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The D.S.-Type Galileo
Analytical Plotters
The Galileo Digital Stereocartographs feature software with
simplified differential formulas.

INTRODUCTION

T HE ANALYTICAL PLOTTERS built by Galileo are essentially stereocomparators interfaced
with an electronic computer (Frontispiece): the photo coordinates Xl> Yl> X2, and Y2

measured by the stereocomparator are the input of a real-time program which deter
mines as an output, 50 times per second, the ground coordinates Xr, Yr, and Zr. Of
course, the orientation parameters of the stereopair must be determined by preliminary
operations. The computations, which are very simple, are based on the formulas given
in Figure 1, which are self-explanatory (see also Inghilleri, 1973).

It must be understood that an analytical plotter, as described above, could not be eas
ily operated because of the necessity of having four manual controls for the movements
Xl> Yl> X2, and Y2' Furthermore, the operator should tentatively find the contour lines. In
fact, it is necessary to have a feedback from the computer to the stereocomparator in
order to eliminate the y-parallax automatically. In addition, when a contour line must
be plotted, the x-parallax corresponding to a stereoscopic collimation on a horizontal
plane of predetermined elevation H, must be automatically fed into the stereocomparator.
This problem was dealt with in the development of the prototype of a Digital Stereocartograph
(D.S.)-type analytical plotter, presented at the XII International Congress for Photogramme
try in Ottawa in 1972, Another solution was displayed at the XIII International Congress for
Photogrammetry in Helsinki in 1976 (see DeMichelis, 1976).

In the meantime, another D.S.-type analytical plotter, the P-C-l (Photogrammetric Com
piler), has been developed and built. Due to different settings of the moving carriages of
the stereocomparator, a new solution based on differential formulas had to be found.

In this connection it was realized that differential formulas apply very well also to the
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DEFINITIONS

~-XMYMZM is the model coord. referen~e system

having XM parallel to 0102and ZMperpend. to

01°2 in the plane 0102z1; OMQ ~p and O]Q -p/4

Coord. of 01= -p/4, a , p p=focal length
Coord. of O2= p/4, a , p

Coord. of 11= Xl -p/4, Yl,Zl+P

Coord. of 12= X2+p/4, Y2,Z2+P

The direction tangents of the rays alP and

02P are denoted as: txl, tyl, t x 2, t y2

M 0T-XTYTZT is the y,round coord. reference system

having XT approx. parallel to 0102

Tx,Ty,Tz are the ground coord. of ~

and Ais the scale factor

COMPUTATIONS FOR D~TERMINING THE GROUND COORD. OF A POINT P

Xl =X 1cos (xl Xr~ )+Y1cos (YIX~\) -peos (zlX~,)

Yl=xlcos(xlYM)+Ylc6S(YlYMI-nc09(zlYM)

21 =x1cos (xl ZM) +:1cos (Y12I1.1-pC09 (zl Z~\)

X2=x2C('5 (xZX~I)+Y2cOS (Y2Xn) -pcos (z2X~1)

Y2=x2c05 (x2 Y/.j )+)'2C05 (Y2Y'.1) -pcos (z2YH)

Z2=x 2C05 (x2Z~1) +Y2cOS (y ZZM) -ncos (z 2Zt-I)

XT= A[X1'\C os (XMi'T) +Y~iC os (Y ~,x,) +ZMCOS (ZMXT ~ +Tx

YT= A[XMC 05 (Xr,d T) +Y~lc05 ( Y'f, YT )+:cr:Cos (Z~lYd +Ty

ZT= A[X~,COs O:~"ZT) +YMcos (y,~ZT) +Z,.~cos (Zr.jZT1+T"

FIG. 1. Formulas for the numerical determination of the. ground coordinates of a point.

software ofthe standard D.S. (Frontispiece). Furthermore, ifsimplified differential formulas
are used, the same real-time program, with some slight variations, could be used for the
three different types of Galileo analytical plotters now available.

Due to these simple formulas, the real-time program, originally written in assembler lan
guage, could be written in FORTRAN language without decreasing the cycling speed.

