, the super-wide-angle
mapping camera can in theory be expected
to produce heights that are hearly twice as
accurate as those produced by a wide-angle
mapping camera. This means that once the
accuracy for height has been specified, a

wide-angle mapping camera must be flown
at twice the scale as a super-wide-angle
mapping camera in order to produce equiva
lent accuracies in height; this in turn means
that the photographic block generated by the
former will contain four time as many photos
as the block generated by the latter. Hence,
the super-wide-angle camera hypothetically
enjoys an enormous potential economic ad
vantage over the normal wide-angle camera.
In view of these considerations and because
it was generally agreed that heights of an ac
curacy comparable to those to be expected
for horizontal positions would be a most use
ful byproduct of the process of densification,
the decision was made to employ a super
wide-angle camera in the Atlanta project. It
remained to be seen, however, whether the
theoretical superiority of the super-wide
angle camera with regard to accuracy of
heights could indeed be realized in practice
in such an exacting project.

As mentioned earlier, a reseau platen was
employed in conjunction with the camera.
This platen was developed by DBA Sys
tems expressly for applications of photo
grammetric triangulation demanding
accuracies of the highest possible order. As
the photograph is exposed, the reseau platen
projects an array of 61 evenly distributed
points through the backside of the film.
These points, or reseau images, consist of
small, well-defined dots of about 80ILm
diameter at the center of 'locating' circle of
500ILm diameter. The precise locations of
the reseau images are known by virtue of
prior calibrations derived from exposures
made on glass plates. The displacements of
the reseau images on a given frame of film
from their calibrated positions thus provide
direct measures of film deformation and
permit appropriate corrections to be made
for the removal of this major source of sys
tematic error. To the extent that film defor
mation is constant for all frames in a block,
the bundle adjustment with self-calibration
can actually account for the major part of the
error. However, as Carman and Martin
(1968) have shown, unless several anticipa
tory frames are sacrificed immediately prior
to the onset of the photography of a given
strip, the first several frames of the strip can
display a degree of film deformation sub
stantially different from the norm for the
block. Thus, the reseau platen serves to
eliminate errors introduced by any maverick
frames. In the application to photogrammet
ric densification it also serves several other
purposes that will be considered later.

As mentioned earlier, ground control for
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the 28 photo block was limited to the 6 hori
zontal and 6 vertical points indicated in Fig
ure 2. The photogrammetric reduction was
performed by DBA using the proprietary
program for bundle adjustment with self
calibration, COMBAT II. Typically, a set of
125 points was measured on each frame.
These consisted of 25 pairs of offset targets,
61 reseau images, and 4 fiducial marks. The
coordinates of the monuments were com
puted from the triangulated coordinates of
the offset targets by means of offset meas
urements supplied to DBA by the Public
Works Department of the City of Atlanta.

After completion of the photogrammetric
reduction DBA sent to the Georgia DOT the
coordinates of all of the offset targets along
with the computed coordinates of all install
ed monuments. By prior agreement it was
then up to the DOT to perform a field check
of the results. Except for the stipulation that
only first-order methods were to be used, no
restrictions were placed on DOT concerning
the number of points to be checked or their
dispostion. After examining the results sub
mitted by DBA, DOT made a selection ofthe
points to be checked and conducted the
necessary surveys. A total of 18 horizontal
checks were made by means of a first-order
traverse. These corresponded to six triplets,
each consisting of two painted targets and
the associated monument. In addition, a total
of nine vertical checks (i.e., three triplets)
were made by leveling. The discrepancies
between the photogrammetric and ground
surveys of the check points were computed
by the DOT and are summarized in Table 4.
Separate breakdowns are given for targets
and monuments, for the latter were not
triangulated directly but, as mentioned
above, were computed from the coordinates
of the targets and the offset measurements.
Except for being converted from feet to cen
timeters, the entries in Table 4 are exactly as
provided by the DOT.

