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Selection of Additional
Parameters for the Bundle

Adjustment*

Although unknown systematic errors were corrected for by
solving for linear functions of parameters of image
coordinates, nearly as great an improvement was obtained by
employing measurements of eight rather than four fiducial

marks.
INTRODUCTION

AI THE NATIONAL RESEARCH Council of
Canada, a program for the adjustment of
bundles has been in use since 1972 (Schut,
1972). Its mathematical formulation has the
following main features in common with
most of the programs used elsewhere:

treated in essentially the same way as un-
known coordinates. Thus, each terrain
point is essentially given three coordinate
corrections.

o A direct solution of the total system of
normal equations is used.

Other features, apparently not encountered
in other programs, are—
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ABSTRACT: In the block adjustment of bundles, additional parameters may be
introduced to correct for unknown systematic errors. For this purpose, correction
to the measured photograph coordinates are expressed as suitable linear
functions of such parameters, and the latter are solved for during the adjustment.
It has been stated that this procedure greatly improves the accuracy of the
adjustment.

This paper discusses the selection of such parameters and shows the effect of
various combinations of them upon the adjustment of blocks of photographs
taken over three test areas and with four cameras. It is shown that no single set
of parameters can consistently produce the best results. The improvements
obtained by using the most suitable set have varied from very moderate to,
indeed, very considerable. However, a large part of this improvement can be
achieved equally well by means of advance corrections based upon
measurements of eight fiducial marks.
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e The condition equations used are those for
collinearity of image point, projection
center, and terrain point.

e Given coordinates of terrain points are

* Presented at the Symposium of Commission
I11 of the International Society for Photogramme-
try, Moscow, August 1978; and at the ASP Fall
Technical Meeting, Albuquerque, New Mexico,
October 1978.

e The formation and selution of the normal
equations is carried out exclusively by op-
erations on submatrices rather than on
elements.

e The attitude of the photographs is defined
by the four Rodriguez parameters of the
orthogonal matrix.

Since early 1975, the program has hct.'_n
extensively modified in an effort to simplify

1243

PaorocraMMETRIC ENGINEERING AND REMOTE SENS[N(:,

Vol. 45, No. 9, September 1979, pp. 1243-1252.



1244

the input requirements and to adapt the pro-
gram for use on a computer with a medium-
size fast-access storage supplemented by a
disk or three tapes (Schut. 1978). The fol-
lowing features have been added to the
mathematical formulation:

e Corrections for Earth curvature and re-
fraction, if required, are now applied to the
rays in object space rather than to the
image coordinates.

e While the early version of the program al-
ready contained provision for the incorpo-
ration of additional parameters in the nor-
mal equations to correct for unknown
systematic deformation of the photographs,
a subroutine for the computation of such
parameters has now been added to the
program,

This paper reports on the theoretical con-
siderations and on the experiments that have
been performed to arrive at a sensible selec-
tion of such parameters.

Review oF Parameters Usep

In the bundle adjustment, the measured
comparator coordinates, x and y, are first
converted to photograph coordinates with
origin at the principal point. Let these coor-
dinates be denoted by u and v, and let the
u-axis be chosen in the flight direction. In
most of the publications that deal with the
use of additional parameters, the errors Au
and Av of the photograph coordinates caused
by systematic deformation of the photo-
graphic image are approximated by polyno-
mials in the photograph coordinates. The
coefficients of these polynomials are called
additional or, alternatively, added parame-
ters. They are added to the regular parame-
ters in the adjustment and are solved for si-
multaneously.

In these polynomials for Au and Av, the
two constant terms, two of the four possible
linear terms, and two of the six possible
second-degree terms usually will be too
heavily correlated with the six orientation
elements of each photograph and will have
to be omitted. This leaves six terms of up to
and including the second degree, e.g.,

Au = buv + by?
At = a,v + asu + byu® + byuv (1)

The linear terms correct for affine defor-
mation of the photographs. It is immaterial
whether these terms are used to correct v, as
here, or u, as in Brown (1976) or both, as in
Ebner (1976), or one coordinate each, as in
Gotthardt (1975). The second-degree terms
are used in the above form by Brown, with a
minor modification by Ebner, and they are
proposed also by Gotthardt.
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The two terms with the product uv could
be replaced by the two omitted second-
degree terms without noticeably affecting
the result of the adjustment except perhaps
in the case of extreme terrain height varia-
tions (Schut, 1974). Even in such a case they
cannot be expected to make the result worse.
However, no writer has used those missing
terms.

