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A Parallel Case of Photogrammetry 
and its Application in Narrow 

. . 

Transits 
The technique, for the two cases where the camera axes lie in the 
camera base line, resulted in increased accuracy of coordinate 
determination. 

One of the main prol,lems that is often encoun- 
tered in the recording of indigenotis architecture or 
archaeological m o n u ~ n e n t s  is t he  surveying of 
narrow places sucli as tunnels, corridors, galleries, 
arcades, skyways, or subterranean passages. In sucli 
cases, although tlie normal stereopl~otogrammetric 
case can still I)e used, there is ustially insuEicient 
space across the structure's axis for a base-line of 
the length necessary to precisely determine the co- 
ordinates in three di~nensions. This article presents 
a solution to this problem I)y wliich the accuracy of 
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Figure 1 shows the proposed parallel case of pho- 
togrammetry. Figures l a  and 11) show the two cx- 
trenie cases when tlie camera axes coincide with the 
base line. 

For case 1 (Figure la)  there is a possil~ility of 
forming a strip containing any nuinl~er of successive 
photographs. For case 2 (Figure 11)) only objects 
situated I~etwecn the two exposure stations can I)e 
photographed. Hence, case 2 offers limited possi- 
bilities of practical applicatiolls. It is easily realized 
that the coordinate determination along the camera 

ABSTRACT: The application of photogrammetric techniques, where space is insuffi- 
cient to apply normal stereophotogrammetric procedures, is investigated. Two par- 
allel cases of photogrammetry, where photographs are taken from exposure stations 
along the camera axis, are introduced. Theoretical error analysis and practical 
application show that the use of the proposed technique appreciably increases the 
accuracy of coordinate determination. 

coordinate determination may be increased appre- 
ciably. 

Generally, two images from two different expo- 
sure stations are required in order to determine co- 
ordinates in three-dimensional space. The angle 
subtended between the camera axis and the base 
could take any value between 0" and 180". In the 
two cases of the two extreme values of this angle, 
the camera axis coincides with the base-line, thus 
offering a number of applications in photogram- 
metry; in particular, the surveying of narrow lon- 
gitudinal structures where there is not enough space 
for the normal stereophotogrammetric base. 
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axis is not possible. It is also evident that for these 
cases no stereoscopic vision is possible, and coor- 
dinates can only be determined analytically. 

Most conveniently, a coordinate system is chosen 
with the origin at the camera station closer to the 
object (Figure la). The directions of the X, Y, and 
Z axes are as shown in the figure. The coordinates 
of an arbitrarily chosen object point are derived 
from Figure la. 

In this figure, point n is photographed from the 
two exposure stations o, and o, separated by the 
base b, along the Y axis. The point images n' and 
nl' have the coordinates x ' ,  z' and x", z", respec- 
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(b) Face to face 

(a) h c e  to back 

FIG. 1. Parallel case of photogrammetry. 

tively. The line o,ni is drawn parallel to no, so that 
the distance n'nt is equal to the parallax p,. The line 
no, intersects the X-axis in point k. 

The two triangles nko, and o,n:nl are similar; 
hence 

where c is the camera constant. 
But 

X" 
ko, = b, - . 

C 

Hence, by substitution, the Y coordinate can be 
written in the form 

where Y, and Y, are the Y-coordinates calculated 
from the x- and z-image coordinates, respectively; 
p, is the z-parallax (p, = z' - z"); and p, is the x- 
parallax (p, = x' - x"). 

Similarly, the X and Z  coordinates can be found 
from 

x' 
X = Y -  (2) 

C 

z' 
Z = Y -  (3) 

C 

It is noticed that the Y coordinates can be deter- 
mined either from the x' and x" or z' and z" image 
coordinates. The same equations can be applied in 

the case of using the second procedure (face to face), 
but x" and z" should have negative signs. 

ERROR ANALYSIS 

The fundamental error expressions can be de- 
rived from Equations 1, 2, and 3. Assuming small 
errors db,, dx', dx", and dc in the determination of 
b,, x', x", and c, respectively, the differential form 
is obtained for the Y and X coordinates of any point 
n to be 

and 

where Yo = Y + b,. 