It is seen from Table 4 that root-mean
square (RMS) errors for the offset targets are
9.4, 6.9, and 4.2 cm in X, Y, and Z, respec
tively (these correspond to 5.4, 3.9, and 2.4
I-tm at photo scale). For the monuments the
corresponding figures are 7.0, 4.1, and 2.8
cm, respectively (or 4.0, 2.4, and 1.6 I-tm at
photo scale). The relatively higher ac
curacies obtained for the monuments are
consistent with expectations, because errors
in the coordinates of the offset targets are
essentially averaged in the subsequent re
duction leading to the coordinates of the
monument from its offset measurements (er
rors in the offset measurements themselves

are too small to be of any significance). With
optimal geometry wherein offset targets are
equi-distant from the monument and sub
tend a 90° angle, the theoretical improve
ment in accuracies for the horizontal coordi
nates of the monument over those of the
offset targets is about 25 percent; for the ver
tical coordinate it is about 30 percent. This
improvement in accuracies thus constitutes
still another advantage of the offset target
method.

Because of the smallness of the sample of
check points (especially for vertical coordi
nates) one should not draw overly strong
conclusions from these results. In particular,
the extraordinarily good results for vertical
accuracies must partially be regarded as for
tuitous because they exceed theoretical ex
pectations by almost a factor of two. The
analytical error propagation performed in
conjunction with the photogrammetric trian
gulation and carried through the computa
tion of the positions of the monuments
yielded the following results: offset targets,
UX,Uy = 5.8 to 7.3 cm (3.3 to 4.21-tm at photo
scale), U z = 6.4 to 7.9 cm (3.7 to 4.5 I-tm);
monuments, UX,Uy = 4.3 to 5.8 cm (2.4 to 3.3
I-tm), U z = 4.0 to 5.5 cm (2.3 to 3.1 I-tm). Ex
cept for the overly optimistic outcome for
vertical coordinates, results from the check
points are seen to be fairly consistent with
theoretical expectations. One rather firm
conclusion to be drawn from the Atlanta Proj
ect is that the potential superiority of the
super-wide-angle camera with regard to ac
curacies of vertical coordinates can indeed
be realized through the use of the bundle
adjustment with self-calibration.

In view of these results, the Atlanta project
must be considered an outstanding and un
qualified success. Photogrammetric ac
curacies from 1: 17,500 scale photos of7.0 cm
(RMS) or better were demonstrated. The
super-wide-angle camer~ was shown to be
surprisingly well suited to the task of den
sification in urban areas. Accordingly,
heights of useful accuracy can henceforth be
deemed an attractive dividend of photo
grammetric densification. The combination
of the reseau platen and the bundle adjust
ment with self-calibration produced ac
curacies far in excess of those to be expected
from other photogrammetric approaches. Fi
nally, the utility, economy, attractiveness,
and effectiveness of the method of offset
targeting were solidly established. From a
detailed analysis of all aspects of the project,
a number of measures that could lead to
greater efficiencies and still higher accuracies
have been uncovered. It is therefore be-
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TABLE 4. DISCREPANCIES AT CHECKPOINTS OF ATLANTA PROJECT.

Mean Discrepancies (em)

.lX .lY .lZ
Point (East) (North) (Up)

0 lOA -16.0 0.7
F lOB -1704 3.0
F llA 1504 3.3
S lIB 1.1 - 7.3
E 12A 4.7 4.6
T 12B 6.2 0.3

18A 304 9.7
T 18B 11.8 lOA
A 39A - 304 0.2
R 39B 0.5 -15.7
G 41A 2.1 - 1.0
E 41B - 7.0 - 6.0
T RMS .. 904 em 6.9 em
S (SA J.Lm)* (3.9 J.Lm)*

M 10 -14.0 4.3
0 11 5.5 - 2.3
N 12 3.9 1.1
U 18 6.9 5.1
M 39 - 2.2 - 7.3
E 41 - 1.7 0.3
N RMS .. 7.0 em 4.1 em
T (4.0 J.Lm)* (204 J.Lm)*
oS

0 34A 0.9
F 34B 4.3
F 39A -9.1

39B 104
T 47A 0.5
A 47B 1.8
R RMS .. 4.2 em

(204 J.Lm)*

M 34 2.5
0 39 -3.9
N 47 1.5

RMS .. 2.8 em
(1.6 J.Lm)*

* At plate scale.

lieved that coordinates having standard de
viations on the order of5 cm are a reasonable
expectation from future projects of a similar
nature.

