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ABSTRACT: A special bundle adjustment program which accepts terrestrial and photogram
metTlC data has been developed with self-calibration capability and a built-in gross-error
detector with '~data snooping." The program computes the redundancy numbers as well as
the external relIability factors for each adjusted image point. Using actual and simulated data,
In the form of terrestrial observations between object points, the effect of additional con
straInts on the ability of a photogrammetric system to detect gross and systematic errors has
been studied. In the combined adjustment, the detection of gross errors was improved sig
mficantly, partIcularly In areas where the intersection of rays is geometrically weak. The
detectIOn of systematIc errors did not improve, but their effect on the adjusted object coor
dInates (external relIabilIty) was greatly reduced in the combined adjustment.
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numbers, which will be defined later, for x in
creased from zero to about 0.8) when adjusted si
multaneously with the photogrammetric data. Only
two distances at each point are needed. This earlier
study of the effect of distances on the reliability is
here expanded to include two types of systematic
error: radial lens distortion and affine film defor
mation. Also included, in addition to spatial dis
tances between points, are observed height
differences as terrestrial data. The program GEBAT
(EI-Hakim and Faig, 1981), used in the following
tests, has been extended to compute parameters such
as r~dundancy numbers and external reliability
(which IS the effect of errors on adjusted object co
ordinates) factors. Three different types of data have
been employed: a simulated block with relatively
dense network of points and regular flight arrange
ment (60 percent forward lap and 20 percent side
lap), a large-scale (1:4400) actual block (Figure 1),
and a close-range convergent-photography block
(Figure 2). The photography in the later block was
taken with a Wild P31 camera. The bulk of the re
search has been performed on the simulated block
because it provides more flexibility and unlimited
variation in its parameters. The two actual blocks
have only been used to confirm some findings. In
all these studies, the effect of different (ypes of error
on the image residuals and the adjusted object co
ordinates has been computed for the case where (a)
only photogrammetric data were used and for the
case when (b) the combined adjustment was ap
plied. Before presenting the test results, some the
oretical investigations are presented. The main

INTRODUCTION

SIMULTANEOUS ADJUSTMENT of terrestrial and
photogrammetric observations has been ex

plored alr.eady for more than a decade (e.g., Wong
and Elphmgstone, 1972; Kenefick et aI., 1978; EI
Hakim and Faig, 1981). The main purpose of these
applications has been to allow a reduction in the
number of control points, especially in areas where
available geodetic observations are insufficient for
an adjustment of a complete geodetic network of
control points for phototriangulation. Instead of us
~ng the usually required number of geodetically ad
Justed control points, only available control points
plus some terrestrial observations are entered into
a si~ultaneous adjustment with the photogram
metnc measurements. This simultaneous adjust
ment IS referred to as "combined adjustment."

.Another benefit from the combined adjustment,
discussed .in the present paper, is an improvement
m the ability of the photogrammetric system to de
tect gross and systematic errors. The terrestrial ob
servations enforce certain relationships between the
groun? coordinates. Points connected by such ob
servations have less freedom to move. Thus, if an
error ex.ists in an image coordinate, it will appear,
dependmg on the type of terrestrial observation,
mainly in the image residual rather than in the
?Tound coordina~es, which means a higher reliabil
Ity for these pomts. An earlier study (EI-Hakim,
1981b) showed that distance observations between
points of low reliability, such as edge points, in
crease the reliability substantially (redundancy
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(i = 1,2; j = 1,2)

or

as follows:

where N is the coefficient matrix of the normal
equations. Partitioning the unknowns into orienta
tion parameters X, and object coordinates X2 , Equa
tion 3 becomes