It is worth mentioning that differential formulas cope very well with the D.S.-type analyt
ical plotters because of the simplicity of their mechanical and electronic components. This
simplicity depends essentially on the fact that small corrections, .<ix, .<iy, to both photocoor
dinates must be computed and fed to the hand moved carriages. When a profiling mode of
operation is required, motors controlled by the computer operate the carriage movement.
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MECHANICAL DESCRIPTION OF THE D.S.-TYPE ANALYTICAL PLOTTERS

In the D.S.-type analytical plotters, two plate coordinates among the four (Xl> Yl> XZ, yz)
have to be considered as independent (those manually or motor operated), and two plate
coordinates have to be considered as dependent (those controlled by the computer). In the
following formulas the dependent plate coordinates are denoted with an asterisk.

Ofcourse, this distinction is meaningless when the interior, relative, and absolute orienta
tions are performed. In these cases, all the plate coordinates have to be considered as inde
pendent coordinates. When single points must be determined, only one plate coordinate is
controlled by the computer for clearing the y-parallax. For the sake of simplicity, in the fol
lowing discussion two dependent plate coordinates are considered.

In the P-C-I analytical plotter, a main carriage moving in the X and Y directions holds the
plates. One differential motion is fed to the left optical system and the other differential
motion is fed to the right one.

With the possibility of two different photograph positionings, two different mechanical
arrangements must be considered. In the first arrangement (Figure 2a) the left optical system
moves in the Y direction and the right one moves in the x direction so that Y I * = Yz + t:.y and
xz* = XI + & (Xl> Yz = indep. coord.; YI*' xz* = depend. coord.). In the second arrangement
(Figure 2b) the left optical system moves in the X direction and the right one in the Y direction
so that x I * = Xz + t:.x and Yl* = Yz + t:.y (xz. YI. = indep. coord.; x,*, yz* = depend. coord.). In
the standard D.S., both the plateholders move in the Y direction and both the optical systems
move in the X direction and differential gears allow the differential movements, t:.x and t:.y.
In order to use the same arrangement of the P-C-I, we can imagine that the photos are put on
the main carriage, M, and that the right optical system has differential movements, t:.x and t:.y,
so that xz* = XI + & and yz* = YI + t:.y (XI> YI = indep. coord.; xz*, yz* = dep. coord.).

CONDITION EQUATIONS FOR THE PLATE COORDINATES

Using the notations of Figure I, where a stereoscopic y-parallax free collimation on a given
horizontal plane (elevation = H) must be maintained, the photocoordinates must satisfy the
following two condition equations (see Inghilleri, 1973):

(I)

(2)

where

k z = 2(H -T~'J/>.p

k3 = 112 cOS(XMZT) + 2 cOS(ZMZT) - kz
k. = cos(YMZT)
ks = cOS(ZMZT)

kG = V2 cOS(XMZT) - 2 cOS(ZMZT) + kz

(only the first equation need be taken into consideration when it is not necessary to keep
track of a contour line). These two equations can be denoted as:

f(xl> Yl> Xz, yz) = 0
(3)

g(Xl> Yl> Xz, yz) = 0

because the only variables to be taken into consideration are the plate coordinates, Xb Yb Xz, Yz.
When dealing with the P-C-I arrangement, a system of two 2nd degree equations having as
unknowns the two dependent plate coordinates is obtained by manipulating Equations 1.
For the solution of the problem, a linearization is needed and an iterative procedure must be
performed.

With the arrangement of the standard D.S. one obtains a system of two linear equations
having as unknowns the dependent coordinates xz*, yz*. Also, in this case, the differential
formulas are more convenient than the finite ones.

