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The Analytical Plotter in
Close-Range Applications*
The problems of plotting in close-range photogrammetry,
their solution employing the analytical plotter, and an
example based on architectural photogrammetry are
presented.

INTRODUCTION

T HUS FAR, in close-range photo
grammetry, the restitution of photo

graphs has been carried out mainly by fol
lowing an analogue or analytical approach.
(In special cases it is possible to use a single
photograph and, consequently, no further
treatment is necessary!.) The analytical ap
proach has the limitation, of course, in that
plotting of detail from the restituted model is
usually time-consuming and impractical.
Whereas the analogue approach is free from
this drawback, its limitations are due mainly

overcome by using the analytical plotter. An
architectural application is used as an exam
ple.

PROBLEMS ENCOUNTERED

The following problems are often encoun
tered. Although time-consuming, some of
them may be solved by using a conventional
plotter.

(1) Problems with the orientation of the
photographs.

(2) Plotting of orthogonal projections onto
different planes.

ABSTRACT: The flexibility of the analytical plotter allows the use of
different procedures to improve the accuracy and overcome most of
the problems ofclose-range applications such as handling of incom
plete stereo-models, plotting projections onto different planes, and
distortion corrections. The paper summarizes some of the proce
dures and software developed for the analytical plotter and IBM
370/158J with emphasis on architectural applications. The
techniques described are applicable to similar problems in close
range photogrammetry.

to the limited range and accuracy of the
photogrammetric parameters when rep
resented physically.

The analytical plotter offers the flexibility
of the analytical approach together with the
continuous plotting feature of the analogue
one. We present here some of the problems
encountered with the treatment of close
range photographs and how they can be
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(3) Difficulties with stereo-vision due to con
tinuous change in relative magnification
between the two photographs.

(4) Use of non-metric cameras.

We deal now with each of these problems
separately.

ORIENTATION OF THE PHOTOGRAPHS

The problems with the orientation of the
photographs can be attributed mainly to an
incomplete stereo-model. In the case of ar
chitectural photographs, part of the overlap
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area is usually of details too close to the
camera station to be within the range of the
"Z-movement" of photogrammetric instru
ments (the analogue type in particular) or to
be viewed stereoscopically. Other parts of
the overlap may contain the sky and cannot
consequently be used in the orientation.
This results in an ill-conditioned solution for
the orientation.

A software program was developed to
overcome this problem or, at least, to im
prove the determination of the orientation
parameters. The program accepts photo
coordinates of points to be used in the orien
tation. It also accepts the photo-coordinates
of control points together with any known
orientation parameters, e.g., coordinates of
camera stations and rotations. A simultane
ous bundle adjustment is then carried out to
solve for the exterior orientation parameters
of the two cameras. We may note that points
in the "difficult" areas mentioned above can
also be selected. The observation is done
stereoscopically by eliminating the paral
laxes in a small area at a time, or monocularly
if stereo-vision is not at all possible. The
program is too large to fit into the memory of
the present control computer of the analyti
cal plotter as it requires about 64K words.
The solution is therefore carried out on the
IBM 370/158J, and the orientations are fed
back into the analytical plotter. (This proce
dure does not introduce loss in precision
since the orientations are represented digi
tally in the plotter.)

It may be argued that the same procedure
could be followed with an analogue instru
ment. The situation would not be so simple
for two reasons:

(1) Accurate calibration of the instrument
would have to be carried out to measure the
photo-coordinates accurately, or an addi
tional comparator would have to be used.

(2) The orientations cannot usually be fed
into the analogue instrument without the in
troduction of errors.

Also related to the difficulties with the
orientation is the utilization of photographs
with large tilts. The layout of the site may
require such photographs to be taken. Con
trary to most analogue instruments, the
range of tilts which can be accommodated in
the analytical plotter is limited only by the
available plotter software.

PLOTTING OF ORTHOGONAL PROJECTIONS

ONTO DIFFERENT PLANES

To illustrate this problem we take as an
example the building shown in Figure 1 in
which some of the walls are not in the same
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FIG. 1. Coordinate system definition for architec
tural applications.

plane. In a number of architectural applica
tions it is required that an orthogonal projec
tion of one of the walls onto a plane parallel
to its face be produced. This may be
achieved by taking a stereo-pair of photo
graphs with a base approximately parallel to
each wall in question. (It is not always pos
sible to do this in practice due to the pres
ence of obstacles.) However, fewer photo
graphs would be n~eded if it were possible
to plot other walls of the building from the
same pair. In other words, it would be ad
vantageous if it were possible to produce or
thogonal projections of both walls HEBD
and BCGE in Figure 1 from a stereo-pair of
photographs taken from points 0\ and O 2 , In
the case of analogue instruments, this might
be achieved by performing absolute orienta
tion once so that the X-Ij plane in the model
becomes parallel to wall BCGE and the
other time so that it becomes parallel to wall
HEBD. The limited range of rotations and
the repetition of the orientation are draw
backs to this approach.

