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Orientation and Construction 
of Models 

Part IV: Further Considerations in 
Close-Range Photog rammetry 

The characteristics of lens distortion and film deformation are 
investigated in the orientation problem of photographs, both for the 
general case and for the special cases in 
close-range photogrammetry. 

I N THE ANALYSIS of photographs taken with non-metric cameras, the correction of lens distortion and 
film deformation is one of the inevitable problems. However, very little has been written that would 

provide a general and rigorous approach to the orientation problem of pictures containing such distor- 
tions. Hallert' investigated the properties of lens distortion in the orientation problem of a stereo pair of 
photographs and clarified that parameters of a functional form to model non-linear lens distortion can be 
determined from the coplanarity condition of corresponding rays. From the fact that, in two-media 

ABSTRACT: Measured photo coordinates usually include two  types of systematic 
errors: linear deformation and non-linear distortion. Film deformation, linear 
systematic errors in coordinate measurement, and other linear distortions be- 
long to the former, parameters of which are absorbed by  the 11 coefficients of 
the general collinearity equations. O n  the other hand, lens distortion and de- 
formation due to  irregular film surface are involved i n  the latter, whose ele- 
ments are non-central projective parameters. In  the orientation problem of a 
stereo pair of photographs, these two  types of systematic errors have different 
properties such that parameters describing linear deformation must be ob- 
tained from both the coplanarity condition of corresponding rays and object 
points given, while those of non-linear distortion can be calculated only from 
the coplanarity condition. This paper describes the orientation problem of pic- 
tures having lens distortion and film deformation for some important cases in  
close-range photogrammetry. 

photogrammetry, parameters describing a boundary surface can be obtained2s3 from the coplanarity 
condition of corresponding imaging rays in water, Hallert's finding is also reasonable, because the 
elements of non-linear lens distortion as well as those of the boundary surface belong to non-central 
projective parameters. On the other hand, the characteristics of linear film deformation, linear system- 
atic errors in coordinate measurement, and other linear distortions have been studied by, e.g., Abdel- 
Aziz and and by others. Also, elements of these linear deformations have been revealed to be 
absorbed by the 11 coefficients of the general collinearity equations, which means that these parameters 
and the general photogrammetric orientation elements of a photograph cannot be provided separately. 
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In this paper, the orientation theories derived in the previous paper7 (Part I) are extended, based on 
the known results above, to the case where photographs have lens distortion and film deformation, 
because parameters of such distortions were neglected in the previous discussions. Also, the least- 
squares solution by means of the (determination) equations is explained. 

The discussions given here are purely mathematical, and all parametes considered in this paper may 
not be determined accurately in practical examples on account of correlation between these elements. 
Such practical characteristics of the methods proposed will be clarified through future experiments. 

The symbolism in this paper follows that in earlier parts, in particular, that used in Part 17. 

CHARACTERISTICS OF THE GENERAL AFFINE TRANSFORMATION 

The general affine transformation between original corrdinates (x,y) and the transformed coordinates 
(x', y') is described in the form 

in which ai(i = 1, . . . ,6) denotes independent coefficients. This relationship is difficult to consider 
projectively between two planes in a three-dimensional space. From the fact that the affine transforma- 
tion includes an orthogonal projective transformation as a special case, we can, however, construct the 
relationship (Equation 115) photogrammetrically in a three-dimensional space as  follow^.^-^ 

After development, a film may be deformed with different scale factors along the x and y directions, 
respectively. Designating a picture point at the exposure instant as p(x,y) and that after film develop- 
ment as p1(x',y'), the relationship between p(x,y) and p'(x1,y') is expressed as 

where Ax and A, indicate scale factors along the x and y directions, respectively. Also, in the general case 
where the x,-y, plane of the comparator coordinate system (x,, yc,zc) is assumed not to be parallel to the 
picture plane (see Figure 1 in Part 17), the relationship between p1(x', y') and its measured image point 
p,(xc, y,) can be obtained from Equation 5 (in Part 17) and takes the following form 

By substituting Equation 116 into Equation 117, we have 

Since Equations 116 and 117 have eight parameters (Ax,&,,a,P,y,xc,, y,,,c) (though only five elements 
among a,P,y,x,,, y,,,c are independent), all coefficients ai(i = 1, . . . ,6) in Equation 118 are mathemati- 
cally independent. It follows that the relationship between a picture point p(x,y) at the exposure instant 
and the measured image point pc(xc, y,) of pl(x', y') on the deformed film is identical to the general afflne 
transformation (Equation 115). 