In the present technique, the X and Z coordinates 
are functions of the dimensions of the cross section 
of the passage, which are usually constant. Hence, 
the error propagation for depth determination along 
the Y axis is of prime importance. 

The true errors of the photo-coordinates dx' and 
dx" and of the base measurement db, are actually 
not known, but generally an estimate of the stan- 
dard deviation of these values can be made by 
studying the different sources of errors. Then the 
variance&, of the Y coordinates can be obtained 
by the law of error propagation; i.e., 

Similarly, if z' and z" image coordinates are used, 

The variances of the image coordinates are con- 
tributed by errors in measuring image coordinates 
and by errors of the elements of inner and outer 
orientation. The differential formulas for the influ- 
ence of these errors on the image coordinates are 
known from literature. For the first photograph, dc 
represents the error of the camera constant c and 
clxt is the error of the determination of the position 
of the principal point from the fiducial marks in the 
photograph; dx: and dz: are the translations of the 
principal point due to rotations of the negative about 
the z' and x' axes in the photograph; db,, and db, 
are the translations of the first camera in the X and 
Y directions; and d+l, dol, and d ~ ,  are small rota- 
tions about the Z, X, and Y axes, respectively, 
through the perspective center. 

The differential formula for the influence of the 
assumed errors of inner and outer orientation on the 
image coordinate x' is then 
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variance of the image coordinates can be obtained 
from Equations 14 and 15 as 

(8) + -m2 X 2  +-m" c2 x2c2 2 

A similar equation can be written for the error dx" y2 c y2 bX y4 m b ~  

in the image coordinate of the second photograph; 
i.e., 

X2Z2 
2m$ +-2m:+ 

Y4 
x'" d'z" &"= -dx"--&--.  df 

t r 8  z2 + - c2m: 
Y2 

x" i' + - dc - dbX, + -dbY, 
C yo yo and 

x'lzl' X 4  x2z2 
- ( 1 + $) c&, - do, + Z " ~ K ~ .  (9) y : y: 

m$, - m:t + -m:r + - m:r 

X 2  c2 
Using the relations 

X2c2 + -m: + -mi, + -miy 
-7 YE YE y: 
A 

x1 = y c ,  

z 
zr = y c ,  

X 
= -c, and 

yo 

Equations 8 and 9 become 

and 

The true errors of the elements of inner and outer 
orientation cannot be known, but usually their stan- 
dard errors may be estimated statistically. For ex- 
ample, it is possible in terrestrial photogrammetry 
to determine the standard error of the measure- 
ments of the elements of orientation from the re- 
peated measurements of these elements. Accord- 
ingly, it can be assumed that the measurements of 
the different elements of orientation are free from 
mutual correlation. 

Assume that the standard errors of the elements 
of orientation are equal at both stations. Then the 

In order to investigate the influence of errors in 
image coordinates upon coordinate determination, 
Equations 16 and 17 are evaluated at the average 
conditions of the specific photogrammetric applica- 
tion under consideration. From past experience, the 
elements of inner orientation of a metric camera can 
be determined with a standard error of a few micro- 
metres. For further investigation, a reasonable 
value of a 5 km is taken as a standard error for each 
of the elements of inner orientation, and the camera 
constant is taken as 16 cm. 

The base length in this kind of application is not 
very long, usually not exceeding a few metres. Ac- 
cordingly, it can be measured with a steel tape to 
an accuracy of ? 1 mm, i.e., mbx = mb, = ? 1 mm. 
The rotation about the Z axis is done by using the 
telescope of the theodolite, if a phototheodolite is 
used, or by an auxiliary telescope, if a terrestrial 
camera is used. Experiments indicated that an av- 
erage standard error m+ of * 5  seconds of arc can 
be obtained by a normal operator. The adjustment 
of the rotation about the X and Y axes may be done 
using spirit levels with an average sensitivity of 10 
seconds of arc. Therefore, a reasonable assumption 
of * 10 seconds of arc for m, and m, is acceptable 
for further investigations. 

