
J. A. SMITH 
TZEU LIE LIN 
K. J. RANSON 

College of Forestry and Natural Resources 
Colorado State University 

Fort Collins, CO 80523 

The Lambertian Assumption 
I and Landsat Data 

The Lambertian assumption, for ponderosa pine, may be more valid 
when analysis is restricted to slopes of less than 25" and effective 
illumination angles of less than 45". 

INTRODUCTION angles. Effects of directional scattering behavior of 

T HE LANDSAT SENSORS have the capability of ac- the scene surfaces on ~Iassification are minimized. 
quiring imagery over broad areas with short In mountainous terrain, however, the local sur- 

data acquisition times. Consequently, to a good face normal varies and, consequently, a wide 

ABSTRACT: Analysis of terrain geometric effects on  the optical scattering prop- 
erties of dense Pinus ponderosa forest as measured by  the Landsat multispectral 
scanner has been performed. A mountainous study site in Colorado was utilized 
in which effective view angles between the surface normal vector and the zenith 
satellite sensor angle ranged between 10 and 45". Effective illumination angles 
between the surface normal vector and the sun at image acquisition ranged 
between 30 and 80". 

Seventy-six sample points of similar cover density and type were selected 
within the study site. Topographic slope, aspect, and calculated incidence and 
exitance angles were merged wi th  the multispectral Landsat response for MSS 
bands 4,5,6,  and 7. Regression analysis was applied to the data in  order to fit a 
generalized photometric function. The slope of the regression line may be com- 
pared to  the expected value for Lambertian scattering and a test o f  significance 
performed. A t  the 95 percent significance level, the Lambertian assumption for 
ponderosa pine Landsat responses was rejected. 

Further analysis was performed to determine under what topographic slope 
and incidence angle conditions the Lambertian assumption may be more appro- 
priate for our ponderosa pine pixels. It is shown that the Lambertian assump- 
tion may be more valid when analysis i s  restricted to slopes of less than 25" and 
effective illumination angles of less than 45". 

Finally, an application of a generalized photometric function is discussed 
regarding the topographic-induced Landsat radiance variations versus surface 
cover variations. These effects are estimated by  a method outlined by  Horn and 
Bachman (1978). 

approximation, the data are obtained under a con- range of effective view and illumination angles are 
stant, vertical sensor angle and constant solar il- obtained, even for a single Landsat image. In 
lumination angle with respect to the local nadir. these cases, classification of the data is severely 
That is, the phase angle is constant, If the topogra- impaired (Hoffer, 1974). Several authors have 
phy of the scene is flat, all surfaces or materials are tried various correction procedures to improve the 
also viewed at constant sensor and illumination results obtained. These can be broken down into 

PHOTOGRAMMETRIC ENGINEERING AND REMOTE SENSING, 
Vol. 46, No. 9, September 1980, pp. 1183-1189. 



PHOTOGRAMMETRIC ENGINEERING & REMOTE SENSING, 1980 

basically empirical approaches which make no as- 
sumptions concerning the physical behavior of 
scene elements and those methods utilizing some 
assumed natural characteristics of the scene ele- 
ments (Hart, 1978). Examples of the first approach 
include channel ratio methods as discussed by 
Crane (1971) and Vincent (1973). Struve et al. 
(1977) give a detailed example of the second ap- 
proach in which they assume Lambertian scatter- 
ing behavior of the scene elements. This is used to 
normalize the satellite readings according to the 
cosine of the effective illumination angle. Topo- 
graphic slope and aspect for each scene element 
are required to calculate the effective incidence 
angle. 

Our objectives for the study presented here 
were to make a rigorous evaluation of the Lam- 
bertian assumption for Landsat and to examine 
various recommended correction procedures. In 
addition, we examined under what conditions the 
Lambertian assumption may be more correct. We 
selected a Landsat image of a mountainous region 
in Colorado and employed a photometric function 
developed by Minnaert (1941) to test the Lambert- 
ian assimption. A range of effective view angles 
of 10 to 45 degrees and effective illumination an- 
gles of 30 to 80 degrees were present in the data. 
Analysis was restricted to ponderosa pine (Pinus 
ponderosa) scene elements of similar cover den- 
sity. 