Equation 118 can be rewritten in the form 

By expressing Equation 119 in matrix notation, we obtain 

Also, by substituting Equation 3a (in Part 17) into Equation l20,;he relationship relating a photographed 
object point P(X,Y,Z) and its measured image point p,(xc, y,) of pl(x', y') on the deformed film is given 
in the form of Equation 7 (in Part 17). Furthermore, since it contains 13 parameters (C$,~,K,X,,Y,,Z,,C, 
al,aaa;,aea,ab), all coefficients Ai(i = 1, . . . ,11) in Equation 7 are also mathematically independent in 
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this case. Consequently, this relationship is also identical to the general collinearity equations (Equa- 
tion l in Part 1'). 

From the fact that the parameters (hx,h,) of linear deformation are absorbed by the 11 coefficients of 
the general collinearity equations, we can select three among 14 photogrammetric elements ( # J , ~ , K ,  
xo,~o,~o,~co,yco,c,a,~,y,Ax,~) arbitrarily in the orientation problem of a photograph. Thus, # J , ~ , K J ~ , Y ~ ,  
Zo,xc0,y,,c,a,P can be taken as the 11 general photogrammetric orientation parameters of a picture 
having linear film deformation under the assumption that 

A, = A ~  = 1, and y = 0. 

CONSIDERATION OF LENS DISTORTION 

Systematic errors of picture coordinates are mainly due to film deformation and lens distortion. We 
have already discussed the properties of the former in the previous paragraph and have seen that the 
coefficients of functional form to model linear film deformation are absorbed by those of the general 
collinearity equations. On the other hand, non-linear lens distortion is expressed in the 

where x,y indicate ideal photo coordinates and 

The coefficients (k, ,k2,k3,pl ,p,)  of k , A y  are non-central projective elements, because the functional 
form is non-linear with respect to the picture coordinates ( x , y )  and thus they cannot be absorbed by 
the 11 coefficients of the general collinearity equations. The general collinearity condition, including 
non-linear lens distortion, will be discussed as follows: 

The photo coordinates (xd, yd )  having non-linear lens distortion are described at the exposure instant as 

After development of the film, the photo coordinates become 

%' = Ax(x + Ax) 

Y ;  = A,(Y + AY). 

Furthermore, in the general case (see Figure 1 in Part IT), the relationship between p&(xi ,y&)  and its 
measured image point pc(zc,yc) can also be expressed by an orthogonal transformation in the form 

Y C  = dz1d + dzz~d '  - d 2 3 ~  + YCO. 

By substituting Equation 123 into Equation 124, we get 

xc = a a , ( x  + Ax) + a 2 ( y  + A y )  + a 3  

yc = a4(x + Ax) + a 5 ( y  + A y )  + as. 

Also, considering that linear film deformation is comparatively small and the xc - y, plane of the com- 
parator coordinate system (x,, y,,z,) is nearly parallel to the picture plane, as is in practical examples, we 
can assume that 

a,Ax + a z A y  - Ax 

a4Ax + a ,Ay  - A y .  
Thus, Equation 125 can be reduced to 

xc - A x  = a l x  + a 2 y  + a 3  

y, - A y  = a p  + a 5 y  + a6. 

Consequently, for the case where non-linear lens distortion is not negligibly small, the general collin- 
earity condition can be given as 
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It follows from Equation 127 that the parameters (k,kz,k,p,,pZ) of non-linear lens distortion must be 
determined from object points given in the general orientation problem of individual photographs, 
while they can be obtained from the coplanarity condition of corresponding rays in that of a stereo pair. 
Also, it will be noted that non-linear film deformation has the same behavior as non-linear lens distor- 
tion. 