Now consider an average case of a corridor 4-m 
wide and 3-m high. If the camera axis is close to a 
side wall of the corridor and the base was chosen to 
be 10 m, an object on the top corner of the wall at 
a distance from the first camera station of 10 m will 
have the coordinates X = 4m, Y = 10m, Z = 1.5 
m, and Yo = Y + b = 20m.  
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Substituting these values in Equations 16 and 17, 
the standard errors of image coordinates are calcu- 
lated to be 

mxf = 12 ym and m,. = 9 ym 

It should be noted that the only orientation ele- 
ments that have a major influence on the accuracy 
determination of image coordinates are dx, and db,. 
The influence of the other factors is negligible. For- 
tunately, in the parallel case of photogrammetry b, 
vanishes; hence, db, can be minimized by accurate 
plumbing of the camera above the ground stations. 

The accuracy of measuring the image coordinates 
should be added in order to obtain the total influ- 
ence upon coordinate determination. If the mea- 
surements are conducted with a standard deviation 
m,,( ,,,,,,,, of + 10 pm, the total mxf and mx. will be 
equal to + 15 ym and 2 12 ym, respectively. These 
values are used in Equations 6 and 7 to compute 
the variance of the Y coordinates. 

It should be mentioned that the computed stan- 
dard error represents the estimated absolute accu- 
racy of the Y coordinate determination. Much better 
accuracy can be obtained if only the coordinate dif- 
ferences are to be determined. The influence of the 
errors of the inner orientation in that case will be 
negligible. 

PRACTICAL APPLICATION 

The present technique was used to survey the 
4.5-m wide air conditioning tunnel at the University 
of Petroleum and Minerals (UPM) in Dhahran. The 
pipelines occupy the middle of the tunnel and run 
along its centerline. Hence, it was possible to oc- 
cupy only the two 0.5-m wide sidewalks along and 
adjacent to the walls of the tunnel. The possibility 
of using the normal stereophotogrammetric case was 
investigated by calculating the variance of the Y de- 
termination. In such a case the Y coordinate is de- 
termined from 

where p, = x' - x" is the x-parallax. 
Assuming small errors db,, dp,, and dc in the 

resolution of b,, p,, and c,  respectively, the differ- 
ential form is obtained from Equation 18; i.e., 

Furthermore, the variance of the Y determination 
is obtained from Equation 19, assuming indepen- 
dent determination of b,, c,  and the image coordi- 
nates 
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FIG. 2. Arrangement of the test area (plan view). 

where 

With consideration to the conditions under discus- 
sion, the variance of Y is evaluated at b, = 0.5 m, 
X = 4 m, Y = 10 m, and c = 16 cm, and with 
standard deviations m,, = m,. = 15 pm and m, 
= 5 p m  Equation 20 yields 

m, = k33.2 mm. 

To apply the proposed arrangement, Equation 6 
is evaluated for the same point, i.e., at Y = 10 m 
and X = 5 m, and for the same camera constant. 
In this case, the base b, is chosen to be 10 m; hence, 
m ,  is calculated to be 12 pm. Using these values, 
wx is calculated from Equation 6 to be only c5.5 
mm, with an improvement of about six times from 
the previously obtained value of 233.2 mm. 

In order to investigate the practical accuracy of 
the proposed technique, 18 targets, distributed on 
the roof and the walls of a 10-m long section of the 
above mentioned UPM tunnel, were surveyed with 
three methods as shown in Figure 2. In the first 
one, direct measurements were conducted using 
calibrated steel tapes and one-second theodolites. 
The results of this method are taken as a reference 
for the two photogrammetric techniques. In the 
second method the normal stereophotogrammetric 
case was employed at station A, 10-m away from the 
first target in the section, so that b, = 0.5 m as 
shown in the figure. In the third method the pro- 
posed parallel case of photogrammetry was used at 
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TABLE 1. ACCURACY OF COORDINATE DETERMINATION OF THE TEST AREA 

Y-Photo 
Coordinates Determination 

Direct Standard Deviation 
Measurements (m) of Parallel Case (mm) Normal Parallel Y1 - Y Y, - Y 

Target X Z Y m, m, my case Y1 case Y, (inm) (mm) 