The radiance or scene brightness incident upon 
the entrance aperture of the Landsat multispectral 
scanner (MSS) consists of the surface radiance at- 
tenuated by atmospheric transmittance plus an 
additive atmospheric path radiance term. The 
surface radiance, in turn, is given by the reflected 
solar flux plus reflected diffuse sky irradiance. Fi- 
nally, radiance is converted to digital Landsat 
counts by the response of the Landsat scanner for 
each wavelength band. For the analyses reported 
here we are interested in the relationship between 
Landsat radiance and the surface scattering prop- 
erties. The atmospheric path radiance is indepen- 
dent of the surface response function and can be 
dropped from further consideration, other than as 
an additive noise term. We will also ignore re- 
flected diffuse sky radiance. The physical reason- 
ing for this approximation is as follows. During the 
time of the satellite overpass, the investigators 
measured the fraction of diffuse sky irradiance to 
total irradiance at a location near the study site 
(Oliver et al., 1975). For a solar zenith sun angle of 
33 degrees, the diffuse irradiance fraction was less 
than twelve percent for all four Landsat ~ s s  bands. 
Because all of the scene picture elements (pixels) 
selected for analysis were in direct sunlight, i.e., 
pixels shadowed due to topography were 
excluded, the direct sunlight must account for 

nearly 90 percent of the surface radiance contrib- 
uted. 

We can thus write the following model for 
Landsat scene radiance, L, given in digital counts 
at an effective view angle, e, and effective solar 
incidence angle, i: 

L(*,e) = C(A) [$E.(A) cos i p(e,i) T(A) J 
L(A,e) = A(A) cos i p(e,i) + €(A) 

where 

C = the Landsat scanner calibration factor, 
En = surface solar irradiance at the time of 

~ - 

the Landsat overpass, 
p = the scene bidirectional reflectance 

factor, 
T = the atmospheric transmittance, 
A = a constant, equal to l/w C Eo T, 
A = the spectral wavelength, and 
c = the error term. 

Figure 1 shows the geometrical relationships 
between the sun, the Landsat satellite, and an 
arbitrary surface element. 

If 

6, = surface normal zenith angle or slope of 
the terrain surface, 

8, = solar zenith angle, 
& = surface azimuth or aspect angle, 

and 

4., = solar azimuth angle, 

then, since the satellite has nearly a vertical view 
angle, the effective incidence angle, i, and exitance 
angle, e, measured from the surface normal are 
defined by 

cos i = cos 6, cos 8. + sin 8, sin 8. cos (6 - &) 

and 

cos e = cos 8,. 

If the surface behaves as a Lambertian scatterer, 
the bidirectional reflectance factor is independent 
of incidence and exitance angles. That is, p(h,e,i) = 
p(A) is a constant. In  this case, the Landsat 
radiance is given by 

L(A,e) = L, (A) cos i 

where L,, is constant equal to A(h) p(A). We term L,, 
the effective normal response that would be mea- 
sured when i = e = 0". 

Several authors, however, have reported a de- 
pendence of reflected light on sensor and illumi- 
nation geometry that departs from this relationship 
(Kriebel, 1978; Duggin, 1977; Smith and Oliver, 
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Frc. 1: Diagram of geometric relationships between 
sun and sensor positions. 

1974; Proctor et al., 1972; Stewart, 1971; Coulson, 
1966; and Monteith and Szeicz, 1961). 

A more general relationship is given by an em- 
pirical photometric function proposed by Min- 
naert (1941). In this case, the bidirectional reflec- 
tance factor is given by 

and the satellite radiance is given by: 

where k is the Minnaert constant. Generally, k also 
varies with phase angle, a, defined as the angle 
between the sensor and the illumination source. 
For Landsat data, however, the phase angle is con- 
sidered constant. The Minnaert constant, k, de- 
scribes the type of scattering dependence and is 
related to surface roughness. If k = 1, a Lambert- 
ian surface is defined and Equation 2 reduces to 
Equation 1. Low values of k imply a porous sur- 
face which exhibits asymmetrical diffuse scatter- 
ing (Young and Collins, 1971). Values of k unequal 
to 1.0 imply a combination of diffuse and specular 
scattering. 

This Minnaert function has received wide- 
spread use in the field of astrophysics to deter- 
mine the surface characteristics of planetary 
bodies (Veverka et al., 1978; Binder and Jones, 
1972; Young and Collins, 1971; and Hapke and 
Van Horn, 1963, as examples). Its application to 

and 

log (L cos e) = log L. + k log (cos i cos e). 

Letting y = log (L cos e), the response variable, 
x = log (cos i cos e), the independent 

variable, and 
b = log (La), 

we obtain the linear form y = kx + b. 
A t-test of significance can then be made for the 

hypothesis that the slope coefficient, k, is equal 
t i  1.0. 