This chapter treats the orientation problem of photographs for a special case where the x, - yc plane of 
the comparator coordinate system (x,, yc,zc) is parallel to the picture plane and the film is deformed with 
different scale factors along the x and y directions, respectively. 

ORIENTATION PROBLEM OF INDIVIDUAL PHOTOGRAPHS 

In this case, the relationship between p1(x',y') on the deformed film and its measured image point 
pc(xc, y,) can be given in the form 

xc = (cos y)xl + (sin y)yl + xH 

y, = -(sin y)xf + (cos y)yl + yH 

in which XH,YH indicates the principal point coordinates. By substituting Equation 116 into Equation 
128, we obtain 

Also, we can assume that y is equal to zero in considering the relationship between a photographed 
object point and its measured image point. Thus, Equation 129 can be simplified to 

Xc - XH = AXx 
(130) 

YC - YH = 

Further, by substitution of the conventional collinearity equations (Equation 3 in Part 17) into Equation 
130, we havelo 

in which 

c, = ch,, c, = ch,. 

Because the relationship (Equation 131) between a photographed object point P(X,Y,Z) and its mea- 
sured image point pc(xc, y,) has only ten independent parameters (+,~,K,X,,Y,,Z,,X~, yH,c,,c,), it can not 
be treated as the general collinearity equations in the orientation problem of a photograph. This means 
that there is one constraint" between the 11 coefficients Ai(i = 1, . . . ,11), if we express Equation 131 in 
the form of Equation 7. Thus, in the orientation problem of individual photographs, these ten photo- 
grammetric parameters will be calculated directly by linearizing Equation 131 with respect to them. 
Five points are mathematically required in the object space for the unique determination of the ten 
orientation elements. Containing non-linear lens distortion, the number of object points required in- 
creases to eight. 

ORIENTATION PROBLEM OF A STEREO PAIR OF PHOTOGRAPHS 

This paragraph discusses the orientation problem of a stereo pair of photographs having linear film 
deformation, based on the orientation theory for the usual case in close-range photogrammetry (see Part 
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17). A stereo model is constructed in a three-dimensional space by means of the coplanarity condition of 
corresponding rays g, and g2 (see Figure 29). We will first investigate which central projective one-to- 
one correspondence is valid between the model and object spaces. According to Part 17, the four- 
dimensional central projective transformation (Equation 10) is valid between the fictitious three- 
dimensional film (x,y,z) and the object space (X,Y,Z) in the case where actual films for the stereo pair are 
not deformed. With film deformation, as in this case, the fictitious three-dimensional film is assumed to 
be deformed with different scale factors along the x, y, and z directions, respectively. Thus, the relation- 
ship may be described between an ideal picture point p(x,y,z) and the measured image point p,(xC,y,,zc) 
of pf(x',y',z') on the deformed three-dimensional film (fictitious) in the form 

under the assumption that the three-dimensional plane (x,, yc,z,) of the fictitious comparator coordinate 
system (x,, yc,zc,tc) is parallel to the three-dimensional deformed picture plane and 0 equals zero. By sub- 
stituting Equation 10 (in Part 17) into Equation 132, we have 

Xc - XH = -Cx 
ell(X - X,) + e,,(Y - Yo) + e13G - 2,) + eI4(O - To) 
e4,(X - X,) + e4dY - Yo) + e,(Z - Z,) + e ~ ( 0  - To)  

ezl(X - Xo) + eZ2(Y - Yo) + e,(Z - 2,) + e24(O - To) 
YC - YH = -C, 

ell(X - Xo) + e42(Y - Yo) + e4Az - 2,) + e ~ ( 0  - To) 

&= - zH = -c, eal(X - Xo) + ea2(Y - Yo) + e3,(z - Z,) + e34(O - To) 
e4,(X - X,) + e4,(Y - Yo) + e13(Z - 2,) + e4,(0 - To) 

Model Space 

g 
orientation System 

FIG. 29. Orientation problem of a stereo pair of photographs having linear 
film deformation. 
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Also, this relationship (Equation 133) has 14 independent parameters (+,u,K,~,X,,Y,,Z,,T,,XH,Y~,Z~,C~, 
c,,c,). Thus, four points with the space coordinates given and one point with the planimetric coordinates 
known are mathematically necessary for the unique determination of the one-to-one correspondence 
(Equation 133). 