Of the eight possible third-degree terms,
the four terms with u? and v* cannot be used
if only nine image points are measured in a
grid pattern in each photograph because
their parameters will be highly correlated
with the parameters a, and a,. Brown uses
the remaining four terms and two of the
fourth degree, in addition to those of Equa-
tion 1, i.e.,

Au = cu*v + couv? + dute?
Av = cauv + cuv? + douv? (2)

Ebner has used essentially the 12 param-
eters of Equations 1 and 2, but has made a
linear transformation of the parameters to
obtain an orthogonal (correlation-free) set.
As Brown has already remarked, this is not
necessary because the correlation between
the above 12 is not so high that it would
make the normal equations ill-conditioned.

In the case of a block with 60 percent
overlap between photographs in two direc-
tions, but measuring only nine points per
photograph, 12 parameters is the maximum
that can be used and the parameters of
Equations 1 and 2 or a selection from them
form a suitable set.

If the density of the image points is con-
siderably greater, more parameters can be
used and the use of the third-degree terms
omitted in Equation 2 can be reconsidered.
Brown (1976) adds to the above 12 parame-
ters six which apply radial corrections to the
photograph coordinates. Each of the six
contributes terms with powers and/or prod-
ucts of u and v to both Au and Av. The first of
the six occurs in combination with a term
with ¢ in Au and a term with v* in Av. Schut
(1974) makes use of the same two terms but
in a way, described below, which does not
increase the number of parameters. The
other two third-degree terms have been tried
out by Griin (1976, 1978), who has ex-
perimented with sets of parameters
suggested by Brown and by Ebner and with
various other sets. In one experiment only,
he found the term with v* in Au to be signifi-
cant. Of the ten fourth-degree terms omitted
in Equation 2, Brown has earlier considered
eight, but has omitted them in his latest error
model (Brown 1973, 1975, 1976).

Therefore, assuming that the polynomials
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can reasonably be restricted to terms of no
higher than the fourth degree, and having a
high density of image points, perhaps only
two terms of the third degree should be
added to those in Equation 2:

Au = c v + cuv® + daud
Av = cqu®v + cuv? + dauto® + e (3)

The parameters in the above equations
have been used in some of the experiments
reported on below.

Alternatively, it is possible to devise cor-
rections for systematic deformation in which
errors or corrections, Au and Av, cannot be
written as polynomials in u and v. Two for-
mulations have been published which base
their corrections on a polar coordinate sys-
tem (r,¢b) with origin in the principal point.
In this system one formulates radial correc-
tions, Ar, and tangential corrections (per-
pendicular to the radius vector of an image
point), At = rAd.

Bauer, who was the first to use added pa-
rameters in a bundle adjustment (Bauer and
Miiller, 1972; Bauer, 1975), makes use of two
parameters for affine deformation. of two pa-
rameters for corrections, Ar, proportional to
powers of r, and of corrections Ar and At
which are products of trigonometric func-
tions of the azimuth, ¢, by the radius vector,
r. The latter corrections increase only
linearly along any radial line.

Experimentation with spherical har-
monics has been predicted, perhaps face-
tiously, by Brown (1976) and has since been
carried out by El Hakim and Faigh (1977).
This has resulted in a purely radial correc-
tion written as a function of the polar coordi-
nates. Although not shown by the authors,
this function can be written also as a function
of the u- and v-coordinates. Making a linear
transformation of the parameters, it turns out
to be nothing else than a complete polyno-
mial in v and v. With the ten parameters
used by the authors, the function becomes a
complete polynomial of the third degree.

SELECTION OF A SET OF SEVEN PARAMETERS

In the case of a block with 20 percent side
overlap between strips, the use of a set of 12
parameters can lead to the danger of intro-
ducing deformation into the block instead of
correcting ftor it. To derive a parameter set
that can be safely used here, the concept of
correction for strip deformation developed
by Schut (1974) is useful. Here again, the
errors Au and Av are written as polvnomials
in u and v. As before, the first parameters to
be used will be the two that correct for affine
deformation, i.e.,
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Au =0
Av = a0 + asu (4)

The first parameter corrects for a differ-
ence in scale of the photographs in the u-
and v-directions and the second parameter
corrects for twist or nonorthogonality of the
axes.

