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The Model Construction Problem 
Using the Collinearity Condition 

The construction problem of a stereo model congruent to the object is 
discussed algebraically using the coll inearity condition between a 
model point and its measured image coordinates. 

0 BJECT SPACE CONTROL is usually established in 
terms of coordinates of control points. How- 

ever, other geodetic measurement such as angles 
and distances could also be used as a part of object 
space control (Ghosh, 1962; Wong, 1972, 1975; Ke- 
nefick et  a l . ,  1978; El-Hakim and Faig, 1981; 
Wester-Ebbinghaus, 1981; and others). In partic- 
ular, establishing object space control in terms of 
distances has a great practical appeal (Atkinson, 

In this paper, the construction problem of a stereo 
model congruent to the object is discussed not only 
for the general case where a photograph has 11 in- 
dependent central projective parameters but also 
for the usual case in close-range photogrammetry, 
where the geometry of a picture is determined with 
nine independent elements (the three interior and 
six exterior orientation parameters). Furthermore, 
the collinearity condition relating a model point and 
the corresponding measured image coordinates is 
employed as the fundamental equations, because 

ABSTRACT: The construction of a stereo model congruent to the object plays a sig- 
nificant role in close-range photogrammetry, because absolute positioning with 
respect to a reference coordinate system is not a matter of major importance. Thus, 
the orientation problem of overlapped photographs taken with non-metric cameras 
is discussed for the case where the object space control is established only in terms 
of distances. The orientation calculation is formulated by using the collinearity 
condition between a model point and the corresponding measured image coordi- 
nates, because the algebraic treatment of photographs is much easier than the 
conventional geometric approach by means of the coplanarity and similarity con- 
ditions. Non-central projective parameters defining the non-linear part of the dis- 
turbing feature of non-metric cameras are considered separately so as to make the 
discussions simple. 

1980), because a distance is invariant regardless of 
the selected coordinate system and its measurement 
is comparatively easily performed. 

In many close-range applications, absolute posi- 
tioning with respect to a reference coordinate 
system is not a matter of major importance. Of 
greater importance is the relative positioning accu- 
racy of points on the surface to be mapped. Also, 
this purpose is achieved by constructing a stereo 
model congruent to the object using only distances 
as the object space control (Okamoto, 1981a, 1982a). 
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the algebraic treatment of photographs (direct linear 
transformation (DLT) approach (Abdel-Aziz and 
Karara, 1971; Marzan and Karara, 1975; Okamoto, 
1982b)) is much easier than the geometric approach 
by means of the coplanarity and similarity condi- 
tions (Okamoto, 1981a, 1982a). Non-central projec- 
tive parameters defining non-linear lens distortion 
and non-linear film deformation are ignored in the 
first discussion, because we can grasp the mathe- 
matical meanings of the DLT approach to the model 
construction problem more clearly without these 
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elements and also because they can be determined 
only from the coplanarity condition of corre- 
sponding rays. 

MODEL CONSTRUCTION PROBLEM USING THE 

COLL~NEARI~Y CONDITION FOR THE GENERAL CASE 

In this section, the general construction problem 
of a stereo model congfuent to the object is dis- 
cussed not only for the case of a stereopair of pho- 
tographs but also for that of three pictures over- 
lapped. The collinearity equations between a model 
point and its measured image point are expressed 
in algebraic form (in the DLT form) and the object 
space control is established only in terms of dis- 
tances. First, constraints between the coefficients of 
the collinearity equations are explored and then the 
orientation calculation is described treating space 
coordinates of model points as unknowns. 

NECESSARY CONSTRAINTS AMONG DLT COEFFICIENTS 

In metric photogrammetry, a stereo model similar 
to the object is constructed by means of five relative 

exterior orientation parameters (+1, K~,+,,W,, K, (ro- 
tation elements only)) or ($,,w,, K, ,  BY,, BZ, (five ex- 
terior orientation parameters of the right photo- 
graph)) of a stereopair of pictures. A stereo model 
congruent to the object can be formed by deter- 
mining the model scale in addition to the five rel- 
ative orientation elements. This means that six ex- 
terior orientation parameters (+,, w,, K,, BX,, BY,, BZ,) 
of the right picture can also be selected for this pur- 
pose under the assumption that those of the left 
photograph are equal to zero. 