We will see later on that the same formulas can be used to deal with all the arrangements
indicated above. We can therefore take into consideration only the first arrangement (Figure
2a) in which t:.y applies to the left optical system and t:.x applies to the right. When the main
carriage is staHonary, the four plate coordinates, Xl> YI *, xz*, Yz, satisfy the Equations 1. When
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FIG, 2, Mechanical schemes of the P-C-l and standard D.s.-type analytical plotter.
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the main carriage is moved, the independent plate coordinates XI> Y2 change by a certain
amount and the dependent coordinates, Y,*, x2*, change by the same amount. Consequently
the dependent coordinates assume values YI*' X2* which do not satisfy the Equations 1
because the y-parallax and the x-parallax (on a given horizontal plane) vary according to the
position on the plates. The values 6.y = y,* - Yl* and 6.x = X2* - X2* must be computed by the
real-time program and fed as displacements of the optical system so that

(4)
g(X h y,* + 6.y, X2* + 6.x, Y2) = 0

By expanding these equations in series and disregarding the squares and higher powers of
6.y and 6.x, we obtain

(5)

Jhe derivatives and the known terms are of course computed using the known values XI> !l1*'
X2*' Y2' By deriving and manipulating, we obtain

~ &1) = a, = _l [cos(y,YM) - t y , cOS(y,ZM)]\8y, )0 Z,

(:!) = a2 = ~ [COS(X2YM) - t Y2 COS(X2ZM)]
2 )0 2

(6)

(~j =b
::I.. * 'u!fl 0

=zk3 [cos(y,XM) -tx,COS(yIZM)] +k4 [COS(Y2YM) -ty , COS(Y2ZM)], z,

(:10 = b2 = ~: [COS(X2XM) - tX2 COS(X2ZM)]

g(x" y,"', X2*' Y2) = N2 = k3 tx , + k4 t y , + k5 + k6tx2

Note that k3, k., k 5, and k6 have constant values because they change only when the elevation,
H, of the contour line is changed. Also, ZI> Z2, txt' t y " t x2, and tY2 must be computed in any
case for the determination of the ground coordinates (see Figure 1).

The corrections, 6.y and 6.x, are so obtained by solving the linear system:

(7)
b l fly + b2 6.x + N 2 = 0

the improved values y,* =Y, * + 6.y and:£2* = X2 + 6.x can be used for the computation of the
improved values of tXI' tyl' tx2 , and t Y2 (see flow chart in Figure 3) and a new iteration for the
computation of new corrections 6.y I and 6.x' can be made. One iteration should be more than
sufficient. In fact, assuming that the speeds of the independent plate coordinate displace
ments during the plotting (operated manually or by motors) do not exceed 2 millimeters per
second, and assuming that the variations ofy-parallax and x-parallax do not exceed 10 percent
of the displacements, the speeds for the 6.x and 6.y corrections should be 200 micrometers
per second. Since the real time program runs 50 times per second, at the first computation
(Equations 7) the values 6.x and 6.y should not exceed 4 micrometers. For this reason, even if
the first computation leaves errors of 25 percent in 6.x and 6.y, the errors in dependent plate
coordinates should not exceed 1 micrometer. This could be disregarded and no iteration
should be necessary. The errors could not cumulate because the real-time routine provides
a kind of iterative computation. However, an iterative procedure mllst be lIsed in the real
time routine for outstandingly tilted photographs, which may occur.
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?
xl'Yl,x2'Y2 are computed from the
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Xl=xlcos (xIXM)+Ylcos (yIXI\) -peos (zlXM )

6x,Ay to the
Yl=xlcos(xlYM)+Ylcos(YlYM)-PCOs(zlYM) optics I'lotors

-
Zl=xlcos(Xl~)+Ylcos(Y1ZM)-pcos(ZlZM) 6XT,AYT to the

drawinp; table
motors

X2=xZcos(xZXM}+YZcos(YZXM)-pcos(zZXM) -
XT,YT,ZT to

Y2=xZc os (xZY~~ )+Yzcos (Y2Y'.\) -pcos (zZYM ) the displays

Z2=xZcos(x22M)+Y2cos(Y2ZM)-pcos(zZZM)

Ii t X1=Xl/Zl t yl=Y l/Zl t x2=X 2/Z 2 t y2=Y2/Z2 I
t

6y· =-p( t y l-ty 2)