The parameters b, to b, of Equation 1 will
be replaced by two parameters which serve
to correct a triangulated strip for a linear
variation of scale and of azimuth. In Equa-
tion | the parameter b, corrects a constant
change of scale throughout a triangulated
strip and the parameter b, corrects a constant
change of azimuth. Writing b, as a suitable
function of b, and b, as a suitable function of
b,, the corrections Au and Av will apply a
conformal transformation to the photograph
coordinates. Choosing two other suitable
functions, the corrections will apply a
parabolic transformation. In either way, the
number of parameters is reduced by two.
Further, it is of interest that, when adding a
multiple of byuv to Av and the same multiple
of b,u? to Au, the effect of the added param-
eters upon a triangulated strip of flat terrain
remains virtually unchanged. Only the
orientation elements of the photographs are
affected. The same applies if a multiple of
b is added to Au and the same multiple of
b,e? is added to Ae. In either case, if this
is done starting from a two parameter con-
formal or parabolic transformation, the
transformation changes its character and
might now be called pseudo-conformal or
pseudo-parabolic.

This offers quite a few possible variations
in the choice of the next two parameters. The
conformal transformation and two pseudo-
conformal transformations are of special
interest, i.e.,

Au = b,(-u® + v?®) — 2b,uv

Av = =2buv + by(u* — v?) (5a)
Au = b(u* + v?)

Av = ba(u® + v?) (5b)
Au = b,(3u? + v*) + 2buv

Av = 2buv + bo(u* + 3v?) (5¢)

The conformal transformation is the first
one. The third one is known as the correc-
tion for decentering lens distortion and has
been used by Brown (1973, 1975). The sec-
ond one stands midway between the other
two and is of interest because it involves
somewhat less computation. It may be noted
that in the conformal transformation the
signs of the terms with b, are the opposite
from the signs that are obtained when this
transformation is derived from the conven-
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tional formulation in complex variables. This
serves to facilitate the derivation of Equa-
tions 5b and 5¢ from the conformal transfor-
m:lti(m El]l(] to [)I)tilin i]] (_'il.[_'h case thf.’ same
sign for the computed value of b,.

A parabolic transformation is obtained by
omitting the terms with ¢v* in the conformal
transformation. Using now the conventional
signs, this gives

Au = bu* — 2b,uv

Av = 2buv + bau® (5d)
and a simple pseudo-parabolic one is—

Au = 0

Av = buv + by(u* + 20%) (5¢)

In each of these five transformations, the

terms with b, correct a constant change of

scale in a triangulated strip and the terms
with b, correct a constant change of azimuth.
The simplest transformation that has this
effect is, of course, obtained by using only
two contributions to Ae, i.e.,

Au =0
Av = buv + ba®

(5f)

Of the eight possible parameters in third-
degree terms, six can be equated in pairs to
produce corrections of triangulated strips for
longitudinal height curvature, torsion, and
transversal height curvature, respectively,
ie.,

Au = ¢ + cou*v + cyuv?
Av = cuPv + cauv® + cgut

or Arlr = ¢ u* + cauv + vt (6a)

As shown by the third of these equations,
these parameters apply purely radial correc-
tions. Equating further the first and the third
parameter, a spherical height curvature cor-
rection and a torsion correction are pro-
duced, i.e.,

Au = cur® + cqu®v
Av = ¢,or? + cout?

or Arfr = ¢,r* + cauv (6b)

The two parameters of Equation 4, the two
in one of the pairs of Equation 5 and the two
in Equation 6b together form a set of six pa-
rameters that can be safely used for blocks
with 60 percent longitudinal overlap in the
strips and 20 percent overlap between strips.
In the ~xre program for bundle adjustment,
such a set has been incorporated by means of
a subroutine as follows:

Au = b(u?* + v*) + cur®
+ ¢t
At = a,v + asu + bolu* + v®) + cort
+ Couv? (7)
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If one specifies that p added parameters
shall be used in an adjustment, only the first
p parameters in Equation 7 are used. One of
the (pseudo-) conformal transformations in
Equation 5 has been preferred to one of the
others because only the former apply con-
stant scale and azimuth corrections in the
strip direction regardless of whether one
chooses the u-axis or the v-axis in that direc-
tion. Similarly, Equation 6b applies a longi-
tudinal height curvature correction to a
triangulated strip independent of the choice
of u- and v- axes.

Unless only the first two parameters are
used, care must be taken that in all photo-
graphs the u- and v-axes have the same posi-
tive directions with respect to the direction
of flight. The two parameters of Equation 6b
may be replaced by the three of Equation 6a
only if sufficient vertical control is available
to correct the strips separately for longitudi-
nal and transversal height curvature.