POSSIBLE BYPRODUCTS OF PROJECTS OF

PHOTOGRAMMETRIC DENSIFICATION

The photographs used for densification
have potential utility for other purposes.
Two will be considered briefly here. The one
concerns planimetric and topographic map
ping and the other concerns the establish
ment of a computerized photogrammetric
data base.

It is clear that the photos used for densifi
cation also can be used for mapping. What is
perhaps not so clear is that such photos have
a special potential for extraordinary ac
curacies in this application, particularly
when the possibilities of their use in con
junction with an analytical plotter are
examined. This stems from two considera
tions. First, the corrections for film deforma
tion (from the reseau) and for residual sys
tematic error (from error coefficients result
ing from the bundle adjustment with self
calibration) can be directly exploited in the
analytical plotter, thereby leading to direct



462 PHOTOGRAMMETRIC ENGINEERING & REMOTE SENSING, 1977

improvement of accuracies. But beyond this
is the fact that well-defined and ideally dis
tributed points generated by 15 pairs of
offset targets will appear in the typical
modeL Because the X,Y,Z coordinates of
these points are known to extremely high ac
curacies by virtue of their prior use in den
sification, they can be exploited to generate
analytical corrections to remove most of the
residual deformations of the stereoscopic
modeL This can be accomplished in the fol
lowing manner. If X,Y,Z denote the coordi
nates of a point as established in the process
of densification and X',Y',Z' denote the cor
responding coordinates of the points in the
model of the analytical plotter, the systemat
ic discrepancies between the two sets of
points can be approximated by empirical
polynomial expressions of the form
6.X = X - X'

= ao + a1X + a2X2 + a:0Y + a4Y2
+ possible higher order terms

,lY = Y - Y'
= bo + blX + b2X2 + b:0Y + bS2 + ...

dZ = Z - Z'
=Co + c,X + C2X2 + C:0Y + cS2 + ....

As truncated, each of these functions in
volves a total of six unknown coefficients. It
follows that from a minimum of six suitably
distributed control points, a solution can be
made for the error coefficients. However,
since an average of some 15 pairs of control
points would generally be available in each
model, the coefficients describing the de
formation of the model can be established
with great accuracy from a strongly over
determined, least-squares solution.

Once appropriate error coefficients for a
given model have been generated as just de
scribed, they can be applied in the analytical
plotter to effect the continuous correction of
all points in the modeL Because the influ
ence of systematic error is thereby largely
removed, the effective C-factor of the plotter
is appreciably improved over its normal rat
ing. When the foregoing process is used in
conjunction with an advanced analytical
plotter operating on photographs of out
standing quality and resolution, it may not
be too far fetched to expect the realization of
C-factors approaching 4800 for super-wide
angle photographs. This would mean that
contours as fine as 1 foot could safely be plot
ted from photographs having a scale of only
1: 17,500. In this connection it should be
pointed out that as part of the Atlanta project
a map with 2-foot contours was compiled by
Airborne Data on a Kern PG-2 from a model
developed from a pair of the 1:17,500 scale

photos used for densification. The accuracy
of the map was fully authenticated by means
of field checks performed by the City of At
lanta. In this application the C-factor of the
PG-2 (a second-order analog instrument) was
boosted to 2400 from its normal rating of
1700 (for super wide angle photographs).
Hence, the prospect for attainment of previ- .
ously unheard of accuracies from the compi
lation by analytical plotters of models gener
ated from photographs used for geodetic den
sification is promising indeed. The
economic implications of an improvement in
accuracies by a factor of two would be
enormous, for it would mean that a mapping
project could be performed from one fourth
as many photos as would otherwise be
employed. In many projects of densification
where conjoint mapping with 1- to 2-foot
contours is required, the savings to be ex
pected from the implementation of the
foregoing measures could be sufficient to
pay for the densification itself.