In non-metric photogrammetry, however, we 
must further determine all "independent" interior 
orientation parameters of a stereopair of pictures for 
the construction of a stereo model congruent to the 
object. By designating measured image coordinates 
as (xcl,yc,) and (xC,,y,,) for the left and right photo- 
graphs, respectively, and the stereo model space as 
(XM,YM,ZM), the collinearity condition relating a 
model point PM(X,,YM,ZM) and its measured image 
point p,(x,, y,) will be discussed for the left and right 
pictures, respectively, as follows (see Figure 1). 

Regarding the right photograph, the general col- 

stereo model 

FIG. 1. The collinearity condition between a model point and the corresponding measured image coordinates for the 
left and right pictures. The projection center of the left photograph is given as (0 ,0 ,0 )  in the model space coordinate 
system (X,,Y,,Z,) and as (xcol,ycol,zcol) in the left comparator coordinate system (xCl, yCl , zc l ) .  That of the right photograph 
has the space coordinates (BX,,BY,,BZ,) in the model space coordinate system and those (x,,,,y,,p,z,,2) in the right 
comparator coordinate system (xCz,y,,,zc2). The relationship between the picture plane and the comparator coordinate 
system considered here is fictitious, because two rotation elements defining this relationship are functions of all 
parameters describing linear systematic errors of photo coordinates. 
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linearity equations are valid between P M ( X M , Y M , Z M )  
and pc2(xc,,yc,) because the right picture has more 
than 11 unknown parameters (six exterior orienta- 
tion elements (+,, w,, K ~ ,  BX,, BY,, BZ,), three interior 
orientation parameters (x,,, y,,, c,), those defining 
linear film deformation and linear systematic mea- 
surement errors, and so on), eleven of which are 
central-projectively independent. However, the re- 
lationship between a model point P M ( X M , Y M , Z M )  and 
its measured image point pcl(xcl, y,,) for the left pic- 
ture does not yield the general collinearity equa- 
tions, which means that the left picture has less than 
11 independent central projective elements and 
thus constraints are generated between the 11 coef- 
ficients, if the collinearity condition is described in 
the DLT form. These constraints will be found in the 
following way. Without loss of generality, the gen- 
eral collinearity condition can be described in terms 
of 11 photogrammetric parameters of a picture 
(Faig, 1975; Moniwa, 1976, 1981; Okamoto, 1981a, 
1982a). Relating this fact to the collinearity equa- 
tions for the left photograph, we can see that they 
are expressed only in terms of five central projective 
parameters (the planimetric coordinates (x,,,, ycol) of 
the projection center referred to the comparator co- 
ordinate system (xcl, yc,,zcl), the principal distance, 
c , ,  and the two rotation parameters a, and p ,  about 
the comparator coordinate axes y,, and x,,, respec- 
tively), because the six exterior orientation elements 
are taken to zero. Therefore, we have six constraints 
between the 11 coefficients of the collinearity equa- 
tions in algebraic form. Next, this problem will be 
discussed more precisely. The subscript 1, indi- 
cating the left picture, is omitted for simplicity. 

The relationship relating a picture point (ideal) 
p(x ,y )  and its measured image point pc(xc,yc) is de- 
scribed by an orthogonal transformation of the form 

in which the coefficients dV(i  = 1, 2; j = 1, 2, 3 )  
are functions of the rotation parameters a and p 
about the comparator coordinates axes yc and x, as 
follows: 

in which 

xco Yco 
a ,  = dl,  - . a6 = d2, - - 

C 

On the other hand, the relationship between a 
model point P M ( X M , Y M , Z M )  and the picture point 
p(x ,y )  is given by 

because the six exterior orientation parameters of 
the left picture are taken to be zero. Then, we sub- 
stitute Equation 4 into Equation 3 to obtain 

AM 

- - c d l l X M  - cd12YM - ca,Z; - c a ,  
- 

z; + 1 
- c d 2 , X M  - cdZYM - ca,ZM (5) 

Yc = 
Z M  

- -cd , ,XM - cd,YM - ca6Z; - ca ,  
- 

z; + 1 

in which 

z; = ZM - 1. 