EXPERIMENTS

In order to evaluate the effect of the sets of
parameters in the preceding section, they
have been used in the adjustment of two
blocks. One of these is a block of two strips
with 14 photographs at a scale of 1:15 000
taken for the St. Faith experiment
(Thompson, 1963). The photographs were
taken with a Hilger and Watts camera with a
6 inch Wild Aviogon wide-angle lens on I1-
ford H.R.A. film. Side overlap is about 20 to
30 percent. The lens has a reseau but in this
investigation the reseau has not been used.
This block has relatively few check points
for height and, moreover, with a few excep-
tions those points are situated in three bands
across the strips. The other block contains
three strips with 29 photographs at a scale of
1:21 000 taken over the Crysler test area of
the src. These photographs were taken with
a Wild RCS8 camera with a 6 inch Aviogon
wide-angle lens without reseau on Kodak
Aerographic film with estar base. Side over-
lap is about 60 percent. All measurements
have been corrected for symmetric radial
lens distortion. In all adjustments, a three-
dimensional coordinate system consisting of
easting, northing, and terrain height has
been used and the object rays have been cor-
rected for the effects of Earth curvature and
refraction.

Tables 1, 2, and 2a list the root-mean-
square values of the residuals obtained in
various adjustments of these two blocks. The
rMs values of the residuals at the image
points have been computed in the conven-
tional way as m = (m? + m?)}, and those in
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Tapre 1. Hicer axp Warrs 105 Camera Witn 6 Inca Wien Aviocon Wine-Ancre Lens anp Reseau
Brock oF Two Strirs With 14 Prorocrarus a1 A Scare oF 1:15,500 FrLown Over
St Farrd Test Area (10 em = 6.5 um)
Ten Pranimerric anp 14 Hegur Contror PoiNts
wums values of residuals
added parameters at check points at image points
plan height control non-control

(em) (em) {wm) [ pm)
number Equations type (151) (29) (46) (619)
0 15.8 33.1 11.2 6.5
0* 16.5 33.9 11.7 6.6
(rs+ 14.1 33.0 10.8 6.5
2 47 affine 14.8 32.3 9.8 6.5
1 5a conformal terms 14.5 32.3 9.5 6.5
4 5b pseudo-conformal 14.5 32.3 9.5 6.5
4 5S¢ decentering corr. 14.4 32.2 9.5 6.5
4 5d parabolic terms 14.3 32.1 9.4 6.5
4 5¢ pseudo-parabolic 14.3 32.2 9.4 6.5
4 5f mixed 2nd-degree 14.8 32.1 9.5 6.5
3 ¢, of Ba long. height corr. 14.9 31.8 9.5 6.1
4 c,0s 0f 6a two height corr. 13.6 33.3 9.0 6.1
5 6a three height corr. 13.1 34.5 9.0 6.0
3 ¢, of 6b radial corr. 14.0 34.6 9.5 6.1
4 6h two height corr. 12.9 35.6 9.0 6.0
5 5¢ and ¢, of 6b 13.4 34.2 9.1 6.1
6 5S¢ and 6h 12.5 352 8.5 6.0

* after correction for an average differential scale change of 20 parts in 100,000, as computed from measurements of four resean marks

** used also in all following adjustments

*** after correction for an average differential scale change of 6 parts in 100,000, as computed in the adjustment with two added param-

eters

planimetry at the check points have been
computed similarly.

The first lines in the tables show the re-
sults obtained first without using additional
parameters and then with the use of the two
parameters for correction of affine deforma-
tion. If no additional parameters are used, it
should be useful to give the photograph
coordinates corrections for affine distortion,
as derived from measurements of the fidu-
cial marks. In particular, an average value of
the ditferential scale change can easily be
determined from those measurements and
be corrected for in advance of the adjust-
ment.

Table 1 shows that in the case of the
Hilger and Watts block this correction for
differential scale change does not improve
the accuracy. The correction has here been
computed from measurements of the four re-
sean crosses in the middle of the four sides.
It varies ftor the 14 photographs from 9 to 26
parts in 100,000, Correction of all measured
photograph coordinates by the average of 20
parts in 100,000 actually increases the root-
mean-square values of the residuals in

planimetry and height. The actual value of
the differential scale error, as computed by
the adjustment with two added parameters,
is only 6 parts in 100,000, smaller than the
measured value in any of the photographs.
Adjustment with that value does somewhat
improve the results.

Tables 2 and 2a list results obtained with
and without the use of these corrections in
the case of the Wild RC8 block. Here. the
differential scale error has been determined
for each photograph from measurements of
the four corner fiducial marks. The mea-
sured values vary from 7 to 30 parts in
100,000 with an average of a little less than
20 parts in 100,000. This is very close to the
value of 15 parts in 100,000 computed by the
adjustment with two added parameters.
Here, the use of these two parameters gives
an improvement in accuracy of 30 to 40
percent.