From the above discussions, it can be easily understood that the one-to-one correspondence with 14 
independent parameters is valid between the model space (XM,YM,ZM) and the object space (X,Y,Z), 
if a stereo pair of photographs (actual) are deformed with different scale factors along the x and y direc- 
tions, respectively, and the xc - y, plane (actual) of the comparator coordinate system (xc,yc,z,) is parallel 
to the picture plane. Accordingly, the coplanarity condition of corresponding rays provides mathe- 
matically six independent orientation parameters, because the stereo pair of photographs have 20 in- 
dependent elements to be determined. 

The 20 orientation parameters will be calculated as follows. It can be seen from Equation 131 that one 
element of c,Ax,A, can be taken arbitrarily. Thus, we may select +,W,K,X,,Y,,Z,,X~,~~,~,X, as the 10 in- 
dependent orientation parameters of a photograph to be determined under the assumption that k, is 
equal to one. The relationship (Equation 130) between an ideal picture point p(x,y) and the measured 
image point pc(xc, ye) of p1(x', y') on the deformed film is then rewritten in the form 

Also, the (reduced) transformed picture coordinates (MX,,~Y,,,Z,) of the ideal picture point can be ex- 
messed as 

. . 
By means of Equation 135 we can construct the equations of corresponding rays g, and gz (Equations 
25 and 26 in Part 17) in the model coordinate system (XM,YM,ZM), and derive the coplanarity condition 
(Equation 35 in Part 17) which contains, however in this case, 13 orientation parameters (+, ,K~,+~,W~, 
K ~ ; T H ~ , Y ~ ~ , c ~ , ~ ~ ~ J ~ ~ , Y ~ ~ , c ~ , A ~ ~ ) .  It must be noted that ( ~ I , ~ l , ~ Z , ~ Z , ~ 2 )  are selected as the conventional rela- 
tive orientation elements. 

From the coplanarity condition of corresponding rays, only six independent orientation parameters 
can be provided and a stereo model is constructed in a three-dimensional space of a multi-dimensional 
space having more than four dimensions (see Figure 29). The constructed stereo model is, however, not 
similar to the object, because the three-dimensional similarity transformation is not satisfied between 
both spaces. In order to calculate, directly, the traditional photogrammetric orientation elements, it is 
necessary to make the model and object similar by introducing the similarity condition (see Part IT). In 
other words, we must construct the stereo model in the same three-dimensional space as that of the 
object by using the coplanarity condition of corresponding rays and the similarity condition between the 
model and object spaces simultaneously. 

The similarity condition in this case will be discussed as follows. For the unique determination of the 
central projective one-to-one correspondence between the model and object spaces, four points with the 
space coordinates (X,Y,Z) given and one point with the planimetric coordinates (X,Y) known are mathe- 
matically required. These five points are equivalent to five points, four of which lie on a plane, as is 
demonstrated in Figure 30. Since the degrees of freedom of such five points is eight, the similarity 
condition can be constructed by setting up Equation 37 (in Part 17) for eight corresponding line seg- 
ments in the model and object spaces. Thus, seven independent equations are obtained. Accordingly, 
we have 13 independent equations (six coplanarity equations plus seven equations based on the simi- 
larity condition) for the unique determination of the 13 orientation parameters included in the copla- 
narity condition of corresponding rays. Then, a stereo model similar to the object is constructed, and it 
can be transformed into the object space by means of the three-dimensional similarity transformation 
(Equation 38 in Part 17). 