1 0.518 2.542 10.254 3.0 3.2 6.9 10.266 10.261 + 12 + 7 
2 2.506 2.539 10.258 4.6 2 .1  7 .1  10.291 10.246 +33 - 12 
3 4.521 0.043 10.252 3.4 2.4 5 .2  10.210 10.256 -42 + 4 

stations A and B along the tunnel so that b, = 10 
m. The Wild Terrestrial Camera P-31 with c = 100 
mm was used in the two photogrammetric methods, 
and the Y coordinates were computed to be com- 
pared with the direct method. Because the Y co- 
ordinates in the parallel case can be determined ei- 
ther from the x' and x" or z' and z" image coordi- 
nates, it was decided, according to Equations 6 and 
7, that the more reliable value may be obtained 
from the larger of these values. A large disagree- 
ment in Y values indicates a mistake in measure- 
ment or computation. The study was based on com- 
puting the standard deviation of the photogram- 
metric determination of the  18 targets. The 
coordinate system is chosen as shown in the figure 
and its origin is at point A. Table 1 shows the ob- 
tained results. The location of the different targets 
is given in the table by the three-dimensional co- 
ordinates X, Z, and Y of each target. 

Comparing the average standard deviation, it is 
obvious that there is an appreciable improvement 
in the accuracy of the Y determination. It is also 
noted that the accuracy in the parallel case depends 
on the values of X or Z, which is not the case with 
the normal case. Therefore, it is recommended that 
Equations 6, 7, and 20 be used to analyze the ex- 
pected accuracy for each specific situation before 
deciding which case is to be applied. 

In the new technique, it is obvious that the co- 
ordinates cannot be computed for objects situated 
along the camera axis. In most cases this should not 
present any difficulty, as the photographed objects 
are not usually located along the core of the narrow 
transits. 

Conventional methods that use intersections from 
two theodolite stations may be used if the number 
of the points to be surveyed is small and if time and 
space allow. If the object points are numerous or 
when long tunnels are to be surveyed by succeeding 
photographs, the use of such point-by-point tech- 
niques is very time consuming and economically un- 
feasible. 

A parallel case of photogrammetry, where the 
camera axes coincide with the base, is proposed 
when there is not enough space to establish a ste- 
reoscopic base for the normal case of photogram- 
metry. Practical experiments and rigorous error 
analysis show that the accuracy may increase tenfold 
when applying the proposed technique. 
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Short Courses 

George Washington University Continuing Engineering Education 
Washington, D.C. 

The following courses of interest will be given: 

Digital Geographic lnfomtion Systems (5-7 November 1984) 
The course concentrates on the requirements and techniques for managing and controlling geographic 

data within digital geographic information systems. It introduces the concepts of geographic analysis and 
emphasizes the need to assess simultaneously point, polygon, and raster (image) data. These concepts and 
the forthcoming interchange format family to be used for Landsat-D data (already in use in Canada for 
Landsat and polygon data) are explained. 

introduction to Techniques for lnfomtion extraction from Remotely Sensed Data (12-16 November 1984) 
Participants will learn the latest techniques being used to analyze digital image data. The course em- 

phasizes the analysis of multispectral scanner data such as the information being collected by the Landsat- 
5 satellite, other satellites, aircraft scanner data, and digitized aerial photography. These techniques are 
also used in laboratory exercises to supplement the course material. 

Remote Sensing for Global Resource Applications (27-30 November 1984) 
Participants will learn the principles and concepts fundamental to successful use of remote sensor data 

for resource applications. Emphasis is on the principles of digital information extraction and analysis 
techniques used for specific resource applications in mineral and petroleum exploration and assessment, 
forest management, cartography, land-use analysis, hydrologic applications, and agricultural crop yield and 
damage analyses. 

Advanced Geological Remote Sensing (1 1-1 3 December 1984) 
Participants will learn how to analyze image data produced by remote sensors, and how to apply the 

principles of digital classification and enhancement techniques to facilitate the extraction of geological 
information needed for mineral and energy exploration, and engineering and environmental geology. 

For further information please contact 

Merril A. Ferber, Assistant Director 
Continuing Engineering Education 
School of Engineering and Applied Science 
The George Washington University 
Washington, DC 20052 
Tele. (800) 424-9773 or (202) 676-8522 