QI: = [A
2

A
I

] [Nzz NZI]_1 [A~]
N12 Nll Al

and P is the weight matrix of the observations.
Each diagonal element of QI: represents the geo

metrical strength at the corresponding observation
point. Equation 4 can be rewritten in a diagonal
form as

where

from which

QI: = A, i,;-IAi + AzNidAi'
+ AzN"dNz', t-IN12NidAI (4)
- AzNidNzlt-'Ai - A,t- IN12NidAi'

where e, is the diagonal of A, t - IAi, ez is the di
agonal of AzNidAI, and e12 is the diagonal of the
remaining right hand side of Equation 4. Factor e,
represents the part of image error affecting the ori
entation parameters, and ez represents the part af
fecting the adjusted object coordinates, while e12
represents the interaction between the two effects.
The factor ez is only an indication of the external
reliability rather than an exact measure. The exter
nal reliability indication can be computed in a dif
ferent way as shown in Baarda (1976) and Forstner
(1979). Although this could provide more informa
tion about the geometry than the ez factor, it is still
only an indication of the external reliability. The
exact value of external reliability is very difficult to
compute by a theoretical function due to the fact
that these functions assume only one error and ne
glect the combined effect of the different errors. The
factor ez is thus chosen for its simplicity and the
availability of its components in a regular bundle
program. For the validity of the factor ez and its
relation to the effect of error on adjusted object co
ordinates, the reader is referred to El-Hakirn (1981a).

The part of image error affecting the residuals can(1)
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FIG.2. Close-range block with covergent photography from
the four corners.
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FIG.1. Sudbury-City block with observed distances.

objective of the theoretical study is to predict the
tendency of error distribution in residuals and ob
ject coordinates. However, the conclusions of the
paper are based mainly on the practical tests that
follow, because theoretical studies in this subject are
based on assumptions such as the existence of only
one error and the absence of correlations.

ERROR DISTRIBUTION-THEORETICAL STUDY

Errors in observations (vector L) will affect the
adjusted unknowns (vector X) and the corrections
to the observations, the residuals (vector V). The
ratio by which the error affects each of these vari
ables depends largely on the geometry of the sys
tem. This error distribution can be computed by the
variance-covariance matrix of the adjusted obser
vations and of the residuals.

After the adjustment, the weight-cofactor matrix
of the observations can be computed by applying
the covariance law on the function



TABLE 1. AVERAGE VALUES FOR ri AND e2 (NON CONTROL POINTS)
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Table 1 demonstrates practically the theoretical
expectations. When r i increases, ez decreases. Al
though the values shown in the table are the aver
age for all points in the block with the same number
of rays, the same principal applies to the individual
point (i.e., when ri is large, ez is small). However,
the absolute values varies depending on factors such
as point location in the photograph and in the block.
These factors have been studied in EI-Hakim (1981b)
for r i , however, factor ez varies also in the same way
but in the opposite direction.

The above analysis applies when no additional
constraints or conditions exist between the object
coordinates. In the next section it will be shown that
the redundancy number r i can be increased and the
external reliability can be improved through added
constraints rather than by improving the geometric
strength of intersecting rays.

(7)

(8)

(9)
n

1.5
2· m

m

L (ez(x) + ez(Y))j
j=l

Average
No. of Simulated Block' Sudbury City Block2 Industry Block' e2x/ e2y

rays I, Til e2x e2.t! rx fll e 2x e?!! r, cl! e2x e2,l! (any block)

2 0.00 0.40 0.97 0.53 0.00 0.42 1.00 0.50 0.00 0.41 0.95 0.55 0.750
3 0.33 0.43 0.67 0.33 0.24 0.38 0.67 0.33 0.44 0.37 0.43 0.57 0.500
4 0.48 0.55 0.36 0.39 0.44 0.43 0.38 0.37 0.52 0.44 0.31 0.44 0.375
5 0.54 0.56 0.28 0.32 0.45 0.48 0.35 0.25 0.300
6 0.55 0.57 0.23 0.27 0.48 0.47 0.29 0.21 0.250

'52 photographs, dense points.
255 photographs, regular urban large scale block.
34 convergent close-range photographs.

be computed from

Qvv = QL - Q;:

DETECTION OF GROSS AND SYSTEMATIC ERRORS

where QL is the a priori (or given) weight-cofactor
matrix of the observations. The diagonal elements
of (Qvv PLJ, where PLL is the weight matrix of the
observations, are called the redundancy numbers r i

for observation i and represent the part of the error
affecting the residuals. Factors Ii and ez are those of
importance to us and will be referred to in the fol-
lowing tests. They are related by the function - 00+------------------

It is of course important to reduce the effect of
image error on adjusted object coordinates (ez) and
increase the effect on image residual (ri ) so that it
can be easily detected. This can be achieved by im
proving the geometry, or increasing the number of
intersecting rays at object points. In order to verify
this, a block adjustment of bundles has been carried
out on the three test blocks and the various coeffi
cients of Equation 4 have been computed. Table 1
gives the values of ez and r i (averaged for all non
control points) for points with different numbers of
intersecting rays and for different blocks.