In the case where used camera lens is distorted, the parameters describing non-linear lens distortion 
can be obtained from the coplanarity condition of corresponding rays. 
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FIG. 30. Degrees of freedom of five points, four of which lie on a plane. 

As for cameras used in close-range photogrammetry, the particular case may sometimes occur in 
which only the planimetric coordinates of the principal point are known, or where only the principal 
distance is given. We will discuss the orientation problem of a stereo pair of photographs taken with 
such cameras. 

PREPARATIONS 

First, the central projective one-to-one correspondence between a flat terrain and the picture 
taken with a non-metric camera (lens distortion and film deformation are not considered) will 
be discussed. The transformation between these two planes (X,Y) and (x,,y,) is given by means of 
Equation 96 (in Part III12). Thus, this relationship has eight independent photogrammetric parameters 
(+,o,KJ(~,Y~,Z~,XH,Y~), because Zo and c cannot be provided separately for the case of a flat object space. 
Furthermore, this one-to-one correspondence can be divided into two transformations: a two- 
dimensional similarity transformation with four independent parameters and a (central projective) 
transformation with four independent elements into the same two-dimensional space as that of the 
object. The four parametes of the latter are classified into two groups: elements (xH,yH) determining the 
principal point coordinates and parameters (+,a) related to the scale of individual picture points. 

The four-dimensional central projective one-to-one correspondence (Equation 55 in Part 17) includes 
12 independent parameters (+,~,K,~,X~,Y~,Z~,T~,X~,~~,Z~,C) and is also divided into two transformations: 
a three-dimensional similarity transformation with seven independent elements and a (central projec- 
tive) transformation with five independent parameters into the same three-dimensional space as that of 
the object. This can be explained more precisely as follows. The exterior orientation elements of the 
fictitious three-dimensional picture (the model) include eight parameters (+ ,~ ,K ,~ ,X~ ,Y~ ,Z~ ,T~) ,  and its 
interior orientation elements include four parameters (xH,yH,zH,c). The case will first be discussed where 
the interior orientation parameters are known. By regarding + ,~ ,K ,X , , ,Y~~~ ,T ,  (=m)  as the conventional 
absolute orientation parameters, the remaining one element, p, is considered to pertain to the scale of 
individual picture points on the fictitious three-dimensional photograph (the model). Also, the fictitious 
three-dimensional picture becomes similar to the object by determining only this element, p. For the 
case where the interior orientation parameters are not given, we must determine five elements 
(xH,YH,zH,c,~) SO as to make both spaces similar. 

Because the seven parameters of the three-dimensional similarity transformation are given only by 
exterior orientation elements of a stereo pair of photographs (actual), the five elements of the (central 
projective) transformation of the model into the same three-dimensional space as that of the object are 
considered to be functions of only their interior orientation elements ( x ~ ~ , Y ~ ~ c ~ & H ~ , Y H ~ c ~ ) .  MSO, the five 
parameters (xH,YH,z~,c,~) of the latter are classified into two groups: elements (xH,YH,zH) defining the 
principal point coordinates of the fictitious three-dimensional picture and parameters (c,p) pertaining to 
the scale of the individual picture points. Furthermore, among the six interior orientation parameters 
(XHI,YH~FI,XH~,YH~C~) of the stereo pair of photographs (actual), ( x ~ ~ , Y ~ ~ J ~ ~ Y ~ ~ )  indicate the principal 
point coordinates and cl,c2 are related to the scale. Consequently, the five elements (xH,YH,zH,c,~) can be 
expressed as 
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THE FIRST CASE 

This paragraph treats the case where the principal point coordinates are given to a stereo pair of 
photographs. First, we will discuss which central projective one-to-one correspondence is valid be- 
tween the model and object spaces, based on the properties of the four-dimensional central projective 
transformation (Equation 55 in Part 17). It can be easily understood from Equation 136 that independent 
parameters included in Equation 55 become nine elements ( ~ , ~ , K , ~ , X ~ , Y ~ , Z ~ , T , , ~ )  in this case. Accord- 
ingly, the coplanarity condition of corresponding rays provides mathematically five independent ele- 
ments (the relative exterior orientation parameters in conventional photogrammetry), because we must 
determine 14 independent parameters in the orientation problem of the stereo pair. 