Next, Tables 1 and 2 list results obtained
with four added parameters. Besides the af-
fine transformation of Equation 4, here the
second-degree transformations ol Equations
5a to 5f are used. As predicted already on
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Tasre 2. Wiep RC8 Camera With 6 Inc AviocoNy WiDe-ANGLE LENS
Brock or 3 Stries With 29 Pauotocrarus a1 a Scave or 1:21,000 Frows
Over Cryster TesT Area (10 em = 5 um)

Eicur Pranimerric axo 11 Hetcnr Contror Poinrs

gms values of residuals

added parameters at check points at image points
plan height control non-control

(em) (em) {pem) {pm)

number Equations type (41) (41) (40) (526)
0 43.2 35.6 11.3 7.2
0* 25.5 26.3 8.9 7.0
2 4+ affine 24.5 23.2 7.8 7.0
4 Sa conformal terms 23.4 23.2 7.5 6.6
4 5h pseudo-conformal 23.3 23.1 7.8 6.6
4 5¢ decentering corr, 23.3 23.0 7.5 6.6
4 5d parabolic terms 23.4 23.3 T 6.6
4 S5e pseudo-parabolic 23.4 23.2 7.8 6.6
4 5f mixed 2nd-degree 22.5 22.6 74 6.5
3 ¢, of 6a long. height corr, 24.7 22.9 7.8 7.0
4 ¢.cs 0f Ba two height corr. 24.9 23.2 7.8 7.0
5 Ga three height corr, 24.9 23.2 7.9 7.0
3 ¢, of 6b radial corr. 24.3 22.9 7.8 7.0
4 6hb two height corr, 24.5 23.2 78 7.0
5 5f and ¢, of 6b 22 .4 29.3 7.4 6.5
6 5f and 6b 22.4 22.3 7.3 6.5
10 I and 3 (first ten parameters) 22.8 22.3 T2 6.5
14 1 and 3 22.4 22.2 7.1 6.5

* after correction for an average differential scale change of 20 parts in 100,000

** used also in all following adjustments

Tasre 2a. Same Puotocrarny as iy Tasre 2
Ercureen PLaNniMeTRIC AND 22 Hetcut Control Points

ruMs values of residuals

added parameters at check points at image points
plam ht‘ighl control non-control
{em) (em) () {um)
number Equations (30) (30} (70} (4496)
0 31.3 33.5 12.9 T7
0* 21.2 22.8 9.3 7.3
2 4 19.6 23.1 8.2 72
4 5f 18.9 23.4 7.9 6.7
5 5fand ¢, of 6b 18.7 23.2 7.9 6.7
6 5f and 6b 18.7 23.8 7.8 6.7
8 5f, 6b, and 8 18.6 23.6 7.9 6.7

* after correction for average differential scale change of 20 parts in 100,000

** used also in all following adjustments

theoretical grounds, the results obtained
with the three different (pseudo-) conformal
transformations are virtually the same, and
those obtained with the two different
(pseudo-) parabolic transformations are vir-

tually the same. However, different types of
second-degree transformation give some
distinctly different results. Interestingly, the
transformation of Equation 5f gives the best
results both in planimetry and height in
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Table 2 but in Table 2a it improves only the
planimetry and in Table 1 it gives the worst
results in planimetry.

The next five lines in Tables 1 and 2 show
results obtained by replacing the second-
degree transformations by various transfor-
mations of the third degree designed to cor-
rect errors that produce height deformations
in triangulated strips. Rather surprisingly,
they do not show an expected improvement
of the heights but, in the case of Table 1,
they show instead an appreciable improve-
ment in the planimetric accuracy.

The following lines of Tables 1, 2, and 2a
show results obtained with a combination of
second and third-degree terms and, in the
case of Table 2a, the two fourth-degree terms
retained in Brown (1976), i.e.,

Au = du*c?
Av = dauo? (8)

The largest improvement in the accuracy
over the adjustment with two added param-
eters amounts to 15 percent in planimetry,
but this is associated with a 10 percent de-
crease in accuracy of the heights. Adjust-
ments of the Wild RC8 block with the pa-
rameters of Equations | and 3 have not
improved upon these results.

It may be noticed that in two cases in Ta-
bles 2 and 2a the rus values of residuals at
image points increase from 7.8 to 7.9 um
when the number of added parameters is in-
creased. This apparently illogical result is
caused by minor errors introduced in the
computation because the program rounds off
the coordinates of the projection centers in
centimeters before intersected image coor-
dinates and image residuals are computed.
This adds minor errors to the residuals and

TasrLe 3.
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affects different adjustments slightly differ-
ently.