The second potentially important use for
the photographs generated for densification,
namely, the establishment of an urban
photogrammetric data base, would exploit
the wealth of information captured in the
photographs themselves. The concept of the
photogrammetric data base is well advanced
in military applications (McIntosh, 1974)
and could equally well be exploited in civil
ian applications. This is rendered feasible
by virtue of the fact that precise values for
the elements of orientation of all photos and
all necessary supplemental calibration data
are available from the output of the photo
grammetric adjustment performed for den
sification. This, in turn, means that by cap
turing such information on a storage medium
accessible to a computer, one can at any later
date determine precise coordinates of any
photo-identifiable object located on a pair of
overlapping frames. This entails the follow
ing steps:

(1) the object (or objects) to be located are first
identified on two or more photos of the data
base;
(2) with the aid of a relatively simple and in
expensive monocomparator, the photo coor
dinates of the object are measured along with
those of the four surrounding reseau images
(this is done on at least two different photos);
(3) the measured data from step (2) along
with the identification of the photos and re
seau images that were used are then entered
into a computer (which could well be an in
expensive minicomputer) which then access
es the appropriate calibration data and per
forms a least-squares triangulation and as
sociated error propagation; and
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(4) the computer reads out the triangulated
coordinates of the object along with estimates
of accuracy.

The photogrammetric data base could in
principle, be employed directly by ~ny
urban agency having access to a copy of the
data base and access to a suitable comparator
for performing the measurements. The sys
tem of marks imprinted by the reseau platen
on each photo greatly simplifies matters in
two ways. First, it permits the use of a rela
tively compact and inexpensive comparator
having a measuring range limited to the span
of the reseau marks (typically 35 by 35 mm).
Second, it permits an unlimited number of
copies of the photographic data base to be
reproduced by virtue of the fact that defor
mations introduced by reproduction can be
automatically compensated for from the re
duction of measurements of reseau images.

Fully and properly utilized, a com
puterized photogrammetric data base along
the lines just described could well become
indispensable to many urban agencies, par
ticularly for preliminary engineering
studies. Accurate coordinates could be ob
tained quickly and inexpensively for such
photo-identifiable objects as utility poles,
corners of buildings, manhole covers, radio
and TV towers, water hydrants, street and
sidewalk intersections chimneys steeples
water towers, intersections of fenc~ lines od
storage tanks, railroad facilities, and so'on.
From these, distances, bearings, areas,
heights, clearances, and other useful meas
ures can be developed.

Both the potential mapping and the data
base applications of photographs employed
for densification demand photographic res
olution of the highest order. Here again the
reseau platen can be useful, for it admits
without accompanying metric degradation
the possible use of thin-based (2.5 mil),
high-resolution, reconnaissance type film
such as Kodak Panatomic X. This film has
been used in a reseau camera to very good
effect in recent experiments in Australia re
ported by G. Roberts (private communica
tion, 1976).

PRACTICAL UTILIZATION OF

PHOTOGRAMMETRIC DENSIFICATON

The ultimate products of photogrammetric
densification consist of X,Y,Z coordinates of
monuments. In addition, coordinates can be
generated for prominent, well-defined land
marks (towers, steeples, etc.). When a given
monument is intervisible with another
monument or with an appropriate triangu-