We now introduce a general solution to
this problem which can be applied in the
case of the analytical plotter. Take as an
example wall HEBD of the building. Assume
that absolute orientation has been estab
lished and that the model coordinate system
is the XIjZ system. Assume that points r, p,
and q lie in the plane of the wall and can be
accurately observed. It is assumed also that
the three points are selected so that a set of
perpendicular axes x' and Ij' can be drawn
through the points as shown. (This can be
done easily in practice.) Accordingly, the
points will define the X'Ij'Z' Cartesian sys-
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tem with its x'-y' plane coincident with the
plane of the wall. The real-time program of
the instrument must then perform two addi
tional functions so that plotting of the x' and
y' coordinates can be achieved: (1) the
movement of the measuring mark is con
strained to be in the plane x'y'; and (2) plot
ting of the coordinates x' and y' is carried
out.

We deal now with the two functions in
some detail. Constraint of the measuring
mark movement is desirable so that detail
plotting in the plane of the wall can be car
ried out efficiently and accurately. The func
tion is implemented by observing and stor
ing in memory the coordinates of the three
selected points r, P, and q in the model coor
dinate system xyz. The equation of the plane
containing the three points is expressed by
the determinant

x Y z 1
x,. Y,. z,. 1 =0 (1)
Xp Yp Zp 1
x(/ Yo Zo 1

It follows that the z-coordinate of any point i
in the plane x'y' can be evaluated from its x
and y coordinates from the formula

coordinates of any point i from the model
coordinate system xyz to the system x'y'z'.
The transformation parameters between the
two systems are established by using the
three observed points r, P, and q as follows:
the coordinates of the origin s of the system
x'y'z' in the system xyz are determined by
computing the spatial angle between the
line pq and pro This angle is given by

a = COS-I U,U2 + V,V2 + W,W2

VUf + vf + wf . Vu~ + v~ + w~

where (u,v" WI) and (U2' v2, W2) are the com
ponents of the vectors pq and pr respectively
in the system x, y, Z.

The angle a lies in the plane x'y' and can
be used to determine the distance sr and sp
from the right-angle triangle rsp (knowing rp
and a). It follows that the coordinates of the
points r, p, and q in the system x'y'z' will be

(0) (SP) (Sq)rs , 0 , 0 .
000

The transformation parameters relating the
two systems can then be computed using the
equation

where

Zj =Axj +BYi +D
C

(2) (3)

y,. z,. 1
A Yp Zp 1

Yo Zo 1

X,. z,. 1
B xl' Zp 1

Xo z" 1

Ix,.
Y,. z,.

D xl' Yp Zp

x" Yo Z"

Ix,.
Y,. 1

and C Xp Yp 1
Xo Yo 1

After observation of the three points, the
real-time program branches to a routine
which computes the coefficients A, B, C, and
D above. The program is then "self
modified" so that the input from the
Z-movement of the instrument is ignored
and the Z coordinate is computed from the x
and y-coordinates using Equation 2.

In order to deal with the plotting of x' and
y' coordinates we must first transform the

where (x', y', z') and (x, y, z) are now known
for the three points, with the transformation
parameters being the three rotations of the
orthogonal matrix R and the three shifts (xo,

Yo, zo)·
Once the transformation parameters are

established, Equation 3 is used to compute,
in real time, the coordinates x' and y' of any
point i. These coordinates are plotted by the
plotting table routine of the system.

The computations of the transformation
parameters are carried out in a routine to
which the real-time program branches after
observation of the points r, p, and q.

The procedure performed by the operator
is

(i) Select three well positioned points
on the face of the wall to be plotted.

(ii) Observe each of the points selected
and store its coordinates by pressing
one of the viewer switches.

(iii) Initiate the computations of the
routines described by pressing
another viewer switch.
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The last routine will modify the real-time
program so that the functions are achieved. A
simplified flow chart of the modified pro
gram is shown in Figure 2. Normal flow ofthe
program is restored by pressing another
viewer switch.

The above procedure was tested using a
stereo pair of photographs, one of which is
shown in Figure 3. Three walls with differ
ent orientations were plotted. Figure 4
shows the plot obtained for the wall labelled
A on the photograph. This wall had an incli
nation of about 890 with respect to the x-y
plane of the stereo model. The other two
walls had inclinations of 750 and IIO respec
tively.

RELATIVE MAGNIFICATION

Generally, magnification changes be-

i
Read f,X & f,Y

Handwheel Inputs

+
Compute z as:
Ax. + BYi + D

~
=

C

+
Compute position of

photo-carriages

+
Compute scaled x' , Y'

for plotting table

+
Drive photo-carriages

and plotting pen

No Norma
Flow
Reqd

Yes

Restore

Flow

+
FIG. 2. A simplified flow chart of the real time
program to plot different orthogonal projections.

tween the two photographs are a function of
the tilts of the photographs and the distance
between object point and camera.

We define the relative magnification be
tween photo points it and i2 in Figure 5 as

Tj = dt/D t
d 2/D 2

where db D" d 2, and D 2 are as shown in Fig
ure 5.