Ay =Ay+Ay·

yes Ax·=-p( kJt'xl +k4t y l +
contour

+k)+kbtx?)line?
llx =Ax+~x·

no

X2=X 2+A)"c os (y ZX~\) A X2=XZ+AX·cos(x2XM) B
no ulx*l+

Y2=Y 2+Ay*cos (Y2 y~,,) +l6y·1 ~ Ij.l?
I

YZ=YZ+AX·cOS(xZYM )

ZZ=ZZ+AY·C~s(Y2ZM) Z?=ZZ+Ax* cos (x2Zn )

r---------,} yes r - - - - - - - - - -1 }
I Xl=X1+AY*COS(y1X/.\) C1 I Xl=Xl+AX'cos(xlX~'l) 0,

I '
I

I Yl=Yl+AY'cos(YlY~\) : I Y1=Yl+Ax·cos(xlYM) :
I

I Zl=Zl+AV.COS(Y1Z,.\) I , Zl=~J+AX'cos(x12M) ,L _________ .J L ___________ ..J

Dz=p/2( t x l-tx 2) XM=D z t x l-P/4 Y~\=l)ztyl Z~,=l)z+pi

•
XT= A[xMc os (XWT ) +YMc os (YMX T ) +ZMcOS (ZMXT ~ +Tx

YT= A[XMCOS (XMY 1')+ YMCOS (YMYT ) +Z~ICOS (2I\YT ~ +Ty

ZT= A[XMCOS (XMZT )+ YMcos (YM2T ) +ZMCOS (Z~\2T1+1'z

A applies to the arrangements of figs 2 b,2 C

B applies to the arranl'ements of figs 2 a,2 c

Capplies to the arrangements of fig 2 a

Oapplies to the arrangements of fig Z b

FIG. 3. Flow chart of the real time program for the various D.S.-type analytical plotters.
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DIFFERENTIAL SIMPLIFIED FORMULAS

The reported computations, even if so simple, are time-consuming and must be performed
by using a large program written in the assembler language of the computer interfaced with
the stereocomparator. The computations, however, would be highly reduced if the coetTi
cients a" a2, b" and b2could be computed for the theoretical case of cJ>, = K, = ~ = W:! = K2 = 0,
that is, a, = lip, a2 = 0, b, = 0, and b2 = -kJp where p is the calibrated focal length.

The corrections could be computed with the following formulas:

tJ..y =P(t
YI

- t y2 )

(8)

which are not time consuming. In fact, t x , t yl , t x2, and t Y2 are needed in any case for the com
putation of the model coordinates XM , Y~, and 2 M , Furthermore, there is no need to solve a
system of equations. It is necessary, however, to demonstrate that these simplified formulas
may actually be used. First, let us determine under which conditions the linear system (Equa
tions 7) can be solved with an iterative procedure, established by using a2 = 0 and b , = 0 and
the current values of a" b 2, N" and N 2 •

The linear system (Equations 7) can be written

tJ..y = mltJ..x + ql
(9)

tJ..x = m 2tJ..y + q2

where m 1 = -a2/a" m2 = -b,/b2, q, = -Ntla" and q2 = -N2/b 2.
Assuming a2 = 0 and b, = 0, one obtains the first solutions,

tJ..y' = ql and tJ..x' = q2'

Using these values as approximate solutions and putting

tJ..y = tJ..y' + tJ..y" and tJ..x = tJ..x' + tJ..x",

one obtains the system

tJ..y" = m, tJ..x" + m l q2
tJ..x" = m2 tJ..y" + m2ql

and using the above mentioned method

tJ..y" = m,q2 and tJ..x" = m2qj.

Again putting

tJ..y = tJ..y' + tJ..y" + tJ..y II' and tJ..x = tJ..x' + tJ..x" + tJ..x II'

one obtains

and

tJ..y'" = m, tJ..x'" + m l m2q,

tJ..x II' = m2 tJ..y II' + m l m2q2
tJ..y'" = m, m 2 ql

tJ..x "' = m l m2 q2 .