Describing Equation 5 in the DLT form 

B I X M  + B2YM + B,Z; + B4 
Xc = 

B9XM + BloYM + B l l Z ;  + 1 
B,XM + B6YM + B,Z; + B,  

Yc  = 
B,XM + Bl,YM + Bl1Z; + 1 

the following six constraints are generated between 
the 11 coefficients Bi(i = 1, . . . , l l ) ,  i.e., 

B,  = B ,  = B,,  = 0, 
Bll = 1, 

in which B ,  = O is obtained from the fact that one 
matrix element d, ,  in Equation 2 equals zero. 

FOR THE CASE OF A STEREOPAIR OF PHOTOGRAPHS 

cos a sin a sin p sin a cos p = (  0 
The collinearity equations between a model point 

cos p (2) P M ( X M , Y M , Z M )  and the measured image coordinates 
-sin a cos sin p . (xcl ,ycl)  for the left picture can be simplified by sub- 

stituting Equation 7 into Equation 6 as 
Eauation 1 can also be rewritten as 

LAGYM + IA?M 
Ycl = 

Z M  



PHOTOGRAMMETRIC ENGINEERING & REMOTE SENSING, 1984 

Also, the equations for the right photograph are in 
the same form of the general collinearity equations: 
i.e., 

x c 2  = 
9 1 X M  + 9 2 Y M  + 9 3 2 ,  + 9 4  

9 9 ' ~  + 9 1 0 ~ ~  + 9 1 1 ' ~  + 

Y c 2  = 
9 5 ' ~  + d 6 ' M  + d 7 ' M  + d 8  

d g X M  + d 1 O Y M  + ~ ~ 1 1 ' ~  + 
' 

Equations 8 and 9 yield 

l A l x M  + lAZyM + lA?M 
X c l  = 

ZM 
lA6'M + lA7'M 

Y c l  = TI 

united stereo model can be constructed with three 
such photographs. Also, the united stereo model 
can be made congruent to the object by using nine 
distances as control. This procedure will be outlined 
using the collinearity equations as the determina- 
tion equations as follows. 

Equation 10 is valid for points photographed in 
common on the first and second pictures. The same 
can be constructed for points in the overlapped part 
between the second and third photographs; i.e., 

Mathematically, Equation 10 includes one equation 
equivalent to the coplanarity condition of corre- Furthermore, the collinearity equations for the 
sponding rays. Also, the coplanarity condition pro- three Pictures are written down together as 
vides seven independent orientation parameters 
(Okamoto, 1981a). Thus, seven unknown coeffi- l A I X ~  + lAZYM + 
cients among the 16 independent ones of Equation X c l  = 

10 can be uniquely determined by setting up Equa- ' M  

tion 10 for seven model points. However, a stereo 1 A 6 Y ~  + lA7', 

model formed only by means of the coplanarity con- Y c l  = 
' M  

dition of corresponding rays is not similar to the 
object. In order to make the stereo model congruent Xc2  = 

9 1 x M  + & 2 y ~  + d 3 ' M  + 9 4  

to the object, the following expression, d s x ~  + d l o y v  + d l l z ~  + 1 

Lm = V ( x M r  - XMs)" ( y M r  - yM9)2 + ('Mr - Z M 3 2 3  (I1) 

must be valid for nine distances given as the object 
Y c 2  = 

d s X , V  + 9 6 ' ~  + 9 7 ' M  + 9 8  
space control (Okamoto, 1981a). In the above 
expression, L, denotes a distance from point r to d & M  + d l O Y M  + A l l Z M  + 1 

(13) 
point s in the object space, and the right hand side 

x c 3  = 
d l X M  + 3 A 2 Y ~  + $3'~ + 4 4  

is the corresponding length expressed in terms of 
the model space coordinate system. 