Equations 1 and 2 may also be inverted to de- 
velop backward radiance correction transforma- 
tions for topographic slope and aspect. That is, 
using the Lambertian assumption: 

L, = Llcos i 

Using the Minnaert relationship: 

L,, = (L cos e) l (cosk i cosk e )  (4) 

In this study we first evaluate the Minnaert k 
coefficient by regression analysis and then apply 
both correction procedures (Equations 3 and 4) to 
evaluate their likely effect on image classification. 

DATA REDUCTION AND ANALYSIS 

Figure 2 is a reduced orthophotograph of the 
study site used in this analysis. The study area is 
located in the Front Range of the Rocky Moun- 

terrestrial remote sensing, however, has been 
limited (Gillespie and Kahle, 1977). I 

A strong test of the Lambertian assumption can !k -. 
be made by first linearizing Equation 2 and then 2-A.-  

obtaining the regression value fork. That is, FIG. 2. Horsetooth Reservoir, Colorado study area. 
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tains about 5 miles (8 km) west of Fort Collins, 
Colorado. The dominant features include sedi- 
mentary rock formations uplifted into hogbacks 
in the east, high steep mountains of metamorphic 
and igneous rock to the west, and Horsetooth 
Reservoir located in the east-central portion of 
the study site. Site elevations range from about 
4500 ft (1370 m) to 7400 ft (2255 m). 

Vegetative cover in the mountains is primarily 
ponderosa pine (Pinus ~onderosa) with understory 
and open areas consisting of grasses and shrubs. 
There are also lesser areas of some riparian vege- 
tation. Horsetooth Reservoir occupies approxi- 
mately 2.5 x 103 acres (1.0 x lo3 ha) and lies in a 
north-south direction across the study site. 

A 15 August 1973 Landsat image of the study 
site was obtained for radiometric analysis. The 
solar zenith angle at image acquisition was 37 de- 
grees; solar azimuth was 114 degrees. The Landsat 
image was first geometrically corrected to a scale 
of 1:24,000 using a nearest-neighbor algorithm 
(Anuta, 1973). Grey level printouts of each multi- 
spectral band were then overlaid on a 1:24,000 
quadrangle map of the study site published by the 
United States Geological Survey in 1962. A 1970 
quadrangle centered orthophoto for the study site 
was also available for comparison. Image to 
ground registration was improved locally by com- 
paring image grey tones for such distinctive mor- 
phological features as stream patterns, rock out- 
cropping~, and water bodies to the topographic 
map. Once registration between the computer 
grey level printouts and the topographic map was 
obtained, a grid-cell overlay with cell dimensions 
approximately equal to the digital Landsat map 
was constructed. 

Selection of pixels representing ponderosa pine 
was accomplished by first overlaying a 1:24,000 
scale ecosystem map prepared by the Colorado 
State Forest Service in 1974 and delineating areas 
classed as ponderosa pine. The criteria used for 
ponderosa pine included areas greater than 5 acres 
with a crown closure of ponderosa pine greater 
than 50 percent (Lynch, 1974). Based on this 
overlay, 364 pixels were initially selected for 
analysis. Since this ecosystem classification in- 
cluded open areas of shrub understory within the 
ponderosa pine class, further analysis was re- 
quired to select pixels which only included dense 
ponderosa pine. This was accomplished by over- 
laying the quadrangle centered orthophoto, the 
topographic map, and the Landsat grey maps. 
Pixels were selected from areas where dense pon- 
derosa pine occurred and that were circumscribed 
by pixels with similar radiance values. In addition, 
these pixels were selected from the center of areas 
of similar slope and aspect as determined from the 
topographic map. The procedure of selecting only 
pixels of dense ponderosa pine evident from the 
orthophoto and the Landsat grey maps and located 

significantly reduced the possibility of errors 
caused by slight misregistration of the various 
overlays and the Landsat grey maps. 

A subset of 76 pixels was ultimately selected for 
final analysis. The topographic slope, On, and as- 
pect, &, for each of the pixels were determined 
from the topographic map and merged with the 
respective Landsat digital counts for MSS bands 4, 
5, 6, and 7. For our data set, effective incidence 
angles ranged from 35 to 75 degrees, exitance an- 
gles ranged from 10 to 45 degrees, and aspects 
ranged within *50 degrees of north. 