Further experiments have been performed
with two sets of 3 x 3 photographs with 60
percent overlap in both directions taken in
1974 at a scale of 1:7750 over the Sudbury
test area, simultancously with a Wild RCS8
camera with a 6 inch Aviogon wide-angle
lens and a Zeiss RMK camera with 6 inch
Pleogon wide-angle lens, both on Kodak
Aerographic film with estar base. The ad-
justments have been performed using 12
complete control points along the perimeter
of the block and an additional height control
point in the center. The four control points
in the corners of the block each occur in only
one photograph.

Both these cameras have a reseau, but for
the present purpose the reseau has been
used only to determine the average differ-
ential scale change of the film. This scale
change amounts for both sets of photographs
to no more than about 5 parts in 100,000,
However, in the case of the Wild photo-
graphs, the two sides of the photographs par-
allel to the long sides of the film roll show a
differential scale change of between 35 and
50 parts in 100,000, while the other two sides
show no differential scale change. In the
case of all but one of the Zeiss photographs,
the first two sides show a differential scale
change of about 20 parts in 100,000 and the
latter two show one that varies between 25
and 45 parts in 100,000,

The sizes of these various differential
scale changes are reflected in the results of
the adjustments with added parameters,
shown in Tables 3 and 4. The affine trans-
formation of Equation 4 necessarily im-
proves the residuals at the image points, but

Wirn RC8 Camera Wrtn 6 Incu Aviocony Wine-AncrLe LEns anp Reseau

Brock oF 3 ¥ 3 Puotocraris FLown a1 Scare 1:7750 Over the Supsury Test Area (10 em = 13 pm)
Twerve Praniverric anp 13 Heieur Contror PoiNts

added parameters

at check points

rms values of residuals
at image points

plan height control non-control
(em) (¢m) {pm) ()
number in Equations (173) (173) (26) (591)
0 15.8 15.8 13.2 5.1
2 4 16.5 19.7 11.6 5.0
-I T (first 4) 12.2 14.1 10.2 4.2
6 7 6.2 9.1 5.2 3.8
6 1 12.1 13.5 10.4 4.1
10 l and 3 8.4 9.5 7.0 4.0
(first 10)
14 land 3 5.5 8.2 4.9 3.7
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Tasre 4. Zriss RMK Camera With 6 IncH PLeoGoN WiDE-ANGLE LENS anD Reseav _
Brock oF 3 % 3 PHotocrarus FLown a1 Scate 1:7750 Over Tae Supsury Test Area (10 em = 13 pm)
Twerve Peanmmerric anp 13 Heicur Coxrror Poinrs

added parameters

at check points

rMs vilues of residuals
at image points

plan height control non-control
(em) {em) () (pm)
number in Equations (165) (165) (26) {273)
0 15.0 17.5 13.7 5.8
0* 15.3 17.8 13.4 5.8
2 4 16.3 19.0 9.5 5.6
4 7 (first 4) 7.2 9. 5.5 4.4
6 i o 7.6 9.4 5.4 4.4
(51 4.5a,6b 7.6 9.5 5.3 4.4
6 1 6.2 8.5 5 4.3
10 1 and 3 6.6 8.4 5.0 4.2

(first 10)

14 1 and 3 6.5 5.8 4.9 4.2

* after correction for an average differential seale change of 4 parts in 100,000, as computed from measurements of eight resean marks.

the residuals at the check points become
even larger than without the use of the
added parameters. On the other hand, in the
case of the Zeiss photography, the use of the
first four parameters of Equation 7 already
reduces the residuals at the check points by
about 50 percent. In the case of the Wild
photography with its different differential
scale changes, this reduction is achieved,
and even exceeded in planimetry, when all
six parameters of Equation 7 are used.

Having here photographs with 60 percent
overlap in both directions and up to 100
measured targets in each photograph, it is
possible to use the full set of 14 added pa-
rameters ol Equations 1 and 3. This set gives
still somewhat better results, with a max-
imum of 65 percent improvement in the
residuals at check points.

The Wild RC8 camera used over the
Crysler test area also was used to fly ten
separate strips over the Sudbury test area, at
three different scales. The photographs were
taken on one roll of Kodak Aerographic film,
in the same sequence as listed in Table 5. In
each adjustment of each strip, all ground
control points were used as such. Here also,
the density of the measured points allows
the set of 14 added parameters to be used.