d g x M  + d 1 o Y M  + d 1 l Z M  + 

The 16 unknown coefficients of Equation 10 may Y c 3  = 
&J&4 + 3A6YM + 3A7zM + 3A8 

be determined as follows. We set up Equation 10 ~ S ~ M  + 3 A ~ ~ Y ~  + d 1 l Z ~  + 
for 18 model points at both ends of nine lengths 
given as the object space control, and Equation 11 which is valid for points taken on the three photo- 
for the nine distances. Also, space coordinates of the graphs at the same time. Equation 13 containts one 
18 model points are treated as d m ~ w n s .  Then, we equation which corresponds to the coplanarity con- 
obtain 81 equations with respect to 70 unkn~wns dition for the first and second pictures, one equation 
(the 16 coefficients plus 54 coordinates of the 18 equivalent to that for the second and third photo- 
model points). This is an overdetermined system graphs, and one equation for making the second 
which is caused by the fact that we have used 18 stereo model coincide with the first one. Also, the 
coplanarity equations, although the coplanarit~ con- coplanarity condition provides seven independent 
dition for the general case provides only seven in- orientation elements, and the transformation of the 
dependent orientation elements. However, a least- second stereo model space into the first one deter- 
squares solution can overcome this problem. mines four independent orientation parameters 

(Okamoto, 1981b). 
FOR THE CASE OF THREE PHOTOGRAPHS OVERLAPPED Mathematically, Equation 10 is valid for three 

We will assume that three pictures were taken points in the first stereo model space, Equation 12 
with an overlap. According to Okamoto (1981b), a for three points in the second one, and Equation 13 
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for four points in the space which belongs to both 
model spaces in common. Also, we can apply Equa- 
tion 11 for nine distances given as the object space 
control. However, in order to employ directly 
Equation 10 to 13 as the determination equations, 
we may set up Equation 10,12, and 13 for 18 model 
points at both ends of the nine lengths. Accordingly, 
we obtain more equations than those required for 
the unique determination of the unknowns, namely, 
the 27 coefficients of the collinearity equations for 
the three photographs and the 54 coordinates of the 
18 end points. Consequently, the orientation cal- 
culation must be carried out by using a least-squares 
adjustment, even when we have the minimum 
number of control distances. 

rior orientation parameters (xHl,  yHl,cl,xH,, y,,,c,) of 
the two photographs. In order to solve this problem 
by means of the collinearity condition expressed in 
the DLT form, the following discussions must be 
preceded (see Figure 2). 

With regard to the left picture, the collinearity 
equations relating a model point P M ( X M , Y M , Z M )  and 
the corresponding measured image point p,,(x,,, yCl) 
are described as 

X M  - c X M  + xHZM x c = x , - C - =  
Z M  ZM 

- - c x ,  + x,z;  + x, 
- 

z; + 1 

Y M  - C Y M  + YHZM 
(14) 

yc = y H -  C -  = 
2, Z M  

NECESSARY CONSTRAINTS AMONG DLT COEFFICIENTS 

In the usual case in close-range photogrammetry, 
where the geometry of a picture can be determined 
by nine independent central projective parameters 
(the six exterior and three interior orientation ele- 
ments), a stereo model congruent to the object can 
be constructed by determining six exterior orien- 
tation elements (+,,w,,~,, BX,,  BY,, BZ,) of the right 
picture of a stereopair of photographs and six inte- 

in which Z h  = Z M  - 1, and the subscript 1, indi- 
cating the left picture, is omitted for simplicity. Ex- 
pressing Equation 14 in the DLT form (Equation 6), 
we have two more constraints in addition to the six 
(Equation 7) in the previous section, i.e., 

B ,  = B,, and B ,  = 0. (15) 

lef t  picture 

FIG. 2. 
left and 

The collinearity condition between a model point and the corresponding measured image coordinates 
right pictures under the assumption that we have no linear systematic errors of photo coordinates. 

for the 
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On the other hand, the right photograph has nine 
independent orientation parameters (+,, w,, K, ,  BX, ,  
BY2,BZ2,xH2, y,,,c,) to be determined. Also, the nec- 
essary constraints among the 11 coefficients of the 
collinearity equations are given by, e.g., Bopp and 
Krauss (1978) and by others. 

FOR THE CASE OF A STEREOPAIR OF PHOTOGRAPHS 

The collinearity condition between a model point 
and its measured image point for the left picture 
can be described in the form of Equation 8, if we 
rewrite the two constraints (Equation 15) as follows: 

,A, = ,A,, and ,A2 = 0 (16) 

Also, that for the right photograph has the same 
form of Equation 9 under the constraints between 
the 11 DLT coefficients: i.e., 

in which 

The orientation calculation to employ the colli- 
nearity equations (Equation 10) as the determina- 
tion equations will be outlined as follows. 