The traditional orientation elements of the stereo pair are calculated by introducing the similarity 
condition between the model and object spaces into the model construction process. Also, the similarity 
condition is described as follows. For the unique determination of the one-to-one correspondence 
between the model and object spaces, three points with the space coordinates (X,Y,Z) known must be 
mathematically given in the object space. As the degrees of freedom of three points is three, we must 
apply Equation 37 (in Part 17) to three corresponding line segments in both spaces so as to make them 
similar. Thus, two independent equations can be obtained as the similarity condition. Consequently, we 
have seven independent equations (five coplanarity equations plus two equations based on the similarity 
condition) during the phase of model construction in the same three-dimensional space as that of the 
object. By solving these seven equations with respect to the seven orientation unknowns 
( ~ l , ~ I , ~ 2 , w Z , ~ Z , c l , ~ Z ) ,  a stereo model can be constructed which is similar to the object. 

THE SECOND CASE 

When the principal distance is given for a stereo pair of photographs, 16 parameters must be deter- 
mined in the orientation problem. Ten elements among them can be obtained from the one-to-one 
correspondence between the model and object spaces, because two elements (c,p) of the fictitious 
three-dimensional photograph are considered to be given in this case (see Equation 136). Thus, the 
coplanarity condition of corresponding rays determines six independent orientation elements. 

The similarity condition in this case will be explained as follows. We must have three points with the 
space coordinates (X,Y,Z) given and one point with a coordinate known for the unique determination of 
the one-to-one correspondence between the model and object spaces. Also, because these four points 
are equivalent to four points, three of which lie on a straight line (see Figures 31), the degrees of 
heedom of those four points is four. Thus, we can construct the similarity condition by setting up 
Equation 37 (in Part 17) for four corresponding line segments in the model and object spaces. By solving 
the coplanarity condition (six independent equations) and the similarity condition (three independent 
equations) with respect to the nine orientation unknowns ( ~ , , ~ l , ~ 2 , ~ ~ , ~ ~ ~ ~ ~ , ~ ~ ~ ~ ~ 2 , y ~ 2 )  included in the 
coplanarity condition, a stereo model can be constructed in the same three-dimensional space as that of 
the object. 

From the discussions given in this chapter, it follows that one of the principal point coordinates 
( x ~ ~ , Y ~ ~ J ~ ~ , ~ ~ ~ )  of a stereo pair of photographs can be mathematically obtained from the coplanarity 
condition of corresponding rays. (Koelbl13 noted that the position of the principal point in one direction 
can be determined from the coplanarity condition of corresponding rays by means of convergent pic- 
tures.) 

In addition to the systematic errors due to lens distortion and film deformation discussed in the 
preceding chapters, measured image coordinates (x,, y,) may include linear lens distortion and linear 
systematic measurement errors caused by the non-orthogonality of the x, and y, axes of the comparator 
coordinate system (x,, y,,~,). In such cases, the relationship between an ideal picture point p(x,y) and the 
measured image point p,(x,,y,) of p'(xf, y') on the deformed film can also be by the general 

FIG. 31. Degrees of freedom of four points, three of which lie on a straight line. 
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affine transformation (reduced) (Equation 126), even when the xc-y, plane of the comparator coordinate 
system (x,, yc,z,) is parallel to the deformed picture plane. This chapter describes some techniques to 
calculate the coefficients Ai(i = 1, .  . . ,11) of the general collinearity equations and the parameters 
(kl,kz,kspl,p2) describing non-linear lens distortion simultaneously, and also to obtain, directly, the 11 
general photogrammetric orientation parameters ( ~ , ~ , K , X ~ , Y , , Z ~ , ~ ~ ~ ,  yco,c,cu,P) of a photograph with the 
elements of non-linear lens distortion together. 