It is clear that improving the geometry, by in
creasing the number of intersecting rays, leads to
the desired increase in r and decrease in ez (see also
Figure 3). In fact, the average of ez(x) and ez(y) is
always

where n is the number of intersecting rays and m is
the total number of image points in the block. In
any block, the average of ez(x) and ez(y) for all the
points, each appearing n times in the block, always
follows Equation 9. This could be due to the fact
that 1.5 points (3 observation) results in zero re
dundancy and the error appears entirely at adjusted
coordinates (both ez(x) and ez(y) = 1.0).



TABLE 2. EFFECT OF DISTANCES ON REDUNDANCY NUMBERS

TABLE 4. EFFECT OF DISTANCES AND HEIGHT DIFFERENCES ON REDUNDANCY NUMBERS (SIMULATED BLOCK)

TABLE 3. EFFECT OF 100-fl-M IMAGE ERROR ON ADJUSTED OBJECT COORDINATES (IN MM)

including geodetic observations into the photo
grammetric adjustment. Therefore, the control points
in the actual blocks were carefully surveyed and
have an accuracy of 0.5 mm. This same accuracy
applies also to the terrestrial observations.

Table 2 displays the changes in r i for two different
blocks and for different combinations of distances
for points with different number of intersecting rays.
When two or more measured distances originate
from a point, the redundancy number increases to
the 0.5 to 0.9 range. One distance only does not
improve the reliability (case 0); also, if the distance
is in x direction, the increase in ry is small (case B).

Table 3 shows the effect of a 100-lJ-m image error,
for the same cases of Table 2, on the adjusted object
coordinates, without and with distances. Except for
case 0 (one distance only), the effect on adjusted
object coordinates is reduced substantially when
distances are used. In cases E to H, the object co
ordinates are almost unaffected by the error. In cases
A and B, where the distances are in the X-direction,
the improvement is mainly in X, with moderate im
provement in Y and little or no improvement in Z.
These two cases are repeated in the next test where
height differences and distances are used in the
combined adjustment. Table 4 shows the effect of
the combined adjustment on the redundancy num
bers. There is an additional improvement in r(x)

No. of Rays No. of Distances Original f i f i

3 2 0.18(X) 0.53
3 2 0.43(Y) 0.50
4 2 0.56(X) 0.69
2 1 O.OO(X) 0.13
2 2 O.OO(X) 0.71
2 3 O.OO(X) 0.90
2 4 O.OO(X) 0.77
4 2 0.67(X) 0.90

Without Distances With Distances

X y Z X Y Z

162 170 296 14 111 257
92 134 41 -12 116 49

127 22 -55 18 3 -16
-9 -67 31 -4 -65 32
16 -33 -16 2 -2 3
-4 -56 29 0 0 -2

-22 -50 25 -2 2 -1
2 -3 2 0 0 0
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No. of No. of No. of Original f i (distance
Rays Distances Height Diff. f i only) f i

3 2 2 0.18(x) 0.53 0.66
3 2 2 0.43(.11) 0.50 0.50
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A
B

EFFECTS OF ADDITIONAL CONSTRAINTS ON
GROSS-ERROR DETECTION

Block/Case

Block/Case

Case

The constraints used in this test are spatial dis
tances and height differences. These are probably
the most useful terrestrial data for inclusion in a
combined adjustment and also the easiest to acquire
in practice. It is expected, as mentioned in the pre
vious section, that the combined adjustment will
increase the effect of the gross errors on the resid
uals while their effect on the adjusted object coor
dinates will decrease. This is demonstrated using
combined adjustment with distances only and with
distances and height differences together. The re
dundancy numbers are computed for different cases
as shown in Tables 2 and 4. An error of 100 IJ-m is
introduced at each of these cases, and the effect on
the adjusted object coordinates is computed with
and without terrestrial data (Tables 2 and 4). Two
blocks are used here, the simulated block and the
close-range block. All the selected points, distances,
and height differences were on the perimeter of the
block (Figures 4 and 5). This is, of course, the area
where the geometric structure is the weakest, and
thus improvement by additional constraints is most
needed and more noticeable than anywhere else in
the block.