Accordingly, if the two points are to be
viewed as equal in size, the ratios between
the magnifications ofthe two optical trains in
the instrument should be equal to

1
T;

A simple procedure to establish and main
tain the correct magnification is as follows:
An initial magnification is established man
ually at two corresponding image points.
Preferably, two corresponding areas of the
photographs at which the magnifications are
approximately equal are selected. The val
ues of the magn ification for each optical train
are read off the viewer and fed into the real
time program. Suppose these are m t and m2

for the left and right photos respectively,
then the value of ri can be readily evaluated
by the real-time program at any other points
it and i2 since the corresponding photo and
model coordinates are known to it. An in
crement 0, by which m t and m 2 are to be
altered, is computed using the equation

m t + 0 = 1:.
m2 - 0 Tj

from which

m2 - mIT;
8 = _

1 + Ti

The change 8 is used to update m t and m2,
and to adjust the zoom magnification in the
optical train. The adjustment is carried out
by step motors under computer control. Re
lated to the above procedure we may note
that since Ti is usually a slow changing func
tion, the rate of updating m l and m2 is not
critical. A rate of 5 times per second or less
should be sufficient.

USE OF NON-METRIC CAMERAS

Their relatively low cost, and general
availability in varying sizes and focusing
ranges make non-metric cameras attractive
for use in close-range applications. Obvi-



THE ANALYTICAL PLOTTER IN CLOSE-RANGE APPLICATIONS

FIG. 3. One of a stereo pair of photographs of the historic
structure, Nouvelle Casernes, Artillery Park, Quebec City. Or
thogonal projections of the walls A, B, and C were plotted. The
walls were inclined to the x-y plane of the model by approxi
mately 89°, 75°, and 11° respectively.
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ously, for precise evaluation, the interior
orientation prarameters must be accurately
determined for each photograph. The evalu
ation of non-metric photographs by using the
analytical plotter is carried out as follows:
Using the plotter, photo-coordinates of each
stereopair of photographs are measured in
relation to two convenient sets of axes in the
plotter because usually no fiducial marks are

FIG. 4. Orthogonal projection of wall A shown in
Figure 3. The wall's inclination to the x-y plane
was approximately 89°.

provided with non-metric cameras. The
photo-coordinates together with the availa
ble control are used in the computation of
interior and exterior orientation parameters.
For this purpose, a comprehensive
mathematical model was developed and
programmed in FORTRAN IV. It is based on
the two fundamental conditions of analytical
photogrammetry, namely the collinearity
and coplanarity conditions, both of which
have been expanded to include distortion
parameters. The coplanarity condition is
used to perform both calibration of each
photograph and relative orientation of the
stereo model, while the collinearity equa-

Right
Photo

Left
Photo

i1~

Perspective d

1

,
Centre

D1

FIG. 5. Parameters affecting relative magnifica
tion of two photographs.
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tions are used to relate the exterior orienta
tion to the object coordinate system as de
fined by control points. The program is writ
ten to permit multiple stereo-models as well
as photogrammetric blocks. The working
unit is always the individual photograph.
(More detail about the program can be found
in Faig.2

)

The interior orientation parameters con
sist of the position of the principal point with
respect to the instrument axes, the principal
distance, and the coefficients of two
polynomials to describe radial and tangen
tial distortions. These parameters together
with the ones for exterior orientation are
then utilized by the real-time program to es
tablish and evaluate each model.

As repOlted by Fait, the procedure was
tested with a small object photographed with
a Nikomat-FT equipped with a 50 mm Nik
kor lens at a photo scale of 1: 15. A contour
plan in object scale (1: 1) with half
centimetre contours was easily obtained
while using 10 full control points. Residual
coordinate errors of less than 2 f..tm in the
photo scale for all 32 check points proved
that non-metric photography was plotted
without any loss in practical accuracy be
cause the maximum error is much less than
drafting accuracy.

CONCLUSIONS

Some of the problems usually encoun
tered in close-range applications can be

dealt with successfully, by using the analyti
cal plotter. In future plotter models, it is ex
pected that the control computer will have
larger storage (in the form of core and disc),
which would allow some of the software de
scribed to be accommodated in the control
computer and, consequently, would make
the plotter even more flexible.
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A New Opportunity for Academic Space Experiments
NASA's LDEF (the Long Duration Exposure Facility) will offer scientists a new opportun

ity for space research. LDEF is a large passive unmanned structure on which over 70
separate self-contained experiment packages will be mounted. It will be carried aloft by the
Space Shuttle Transportation System, left to orbit the Earth for a number of months, then
retrieved, brought back to Earth, and the experiments returned to their owners for analysis.
LDEF offers prolonged exposure to the conditions at its 300 n.mi. orbital altitude:
weightlessness, extreme vacuum, high pmticle and radiation fluxes. A unique feature is the
return of materials and instruments at the end of the mission.

The Universities Space Research Association (USRA) has been given the task of seeking
worthwhile experiments for LDEF in all fields of science and technology, particularly from
academic scientists. NASA will provide preflight acceptance testing, orbital flight, and re
turn for experiments endorsed by USRA. Experimenters will need to secure research fund
ings-USRA will assist in this, and in all phases of experiment development and manage
ment, where necessary. Write: USRA, Dr. M. H. Davis, P.O. Box 3006, Boulder, CO 80307.
(303) 449-3414