The rms values of the residuals obtained
in the adjustments are listed in Table 5. The
residuals are derived from the adjusted po-
sitions of the ground control points. Because
the given coordinates were used with a
weight which, although large, does not ab-
solutely enforce the position, these positions
differ from the given ones. However, in all
cases they differ by less than one centimetre.

As Table 5 shows, the use of an average
correction for differential scale change (7
parts in 100,000) computed from mea-
surements of the fiducial marks and the use
of the parameters of Equation 7 improve the
residuals rather little. A further small but
appreciable improvement is obtained by
using the parameters of Equations 1 and 3.
These results differ much from those ob-
tained for the Crysler block. It is also note-
worthy that in the adjustments with two pa-
rameters the value of the parameter a, for
correction of differential scale change, even
though it has the same sign for all ten strips,
varies in absolute value along the one film-
roll from 1 to 10 parts in 100,000.

Discussion oF Resurts

The results listed in Tables 1 to 5 are
summarized in Table 6 in the form of per-
centages of reduction of ®ms values obtained
by the use of corrections for measured differ-
ential scale changes and by the use of addi-
tional parameters.

The table shows clearly that different
blocks can have very different image defor-
mations and require different additional
parameters for their elimination. The im-
provement by the use of additional parame-
ters varies from nil to about 60 percent. The
latter value is close to one already obtained
by Bauer and Miiller (1972) at the check
points (there called pass points) in the
Oberschwaben block.

These high values are obtained by com-
paring the results with those of an adjust-
ment in which no special corrections for
systematic image deformation are applied in
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rMs Varves oF THE Resipuars a1 THE ControL PoinT IMAGES 1IN MICROMETRES.

strip photographs control points added parameters
in terrain images 0 0 2 107,
1:6,000
line 1 11 97 381 6.2 6.0 5.9 5
2 12 90 375 8.1 7.9 7.6 6
3 10 53 313 8.1 7 7 | 10
1:10,000
line 1 9 138 569 78 7:3 73 8
2 8 141 575 8.0 74 7.3 10
3 7 146 529 8.1 8.0 7.8 4
R 7 141 503 7.0 6.6 6.5 7
5 8 145 575 7.1 72 7.0 3
1: 14,000
line 1 5 196 620 7.7 79 75 1
2 3 184 414 6.8 6.3 6.2 8
mean T4 707 T
strip with parameters of Equation 7 with parameters of Equations 1 and 3
first 4 all 6 first 6 first 10 all 14
1:6,000
line 1 59 58 58 5.5 5.5
2 7.6 7.6 72 6.6 6.5
3 6.8 6.7 6.6 6.1 6.1
1:10,000
line 1 7.3 73 6.8 6.5 6.5
2 T2 72 7.1 6.6 6.5
3 78 7.7 7.7 7.1 7.0
4 6.3 6.2 6.3 5.7 5.7
5 7.0 7.0 6.6 6.1 6.0
1:14,000
line 1 75 74 75 6.9 6.8
2 6.2 6.2 6.0 5.7 5.6
mean 6.9° 6.9° 6.7° 624 6.2%

* after correction for an average differential scale change of 7 parts in 100,(X0

TasLE 6,

PERCENTAGES OF REDUCTION OF RMS VALUES 0F REsibuars in PLaniMeTry anp Herour

(TagrLes 1 1o 4) axp in Imace CoorpinaTes (TasLe 5) OBTAINED
By THE Usk OF AppED PARAMETERS

tables

0*

number of added parameters, and Equations used

2
(4)

4
(4) and (5b)

6
(7)

14
(1) and (3)

—4 and —2%

41 and 26
32 and 32

—2 and -2

4

6 and 2%
43 and 35

37 and 31

—4and -5

—Yand -9
6

8 and 2%
48 and 37**
40 and 30%*
23 and 25
52 and 48

7

20 and —T%

48 and 37**
40 and 29**
61 and 52
49 and 46

5

48 and 38%

65 and 56
57 and 50
17

* after correction tor average differential scale change
** Equations 5f used instead of 5b
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advance. However, such corrections can be
easily derived from measurements of fidu-
cial marks and they have the advantage that
their use hardly increases the computation
time.

If in the case of the Crysler block of Tables
2 and 2a the comparison is made with the
adjustment in which the correction for aver-
age differential shrinkage is applied, the
further improvement obtained by the use of
additional parameters varies from nil to less
than 20 percent. In the case of the block ad-
justments of Bauer and Miiller, also, the bulk
of the improvement is obtained by the use of
the two parameters which correct for affine
distortion; presumably, this improvement
could be achieved alternatively by an ad-
vance correction based upon measurements
of fiducial marks. In the case of the Sudbury
blocks of Tables 3 and 4, a correction for the
more complicated deformation. mentioned
earlier, could be derived from the mea-
surements of four or eight reseau crosses and
should give similar improvements.