The studies do not include the effect of errors in
control points, and is focused only on the effect of

Simulated A
B
C

Close Range D
" E

F
G
H

Simulated A
B
C

Close Range D
" E

F
G
H
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IMAGE COORDINATES CONTAIN RADIAL LENS
DISTORTION

Generated lens distortion data, using the Wild
Aviogon lens distortion curve (Figure 6), have been
added to the simulated image coordinates. As shown
in the curve, the maximum error is about 9 f.lm. The
following parameters are studied:

• type of terrestrial observation,
• number and distribution of terrestrial observations,

and
• number of control points.

Various tests have been carried out with the results
displayed in Table 6 (Tests 1-8). The different distance
distributions are shown in Figure 7. The height
differences are at the perimeter of the block. Control
point distributions are also shown in that figure.
Analyzing these tests, the following comments can
be made:

• The overall effect on the residuals is negligible. The
standard error of unit weight has not changed while
the residuals at individual points have changed
slightly up or down.

• When no terrestrial data have existed, the control
point distribution is critical (compare object coordinate
error in Tests 1 and 2) while additional control points
do not improve the results significantly in the case
of combined adjustment (compare Cases 3 and 4).
Comparing Test 1, where 20 planimetric and 34
vertical control points have been employed without
additional constraints, with Test 8, where eight
planimetric and 14 vertical control points have been
used with terrestrial observations, it is clear that the
terrestrial data not only replace many of the control
points but also improve the accuracy.

• The optimum distance distribution in this particular
test is 28 perimeter distances (Test 6). These distances
do not form a closed polygon around the block as in
Test 3, but there are some gaps that have not affected
the accuracy but, on the other hand, have reduced
the measurement effort. Using 60 distances, as shown
in figure 4, does not change the results.

• The accuracy in Z does not change significantly until
height differences are introduced (Test 8). This is
probably because the elevation differences compared
to the flying height are small (nearly flat terrain).

Table 6 shows the overall accuracy of the different
tests, and it may be useful to study closely each
individual object point. The points included in Table
7 and shown in Figure 8 are selected as an example
of points with constraints in the block. By examining
Table 7 and Figure 8 comparing Test 2 and 3, it is
obvious that the error along the distance direction
has been removed. For points 68 and 82 the distances
are in the Y-direction while for points 138, 149, and
165 they are in the X-direction. The improvement
in the perpendicular direction or in the Z-direction
is smaller. When height differences are added to the
adjustment, the error in Z has almost disappeared.
Some increase in the errors has taken place in the
perpendicular direction, but it is too small to be
corrected by the distances.

DETECTION OF GROSS AND SYSTEMATIC ERRORS

D

A.-.

FIG.5. Part of close-range block showing erroneous points
and measured distances.

FIGA. Part of simulated block showing erroneous points and
measured distances and height differences.

EFFECT OF ADDITIONAL CONSTRAINTS IN
PRESENCE OF SYSTEMATIC ERRORS

Because systematic errors are much smaller than
most gross errors and affect all the points in the
block, it is expected that the influence of the com
bined adjustment will be very different on the two
types of error. In the case of systematic errors it will
probably depend more on the source of error and
the distribution of the terrestrial observations. Be
cause many factors are needed to be studied here,
only the simulated block is used in the following
tests.

(about 25 percent) and no change in r(y). However,
the improvement in the effect on object coordinates
is substantial especially when the error is in x co
ordinate (case A). In this case, the object coordi
nates are almost unchanged due to the error. When
the error is in y (case B), the resulting error in Z is
almost eliminated while the errors in X and Yare
reduced slightly.