lated landmark, it is possible to compute an
azimuth reference for the station. However,
it is not normally to be expected that this will
be possible at each photogrammetrically es
tablished station. Indeed, a sizeable propor
tion of such stations will not have an azimuth
reference. This is sometimes raised as an ob
jection to photogrammetric densification, for
azimuth references are a standard product of
conventional surveying. However, it is so
commonplace for such references to be de
stroyed over the course of years that a
number of strategems or "tricks of the trade"
have been developed to circumvent the loss
of azimuth reference. Several of these are
given in an NGS publicaiton authored by
Dracup (1976). But beyond this the fact is
that azimuth references are by no means
necessary for the practical utilization of
highly densified networks, nor are they even
especially desirable. An appreciation for this
statement merely requires a rethinking of
the ultimate purpose of a highly densified
net: it is simply to permit the timely and
economical location of points within a local
and relatively small cell (e.g., 800 by 800m).
The traditional solution to this problem is ac
complished by means of the method illus
trated in Figure 5a. Here, it is assumed that
the location of the point P is to be obtained
by means of a traverse starting from Monu
ment A and closing on Monument B. Be
cause P is not necessarily directly intervisi
ble with A or B, a few intermediate stations
must be established, as shown. The meas
urements consist of the starting and closing
azimuths at A and B, the distances between
adjacent stations, and the angles subtended
at each station by contiguous stations. In
general, it can be seen that if a total of n
intermediate stations are involved in the
traverse, this process will generate a system
of 2n + 3 observational equations in 2n un
knowns (an X and Y for each of the n stations).
Thus there are three redundant equations
and these provide a desirable internal check.
But what if the two reference azimuths were
not available? There would still be one re
dundant equation, and the problem could
still be solved (actually, two solutions would
then exist, one the mirror image of the other,
and in practice there would be no difficulty
in making the correct selection). It follows
that the pair of reference azimuths are not
strictly necessary and serve mainly to pro
vide a useful internal check. But this can be
accomplished in other ways, as is illustrated
in Figure 5b. Here, the reference azimuths
at A and B are dropped and a tie-in to a third
monument C is made. Because the coordi-
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FIG. 5a. Schematic of conventional traverse with
azimuth references at termini.

nates of C are known, this serves to restore
the redundancy to the level of Figure Sa.
Moreover, it can be argued that a check
made by tying into three points is stronger
and more effective than one based on
azimuth closures. In addition, chances are
that at least one of the three monuments
A,B,C will have an azimuth reference,
thereby further increasing the level of re
dundancy. As for the extra work involved in
a three point tie, it is to be remembered that
the distances involved in the problem at hand
are small, typically only a few hundred met
ers. Then, too, most projects can be expected
to require the location of several points, not
just one. Under these circumstances, the
extra work is not particularly significant.

We hope that the foregoing considerations
will lay to rest the "azimuth objection" to
photogrammetric densification once and for
all. In the urban application it is a spurious
objection that cannot survive scrutiny.

COST AND TIME ESTIMATES FOR

PHOTOGRAMMETRIC DENSIFICATION

From guidelines drawn from the Atlanta
Project it becomes possible to arrive at a
reasonable estimate for the time and cost re
quired for photogrammetric densification of
the hypothetical 40 by 40 km area consid
ered earlier. As with estimates based on

FIG. 5b. Schematic of alternative traverse with
out azimuth references but tied to three control
points.

traversing, the assumption will be made that
monuments are to be installed at 800 m in
tervals, thereby generating a total (rounded)
of 2600 monuments. The breakdown of
major cost elements for the hypothetical proj
ect shown in Table 5. It will be noted that
Items 2 and 3 together amount to $247,000 or
just over half the total cost of the project.
Both of these items are of such a nature that
they could be performed by the public works
department of the community under the
guidance of the photogrammetric contractor.
Moreover, only the installation of the offset
targets need be performed prior to the
photographic flights. Installation of monu
ments could be performed, if desired, over a
period of a few years following the photo
graphic flights (for this purpose it is neces
sary only that the centers of the offset targets
be recoverable). Such considerations could
be helpful in the budgeting process, for it
would mean (in the project under considera
tion) that only $241,000 of the $488,000
would need to consist of "outside funds" to be
committed to the photogrammetric contrac
tor. Moreover, of the remaining $247,000 all
but $52,000 could be deferred to later fiscal
years. Finally, a project of this nature would
entail a natural and productive opportunity
for support by public service employment,
should such be sought.

TABLE 5. BREAKDOWN OF COSTS OF HYPOTHETICAL PROJECT OF PHOTOGRAMMETRIC DENSIFICATION.

Item

1. Planning, Reconnaissance and Coordination
2. Installation of Offset Targets: 2600 pairs @ $20 each
3. Installation of Monuments: 2600 @ $75 each
4. Photographic Flights: 676 photos @ $60 each
5. Photogrammetric Data Reduction: 676 photos @ $200 each
6. Project Management, Reporting and Miscellaneous

TOTAL

1 Includes cost of materials and cost of making offset measurements.
2 Includes cost of materials.
3 Includes cost of photographic prints and diapositives.