It appears from this that the use of addi-
tional parameters can hardly improve the re-
sult of an adjustment by more than some 20
percent over that of an adjustment in which
the determinable systematic errors have
been corrected for in advance. Such cor-
rections could be based upon measurements
of eight fiducial marks.

More experimentation under better con-
trolled conditions is needed to determine

e what are the causes of the different sys-
tematic errors observed in the different
blocks:

e whether the photographs of the same film-
roll should be corrected for their indi-
vidual measured systematic deformation
or for the average; and, perhaps,

e whether other parameters exist that can
contribute significantly to the reduction of
the residuals at check points.

REFERENCES

Anderson, Erio, and Lee, 1975. Analytical bundle
triangulation with large scale photography:
comparison with polynomial adjustment and
experiments using added parameters. Pro-
ceedings of the 1974 Symposium of Commis-
sion 11 of the International Society for Pho-
togrammetry, Deutsche Geodaetische Kom-
mission Reihe B, Nr. 214, Muenchen, 1975.

Bauer, H., 1975. Bundle adjustment with addi-
tional parameters—practical experiences.
Proceedings of the 1974 Symposium of Com-
mission 111 of the International Society for
Photogrammetry, Deutsche Geodaetische
Kommission Reihe B, Nr. 214, Muenchen,
1975.

Bauer and Miiller, 1972. Height accuracy of blocks

PHOTOGRAMMETRIC ENGINEERING & REMOTE SENSING, 1979

and bundle adjustment with additional pa-
rameters. Presented paper at the XITth Con-
gress of the 1.S.P., Ottawa, 1972,

Brown, D. C., 1973. Accuracies of analytical trian-
gulation in applications to cadastral survey-
ing. Presented at the 1973 Annual meeting of
the American Congress of Surveying and
Mapping, Washington, D.C., March 1973.
Also published in Surveying and Mapping,
September 1973.

., 1975. Bundle adjustment with strip-
and block-invariant parameters. Proceedings
of the 1974 Symposium of Commission I11 of
the International Society for Photogramme-
try, Deutsche Geodaetische Kommission
Reihe B, Nr. 214, Muenchen, 1975.

., 1976. The bundle adjustment—prog-
ress and prospects. Invited paper at the
XIIIth Congress of the 1.S.P. , Helsinki, 1976.

Ebner, H., Self-calibrating block adjustment. In-
vited paper at the XIIIth Congress of the
L.S.P., Helsinki, 1976.

El-Hakim and Faigh, 1977. Compensation of sys-
tematic image errors using spherical har-
monics. Presented at the 1977 Fall Meeting of
the A.S.P.

Gotthardt, E., 1975. Zusatzglieder bei der Aero-
triangulation mit Biundeln. Bildmessung und
Luftbildwesen, 6.

Griin, A., 1976. Die simultane Kompensation sys-
tematischer Fehler mit dem Miinchener
Biindelprogramm MBOP. Presented paper at
the XIIIth Congress of the L.S.P. . Helsinki,
1976.

, 1978, Experiences with self-cali-
brating bundle adjustment. Presented pa-
per at the Annual Meeting of the A.S.P.,
Washington.

Salmenperi, Anderson, and Salvolainen, 1975.
Efficiency of the extended mathematical
model in bundle adjustment. Proceedings of
the 1974 Symposium of Commission I of
the International Society for Photogramme-
try, Deutsche Geodaetische Kommission
Reihe B, Nr. 214, Muenchen, 1975.

Schut, G. H., 1972. Adjustment of bundles: pro-
gram development, phase 1. Publication P-PR
43 of the Division of Physics of the National
Research Council of Canada, October 1972,

, 1974. On correction terms for system-
atic errors in bundle adjustment. Bildmessung
und Luftbildwesen, 42, 6.

. 1978. Adjustment of bundles, part I:
Sformulation and experiments. Publication
P-PR 47 of the Division of Physics of the Na-
tional Research Council of Canada, June
1978.

Thompson, E. H., 1963, The St. Faith experiment,
part 1. Proceedings of the Conference of
Commonwealth Survey Officers, 1963. 1,
H.M.S5.0., 1964,

(Received November 17, 1978: revised and ac-
cepted March 29, 1979)