Figure 3 shows the scatter of the data trans- 
formed by linearizing Equation 2 for a visible 
spectral band, MSS 5, and an infrared band, MSS 
7, as displayed in a Minnaert plot. A regression 
equation of the linearized version of the Minnaert 
function was computed for each wavelength band. 
The results are shown in Table 1. In all cases the 
Minnaert constant, k, or the slope of the regression 
line, is significantly less than 1.0 at the 95 percent 
confidence level. 

We, therefore, conclude that for the range of in- 
cidence angles, 30 to 80 degrees, and exitance an- 
gles, 10 to 45 degrees, studied, the Lambertian 
assumption for the Landsat response from pon- 
derosa pine is invalid. 

For comparison, a regression equation for the 76 
pixels utilizing the simple, but incorrect, Lambert- 
ian function was also computed. As expected, sig- 
nificantly less of the Landsat variation is explained 
by this procedure than by employing the Minnaert 
function. 

Figure 4 shows the Landsat response as cor- 
rected by the transformation given by Equation 4 

0 MSS 5 
0 MSS 7 

LOG [COS I . COS E ]  

FIG. 3. Minnaert plots of Landsat MSS Ponderosa pine 
data. with areas of relatively constant slope and aspect 
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TABLE 1. MINNAERT REGRESSION RELATIONSHIPS FOR EACH 

LXNDSAT MSS CHANNEL 

Landsat Minnaert t-value 
Channel Constant, k (k = 1) RP 

4 0.26 35.2** 0.68 
5 0.33 20.9** 0.58 
6 0.38 22.1** 0.71 
7 0.37 21.7** 0.68 

** Significant at the 95 percent confidence level with 
75 degrees of freedom. 

versus the cosine of the incidence angle for MSS 
bands 5 and 7. It is evident that this correction 
procedure does lead to a leveI response versus the 
varying effective solar incidence angle. Con- 
sequently, we have appeared to reduce this extrin- 
sic source of radiance variation for these sample 
observations. 

In contrast, Figure 5 shows the effect of apply- 
ing the correction transformation of Equation 3. It 
is evident that, in reality, this procedure intro- 
duces more variation into the data at large inci- 
dence angles. Consequently, i t  would be better to 
leave the data uncorrected than apply this trans- 
formation which is based on an assumed, but in- 
correct, hypothesis; in this case, the Lambertian 
assumption. 

We have demonstrated that, for incidence an- 
gles between 30 and 80 degrees and for exitance 
angles between 10 and 45 degrees, the Landsat 
response from ponderosa pine (Pinus ponderosa) 
does not follow the Lambertian law. Are there 
ranges of exitance or incidence angles for which 
the Lambertian assumption is more nearly valid? 
A closer examination of Figure 5 indicates that if 
cos i is greater than 0.7, i.e., if the incidence angle 
is less than 45 degrees, then a more level response 
results. 

To examine this question in more detail, we 
ratio the Lambertian-expected radiance, Equation 
1, to the Minnaert-expected radiance, Equation 2, 
and obtain 

Ratio, R, = ~ o s l - ~ i  cosl-'le. 

0 MSS 5 

O MSS 7 

COS I 

FIG. 4. Minnaert corrected Landsat MSS data of pon- 
derosa pine versus cosine of effective incidence angle 
(cos I ) .  

0 MSS 5 

Q MSS 7 

cos I 

FIG. 5. Lambertian corrected Landsat MSS data of 
ponderosa pine versus cosine of effective incidence 
angle (cos I). 

Or, setting k = 0.37, the value we obtained for 
MSS band 7, we obtain 

R = ~osO.=~i C O S ~ . ~ ~ ~ .  

Figure 6 shows the contours of constant value for 
this ratio plotted versus incidence, i, and exitance, 
e, angles. These curves indicate that, for a given 
ratio, a subregion of restricted values for i and e 
can be defined such that a more nearly Lambertian 
response would be expected. As an example, we 
performed a data cut on our 76 observations and 
selected only those pixels with slopes less than 25 
degrees and incidence angles less than 45 de- 

SLOPE ANGLE E t o )  

FIG. 6. Ratio of Lambertian-expected radiance to 
Minnaert-expected radiance. Contours of constant ratio 
value are shown. 
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grees, corresponding to a ratio generally greater 
than 0.8 from Figure 6. Eighteen sample points 
satisfied these criteria. We obtained a k value for 
MSS band 7 of 0.9 * 0.2. The estimated k value for 
MSS band 5 was 0.6 + 0.5. Thus, as predicted, for 
restricted ranges of incidence and exitance angles, 
the Lambertian assumption is more nearly satis- 
fied. 