Estimated Cost

30,000
52,0001

195,00Q2
41,000

135,000
35,0003

$488,000
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If the installation of the monuments is not
considered, the time required for the
hypothetical project would break down
roughly as (a) planning and reconnaissance,
60 days; (b) installation of offset targets, 60
days (3 crews); (c) photographic flights, 10
days; (d) data reduction 120 days; and (e) re
porting, 60 days. This totals to 310 working
days or about 15 calendar months.

As compared with projections for densifi
cation by first-order traversing, the photo
grammetric approach would cost $488,000
versus $1,345,000 and could be completed in
15 calendar months as opposed to 30 calen
dar months (for traversing by four field par
ties). After final adjustment, both methods
could be expected to produce coordinates
having relatively uniform standard devia
tions in the vicinity of 5 cm. However, rela
tive accuracies of contiguous stations would
be appreciably better in the case of densifi
cation by traversing (about 2 cm vs 7 cm).
Offsetting this is the fact that heights accu
rate to 5 cm would be produced by the
photogrammetric survey, whereas no
heights of worthwhile accuracy would be
produced by traversing. Moreover, as dis
cussed earlier, mapping products and a
photogrammetric data base could be de
veloped from the very photographs
employed for densification. When all factors
are thus duly considered, the conclusion is
overwhelming and inescapable that the task
of densification can best be accomplished by
photogrammetric means.

INERTIAL SURVEYING

As mentioned at the outset, another
emerging technology that may well prove
suitable in applications to urban densifica
tion is inertial surveying. The topic of iner
tial surveying is addressed in papers by Ball
and Ives (1975), Huddle and Mancini (1975),
and Gregerson (1975). The heart of this new
method of surveying is an inertial naviga
tional system originally developed for air
craft navigation. At present, units produced
by Litton Corp. under the trademark Au
tosurveyor are commercially available for
leasing from Span International Inc. of
Phoenix, Arizona. Current leasing rates are
understood to be in the vicinity of $500 per
hour. While this is expensive, indeed, the
productivity of the system is potentially
enormous. Major applications of the Au
tosurveyor to date have been in Alaska and
Canada in the execution of long traverses, a
task at which the unit excels. In operation,
the Autosurveyor is simply initialized at a
known station, stopping, as well, at fairly

regular intervals of about four minutes for
what is termed a zero velocity update. The
fact that the unit is stationary during a zero
velocity update provides infom1ation that is
processed by the onboard computer in a
real-time reduction that serves to estimate
and partially compensate for the drifts of the
inertial unit. Further compensation for drifts
is made through appOitionment of closing
errors on the end point. In applications to
singly run, long traverses the Autosurveyor
has demonstrated accuracies of 1:20,000 to
1:30,000 after apportionment of closing er
ror. However, by performing the traverse in
both direct and reverse courses in an unin
terrupted run and performing what amounts
to a self-calibration of the unit from dis
crepancies arising from the two courses,
Gregerson has been able to boost accuracies
to the 1:50,000 to 1:100,000 range. In other
words, it has been demonstrated that the Au
tosurveyor can, through proper procedure
and data reduction, perform long traverses to
first-order standards. In the short traverses of
interest to urban densification (e.g., 800 m
between stations) the basic level of the ran
dom error characteristic of the readout ofAu
tosurveyor amounts to some 6 to 8 cm and is
thus a significant handicap. onetheless,
Autosurveyor (or its eventual successors)
clearly has great potential for urban densifi
cation and should be accorded due consider
ation.