DLT METHOD FOR INDIVIDUAL PHOTOGRAPHS 

The Direct Linear Transformation (DLT) method of solving the general collinearity condition of 
photogrammetry was developed by Abdel-Aziz and Karara in 1971. However, the solution by means of 
Equation 127 was not fully explained in their paper.4 Hence, a direct linear solution approach will be 
discussed in this paragraph (cf. Wong14). 

The functional form to model non-linear lens distortion can be rewritten as 

where 

Also, ideal picture coordinates (x,y) are given approximately as 

in which (?in,@,) denote the first approximations of the coordinates of the principal point referred to the 
comparator coordinate system. Thus, the following expressions can be derived directly from Equa- I tion 127: 

in which 

The unknown parameters (A,,Alo,All) also appear in the coefficients of the non-linear lens distortion 
elements (k1,k2,ksp1,p2) in Equation 138. Therefore, rigorously, we cannot treat Equation 138 as linear 
equations with respect to Ai(i = 1, . . . ,11) and kl,k,k,p,p2. However, by introducing approximations of 

into the coefficients of the non-linear lens distortion elements, Equation 138 can be regarded 
as a pair of linear equations. The solution is performed iteratively in the following way: In the first step, 
we find the first approximations of A9,Al,AIl, calculate Di(i = 1, . . . ,n (the number of object points 
given)) with those parameters, and then set up Equation 138 for the object points. Solving these equa- 
tions with respect to the 16 unknowns by a least-squares adjustment of indirect observations, we get the 
second approximations O ~ A & ~ & ~ ~ .  In the second step, the same is repeated. The iteration is carried out 
until discrepancies between the approximations and obtained solutions of A&,& ,, become negligibly 
small. 

ALGEBRAIC METHOD FOR A STEREO PAIR OF PHOTOGRAPHS 

The fundamental equations for the general orientation problem of a stereo pair of pictures having lens 
distortion and film deformation are the (reduced) general collinearity equations (Equation 127) between 
a photographed object point P(X,Y,Z) and its measured image point p,(xc, y,). In the algebraic approach 
(see Part IT), the coefficients {Aj(i = 1,2;j = 1, .  . . ,11) of the general collinearity equations and the 
parameters (kilrkibkispil,pi2) (i = 1,2) describing non-linear lens distortion are calculated directly and 
simultaneously for the stereo pair of pictures. The (determination) equations are given by means of 
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Equations 19 and 20, if we replace x, y, l,x, 2, yc in Equations 19 and 20 by x, ,, y, ,,x, z, y,,, which are 
given as 

xrl=xca-Axa, Y ~ I = Y C I - A Y ~  
xr2 = Xcz - Yrz = Ycz - AYZ. 

Equation 20 (modified) provides mathematically 15 among the 22 coefficients of the general collinearity 
equations for the stereo pair, if five points are given in the object space. On the other hand, the 
remaining seven coefficients and the ten parameters describing non-linear lens distortion can be ob- 
tained from Equation 19 (modified) by setting up Equation 19 for 17 corresponding measured image 
coordinates. 

Since the (determination) equations are non-linear with respect to the unknowns, we must first 
linearize both equations and find the solution by means of an iterative approach. In the case of more 
than five points given in the object space, the least-squares adjustment with conditions (the general 
case)15 (or the least-squares adjustment by conditions having unknownsI6) may be applied, because 
Equations 19 and 20 have different qualities. 

GEOMETRIC METHOD FOR A STEREO PAIR OF PHOTOGRAPHS 

The general orientation problem of a photograph having non-linear lens distortion and linear film 
deformation can also be solved by using the 11 general photogrammetric orientation parameters 
( ~ , ~ , K , X ~ , Y ~ , Z ~ , X ~ ~ ,  yCo,c,ar/3) and the elements of non-linear lens distortion instead ofAi(i = 1, . . . ,11) of 
the general collinearity equations and those of non-linear lens distortion in the algebraic method. In this 
geometric approach (see Part 17) a stereo model is first constructed by means of the coplanarity condition 
of corresponding rays and the similarity condition between the model and object spaces. The param- 
eters determined in this process are the relative (exterior) orientation elements ( # I ~ , K ~ , ~ ~ , O ~ , K ~ ) ,  the inter- 
ior orientation parametrs (xcoi,ycoi,ci,~,fi) (i = 1,2), and those (kil,kiz,ki3,pi,,pi2) (i = 1,2) of nonlinear 
lens distortion. The coplanarity condition i s  giyenhy means of Equation 35 (in Part 17). Also, the (re- 
duced) transformed picture coordinates (MXP,MYP,MZP) are described as 