The coplanarity condition of corresponding rays 
mathematically determines six independent orien- 
tation parameters. Also, for the construction of a 
stereo model congruent to the object, six distances 
must be given in the object space as control (Oka- 
moto, 1981a). As the six lengths have 12 end points, 
we must first set up Equation 10 for these 12 end 
points, which provides 48 equations. Further,  
Equation 11 is valid for the six distances, and the 
four constraints (Equations 16 and 17) must be sat- 
isfied between the 16 unknown coefficients of Equa- 
tion 10. Accordingly, we obtain 58 equations for the 
determination of 52 unknowns (the 16 coefficients 
plus 36 coordinates of the 12 model points). This 
overdetermined system is due to the fact that we 
have used 12 coplanarity equations. In addition, we 
usually have more than six lengths as the object 
space control. Therefore, this orientation problem 
may be solved by means of two different ways to 
consider the four constraints (Equations 16 and 17) 
between the coefficients of Equation 10: a method 
to incorporate the constraints in a least-squares ad- 
justment with parameters and additional constraints 
between these parameters and a technique to re- 
gard the constraints as additional observation equa- 
tions with zero variances (Bopp and Krauss, 1978). 

FOR THE CASE OF THREE PHOTOGRAPHS OVERLAPPED 

The orientation procedure described above can 
readily be extended to the usual case with three 
photographs overlapped, if we further introduce 
two constraints between the 11 coefficients of the 
collinearity equations for the third picture, which 
are described in the same form of Equation 17. 
Thus, the detailed discussions are omitted here. 

Measured photo coordinates usually include two 
types of systematic errors: linear deformation and 
non-linear distortion. We have already explored the 
properties of the former in the model construction 
problem by means of the DLT approach. However, 
the latter has been ignored in order to make the 
discussion simple and comprehensive. Therefore, 
this section supplements the consideration for the 
characteristics of the non-linear errors. 

The non-linear distortion of a measured image 
point is mainly due to lens distortion, which can be 
modeled with a functional form (see, e.g., Brown 
(1971): i.e., 

where x,y indicate ideal photo coordinates and r2 
= x2 + y2. The coefficients (k,, k,,k3,p,,p,) of Ax, b y  
are non-central projective elements, because the 
functional form is non-linear with respect to the 
ideal photo coordinates. From this fact we can see 
that the coefficients of Equation 18 can be deter- 
mined only from the coplanarity condition of cor- 
responding rays (Hallert, 1956; Koelbl, 1972; Faig, 
1975; Moniwa, 1976, 1981; Okamoto, 1982a). 
Therefore, we simply increase the number of the 
coplanarity equations by that of the non-central pro- 
jective elements in order to obtain them together 
with the central projective parameters. 

The construction problem of a stereo model con- 
gruent to the object has been investigated algebra- 
ically by using the collinearity condition between a 
model point and the corresponding measured image 
coordinates. The object space control is established 
only in terms of distances. The characteristics of the 
methods presented are as follows: 

In the general case where a picture has 11 inde- 
pendent central projective parameters, the number 
of independent orientation parameters to be deter- 
mined in the model construction process is 16 for 
a stereopair of photographs and is 27 for three pic- 
tures taken with an overlap. 
In the usual case in close-range photogrammetry, 
where the geometry of a picture can be determined 
by the nine conventional exterior and interior ori- 
entation elements, the number of such parameters 



THE COLLINEA 

is reduced to 12 for a stereopair of photographs and 
21 for three pictures overlapped. 
When expressing the collinearity equations in al- 
gebraic form, constraints are generated between 
the I l  coefficients. However, through careful geo- 
metrical consideration of this model construction 
problem, we can construct the determination equa- 
tions without such constraints for the general case. 
Also, in the usual case, only the two constraints 
formulated by Bopp and Krauss (1978) need be 
adopted to the right photograph of a stereopair of 
pictures, or to the second and third photographs of 
three pictures overlapped. 
Space coordinates of model points (mainly those of 
end points of distances given as object space con- 
trol) are treated as unknowns in this orientation 
calculation. 
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