As a preliminary step in this direction, a
cursory cost/time analysis has been underta
ken using the same 40 by 40 km area consid
ered in earlier exercises. The following
working assumptions for inertial densifica
tion were adopted:

(1) first-order control points are available at 8
km intervals throughout the 40 by 40 km area
(this divides the area into 25, 8 by 8 km units);
(2) along each of the four sides of each 8 by 8
km unit a direct and reverse traverse is per
formed (this involves a total of 960 km of
traversing);
(3) from the reduction of (2), preliminary po
sitions are established for monuments at 800 m
intervals along the sides of the 8 by 8 km un
its'
(4)' within each 8 by 8 km unit direct and re
verse runs are made as indicated in Figure Ib
of segments joining corresponding monu
ments on opposing sides (this divides each
unit into 800 by 800 m cells and entails a total
of 288 km of traversing per unit, or a grand
total of 25 by 288 = 7200 km of traversing);
and
(5) the preliminary locations from (3) and (4)
are refined in a rigorous least-squares adjust
ment solving simultaneously for the x,y,z
coordinates of all 51 x 51 = 2601 stations (a



466 PHOTOGRAMMETRIC ENGINEERING & REMOTE SENSING, 1977

total of 3 x 2601 = 7803 unknowns) plus ap
propriately revised sets of error coefficients
for each of the 510 segments traversed (if 4
coefficients are each exercised for X,Y, and Z,
respectively, this would generate 3 x 4 x 510
= 6120 additional unknowns and the total sys
tem of normal equations would be of order
13,923).

It will be noted that the final simultaneous
adjustment stipulated in step (5) follows the
same exacting standards of rigor as were
adopted in the corresponding conventional
and photogrammetric analyses. It is believed
that only in this way would the Autosurveyor
stand a chance of approaching its two com
petitors in overall accuracy. Thus, the data
reduction for the Autosurveyor is fully as ex
tensive and as formidable as for the other
two methods and accordingly can be ex
pected to cost in the neighborhood of
$150,000. The costs associated with plan
ning, reconnaissance, and monumentation
can be assumed to be essentially equivalent
to those of the photogrammetric method
method and thus total $30,000 + $195,000 =
$225,000. Program management, reporting,

. and miscellaneous expenses are also likely to
correspond to those of the photogrammetric
method and thus amount to about $35,000.
All that remains, then, is to estimate the pro
ductivity of the Auto-surveyor. Here, a
reasonable estimate might well be ten stops
per hour, each stop being at a monument and
also serving as a zero velocity update. On
this basis, a double run along an 8 km seg
ment (a total of21 stops at monuments) could
be accomplished in a 2-hour period, and the
total time required for the direct and reverse
traverse of all 510 segments in the project
would amount to 1020 hours. With a modest
allowance of 5 percent for reruns this would
be increased to 1071 hours. At the current
lease rate of approximately $500 per hour,
the cost of the Autosurveyor would thus
amount to $536,000. When this is added to
the other figures, one arrives at a grand total
of $946,000, or approximately twice as much
as the $488,000 estimated for photogrammet
ric densification but less than the $1,345,000
estimated for conventional densification.

Of course, the figure just arrived at is
largely dependent on a specifically assumed
level of productivity of the Autosurveyor and
on its current lease rate. At the assumed pro
ductivity of ten stations per hour, it can be
calculated that a lease rate of about $70 per
hour would be required for inertial densifi
cation to compete with photogrammetric den
sification. On the other hand, if assumed
productivity were increased to 15 stations

per hour, a lease rate of about $105 per hour
would be competitive. While both of these
figures are far below current rates, it must be
appreciated that high technology is typically
expensive in its early stages but is also sub
ject to rapid cost reduction with acceptance
in the marketplace and development of
competitive pressures. Accordingly, a
fivefold reduction in hourly rates over, say, a
five-year period may not be too much to ex
pect. Until such a reduction is achieved, it
seems unlikely that ineltial surveying will
be competitive with photogrammetric sur
veying in large-scale projects of urban den
sification. Even then, photogrammetry may
hold a decisive edge in projects where
weight is given to mapping byproducts or
to establishment of a photogrammetric data
base.

CONCLUSIONS

At present, photogrammetric technology at
its most advanced level can achieve ac
curacies in urban densiflcation approaching
a standard deviation of 5 em in all three
coordinates from reduction of super wide
angle photpgraphs of 1: 17,500 scale.
Benefit-to-cost ratios of such densification
probably exceed 20 to 1.
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