- x,, + c sina cosp) sem - (y, - yco - c sinp) tana 
( ~ r  - Yeo - c sinp) seep 

-C (139) 

in which 

x, = xc - Ax, y, = y, - Ay. 

The coplanarity condition of corresponding rays determines mathematically the seven (general) rela- 
tive orientation parameters (41,~l,4Z,mZ,~Z, one of (x,ol,ycoa,x~02ryco2)r and one of (aI,pl,aZ,pz)) and 
the ten elements (kil,kiz,ki3,pia,piz) (i = 1,2) of non-linear lens distortion. On the other hand, the 
similarity condition (Equation 37 in Part IT) provides the eight remaining interior orientation elements 
of the stereo pair, if nine distances (lengths) are given in the object space. 

If we treat m (model scale) as an unknown in the model construction process, a stereo model 
congruent to the object can be constructed, which is sometimes the final product in close- 
range photogrammetry. In the case of more than nine distances given, the least-squares solution by 
means of the coplanarity condition of corresponding rays and the similarity condition between the 
model and object spaces is performed iteratively with the adjustment by conditions having unknownsa6, 
because these two conditions are non-linear with respect to the 25 parameters to be determined. 
Furthermore, the constructed stereo model can be transformed into the object space by means of the 
three-dimensional similarity tranformation (Equation 38 in Part 17) 

The properties of lens distortion and film deformation have been investigated in the orientation 
problem of pictures, and some new interesting facts have been revealed: 

All parameters of linear systematic deformations of a photograph are absorbed by the 11 coefficients of the 
general collinearity Thus, the general orientation problem of pictures having linear systematic 
errors can also be solved by using the . l l  general photogrammetric orientation parameters 
( + , w , K J ~ , Y ~ , Z ~ , ~ ~ ~ ,  yco,c,a,P) for a photograph. 
In the case where a picture is deformed with different scale factors along the x  and y  directions, respectivley, 
and the G-y, plane of the comparator coordinate system (x,,y,,z,) is parallel to the picture plane, the photo- 
graph has only ten independent orientation elements. In the orientation problem of the stereo pair, the central 
projective one-to-one correspondence with 14 independent parameters is satisfied between the model and 
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object spaces. Hence, the coplanarity condition of corresponding rays provides six independent orientation 
elements. 

Next, the characteristics of the conventional interior orientation parameters (three elements of the 
principal point) have been discussed in the orientation problem of a stereo pair of photographs in the 
following two cases: (1) where the planimetric coordinates of the principal point are given and (2) 
where the principal distance is known. Also, the following results have been obtained: 

For the first case, the coplanarity condition of corresponding rays provides mathematically only five inde- 
pendent orientation elements, because nine independent parameters determine the one-to-one correspon- 
dence between the model and object spaces uniquely. 
For the second case, the central projective one-to-one correspondence with ten independent parameters 
is valid between the model and object spaces. Thus, the coplanarity condition determines mathematically 
six independent orientation elements. 
Consequently, one of the planimetric coordinates of the ~ r i n c i ~ a l  points for the stereo pair can be obtained1' 
from the coplanarity condition. 

The situation often occurs that the solution does not converge in the orientation calculation of pictures 
with various errors. This is due  to the following reasons: correlations between selected unknowns in  the 
case where the used pictures have random errors, or dependent relationships between the selected 
unknowns. However, because of the many parametes involved in close-range photogrammetry, the 
cause of ill convergence is sometimes confusing. The discussions given here are very helpful to avoid 
such misunderstandings. 
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