As an application of our Minnaert-derived 
radiance function, we address the question of 
topographic-induced Landsat radiance variations 
versus surface cover variations. It is well-known 
that topographic influences are most easily seen in 
imagery collected at low sun elevation angles. 
Conversely, at high sun angles and small slopes 
the scene radiance is dominated by surface cover 
variations. We can estimate these effects by fol- 
lowing the method outlined by Horn and Bach- 
man (1978). If surface slopes (exitance angles) 
range between 0" and e, then an extreme range 
of incidence angles, i, for a given solar elevation 
angle, q8, will be defined by 

cos (e - 90 - &) < cos i < cos (e + 90 - &). 

Letting the range of absolute surface reflectance, 
p, be defined from p, to pr, we obtain the following 
expression which defines the critical slope value, 
e, for a given solar inclination angle, &, where the 
maximum reflectance differences are equal: 

This expression can be reduced to 

P l l / k  - 
tan e, = PZ'" 

pl1* + pz'lk 
tan +8 

where e, is the critical slope angle for a given solar 
elevation angle, &, above which topography will 
affect the scene radiance more than the differ- 
ences in absolute reflectances, pl ,  p2. 

In Figure 7 we plot the critical slope angle ver- 
sus solar elevation angle for scene elements whose 
reflectances differ by 10 percent, i.e., p1 = 1.1 p2, 
and by 100 percent. The k value for MSS band 7 
was employed. In both cases, the larger the solar 
elevation angle, the larger the critical slope angle. 
That is, at high solar positions, the Landsat 
radiance is sensitive to surface reflectance differ- 
ences over a wider range of topographic slopes. In 
our experiment, the solar elevation angle was 57 
degrees. Thus, we predict that we should be able 
to detect surface reflectance differences of 10 per- 
cent only for pixels whose slopes are less than 12 
degrees. Similarly, in order to differentiate re- 
flectance differences of 100 percent, the surface 
cover must be on slopes less than 49 degrees. 

In conclusion, we have demonstrated that the 
Lambertian assumption is not strictly valid for our 
ponderosa pine Landsat data. However, our re- 
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SLOPE ANGLE, E ( '1  

FIG. 7. Critical slope angle versus critical solar eleva- 
tion angle for Minnaert Terrain elements with surface 
reflectance differences of 10 percent and 100 percent. 

sults indicate that the Lambertian approximation 
is more nearly valid if suitable restrictions are im- 
posed on the range of incidence or exitance an- 
gles. Since our ponderosa pine samples occurred 
on slopes with a primarily northerly aspect, it may 
be useful to perform the Minnaert analysis on data 
acquired over a wider range of aspects. Further 
research is also reuuired to address the suitability 
of the ~ambertia; assumption for surface cover 
types other than the ponderosa pine samples ex- 
amined here. For example, how does the Minnaert 
constant, k, vary with surface cover type? Further 
study is also required in order to evaluate the use 
of such expressions as Equation 4 for scene nor- 
malization. 

The research described in this paper was sup- 
ported by the U.S. Forest Service under Coopera- 
tive Agreement CA-16-741, "Signature Studies for 
Natural Resource Inventory." Mr. Robert Dana of 
the Rocky Mountain Forest and Range Experi- 
ment Station was technical monitor of the project. 

Mr. Tzeu Lie Lin received the Master of Sci- 
ence degree from Colorado State University, in 
part, for work related to this project. 
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Colloquium 
on the Application of the Next Generation of 

Earth Resource Satellites 

Montreal, Canada 
25-26 November 1980 

The  colloquium is jointly sponsored by the Ministere d e  1'Energie et des  Ressources d u  Quebec 
and the  Canada Centre for Remote Sensing. The objective of the  colloquium is to determine as pre- 
cisely as possible the format and way of using the data products from the next generation of Earth 
resource satellites, namely Landsat D and SPOT. 

The  colloquium will b e  based on a program of simulated data products. Certain application areas 
will be selected for scrutiny by resource persons. The  meeting will accommodate presentation of 
results followed by  critical discussions. 

For further information please contact 
Keith P. B. Thomson 
Canada Centre for Remote Sensing 
2464 Shef ie ld  Road 
Ottawa, Canada KIA OY7 
Tel. (613) 995-1210 