It is easy to realize that the known terms of the equations derive from those of the previous
ones multiplied by m l or m2' The conditions for the convergence of the series

tJ..y = tJ..y' + tJ..y" + tJ..y'" + ...
are consequently,

Ax = Ax' + Ax" + Ax'" + ...

(10)

If we show Equations 9 in a graphic form (Figure 4), we can observe that the straight lines 8 I

and 82 cannot be tilted more than 45° with respect to tJ..x and tJ..y axes in order to obtain an
iterative method, based on a2 = b, = 0, which converges. Obviously, the smaller m" m2 are,
the quicker is the convergence.

We can easily establish that for all the photos taken with vertical cameras the conditions
(Equations 10) are always satisfied.



1434 PHOTOGRAMMETRIC ENGINEERING & REMOTE SENSING, 1977

Ay

FIG. 4. G.!aphical representation of the linear condition equations.

In fact, as far as m I = -a2/aI is concerned, we can establish that Iml I < 1 observing that
ZI == Z2 == -p, tyI' t Y2 do not exceed the value 1, that COS(YI YM) == 1, and that the other involved
direction cosines ·have values not far from zero.

The same applies to m2 = -b l/b 2 since also txt' t X2 do not exceed the value 1, and (see
Equations 2) k4 = 0, k 3 = -k6, k3 multiplies a cosine that is near to zero, while k6 multiplies a
cosine that is near to one.

It is now necessary to take into account that in using the Equations 8 we do not use the cor
rect values ql = -N t1al andq2 = -NJa2 butthe approximate values ql(O) = pN I andq2(O) = -pN Jk 6

Comparing the value of al with lip and that of b2 with -kJp, it is easy to establish that the
differences between the actual values qb q2 and the approximate values q/O), q2(O) cannot
exceed 20 percent of their values and that consequently the corrections /ly', /ly" . .. and
/lx', /lx" . .. are found with relative errors which cannot exceed 20 percent.

This kind of error cannot be accepted because it makes the iteration procedure useless. In
fact the errors in the first result /ly', /lx' would not be eliminated by the following iterative
computation.

It is possible to eliminate this kind of error by just computing again after each iteration the
values N 1 and N 2 with the improved values of /ly and /lx. After each iteration the values txt'
t"I' t x2, and t"2 must be computed again. This is not time consuming because in any case the
final values of tXI' tYI' tx2, and tY2 have to be determined by taking into account the corrections
/ly and /lx in order to obtain correct values for the model coordinates XM , YM, and ZM' In fact,
the first computation gives /ly' = ql(O) and /lx" = q2(O) and the errors e y = q/O) - qllex = q2(O)
- q2 are made but, since the values N 1and N 2 are computed again, the known terms in the
second iteration shall be

m lq2 + ql - ql(O)

m2ql + q2 - q2(O) .

(Actually N 1 and N 2 are slightly different because they are computed with the non-linear
formulas, but the differences are perfectly negligible.) It is obvious that the residual errors
after the second iteration do not exceed the 20 percent ofthe 20 percent ofthe previous errors,
elJ and ex. Therefore, only one iteration is needed for the practical elimination of the errors of
/ly and /lx. It is worth remembering in this connection that even if the iterations should not
be performed the errors could not cumulate because the cycling of the real-time program
operates like a kind of iterative computation.
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REAL-TIME PROGRAM FLOW CHART

The differences in the real-time programs of the various D.S.-type analytical plotters can
be easily shown on a flow chart. In determining the linear system of Equation 5 for the other
two arrangements shown for the D.S.-type analytical plotters (Figure 2b, 2c), it can be easily
recognized that the coefficients should change according to the arrangement previously
mentioned. (The changes apply mainly to direction cosines.) It can be immediately deduced
that the simplified formulas (Equations 8) have no formal change dealing with the different
arrangements. the same program can consequently be used with some slight differences in
the corrections of the values tXt' tyj , txz, and t yz as is shown in the flow chart of Figure 3.
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