It is now clear that the combined photogramme
!ric and terrestrial adjustment has a great advantage
in improving the reliability, both internal and ex
ternal. All that is needed is the measurement of
distances between points (two distances to each
point) on the perimeter of the block where the re
liability is originally the lowest. Height differences
are not needed for cases where the ratio between
variation in terrain elevations and camera station
height is large enough to cause correlation between
planimetric and height coordinates such as in close
range photogrammetry. However, in cases of nearly
flat terrain, height differences will help at least in
improving the external reliability.
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TABLE 5. EFFECT OF I-lM IMAGE ERROR ON ADJUSTED OBJECT COORDINATES (MM) (SIMULATED BLOCK)

TABLE 6. EFFECT OF COMBINED ADJUSTMENT ON OVERALL RESIDUALS AND OBJECT COORDINATES WHEN SYSTEMATIC
ERROS EXIST.

FIG.6. Lens distortion curve for the simulated data.
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With Distances
Photo Only With Distances and Height Oiff.

X Y Z X Y Z X Y Z

162 170 296 14 111 256 1 1 2
92 134 41 -12 116 49 -10 95 2

A
B

Object Point Error
Residuals (I-lm) (mm)

(J (x) (J (If)
Test Error Constraints Control 0 0 X y Z

1 Radial Lens None 20/34' 2.0 2.8 9 9 61
2 Radial Lens None 8/34 2.0 2.8 24 13 64
3 Radial Lens 0(32)" 8/34 2.0 2.8 8 9 62
4 Radial Lens 0(32) 20/34 2.0 2.8 6 9 61
5 Radial Lens 0(60) 8/34 2.0 2.8 8 8 62
6 Radial Lens 0(28) 8/34 20 2.8 8 9 63
7 Radial Lens 0(24) 8/34 2.0 2.8 9 13 63
8 Radial Lens 0(32)+

H(32)'" 8/14 2.1 2.8 7 10 41
9 Affine Film None 20/34 0.8 0.8 10 20 2

10 Affine Film None 8/34 0.3 0.3 12 21 2
11 Affine Film 0(32) 8/34 0.3 0.4 14 19 3
12 Affine Film D(32) 20/34 1.0 0.9 4 20 2
13 Affine Film 0(60) 8/34 0.6 0.6 13 19 4
14 Affine Film D(32) +

H(32) 8/14 0.4 0.4 14 19 3

'Indicates 20 horizontal and 34 vertical control points
"Indicates 32 distances
"'Indicates 32 height differences

TABLE 7. OBJECT POINT ERROR FOR SOME POINTS (FIGURE 8) - RADIAL LENS DISTORTION

Test #2 Test #3 Test #8

Point o. X Y Z X Y Z X Y Z

68' 31 34 0 10 1 0 7 1 4
82' 48 21 0 18 3 0 13 2 5

138 16 6 73 1 -5 64 3 -19 3
149 16 20 112 1 3 98 4 -25 2
165 13 22 116 0 7 104 4 -25 2

'Point was vertical control in case 2 and 3

Case
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systematic error does not produce significant errors
along the coordinate axis that is nearly parallel to
the distance directions or in Z. Most of the errors
in the object coordinates are in the perpendicular
direction where distances have little effect for this
size of error. This is clear from Table 8, where most
of the error in points 68 or 82 is in X (distances are
in the Y-direction, see Figure 9) and in the Y-direction

FIG.9. Improvement component along distance direction (af
fine film deformation).
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(<I) Test 1 in Table 6

(b) Test) in Table> " , Test 6 docs not include distances

marked by 1 • Test 7 does not include distances marked

by 2.

•

•

Q

.

FIG.? Distribution of distances and control points in simu
lated block. (Solid lines represent distances.)

(c) Test 5 in Table 6

IMAGE COORDINATES CONTAIN AFFINE FILM

DEFORMATION

The affine film deformation (which has a maximum
value of 15 I-lm at photograph edges), introduced
into the image coordinates of the simulated block,
produces a very different error pattern in both the
residuals and the object coordinates (Table 6, Tests
9 to 14) from that produced by radial lens distortion.
The additional constraints have not improved the
results at all. The main reason is that this type of



*Point was vertical control in case 10 and 11

Test #10 Test #11 Test #14

Point o. X Y Z X Y Z X Y Z

68* 30 5 0 25 4 0 26 4 4
82* 39 -1 0 47 7 0 49 7 5

138 -6 -17 1 4 -20 -2 3 -20 3
149 -9 -34 -1 5 -34 -7 5 -31 2
165 -7 -44 -4 6 -38 -4 5 -36 2
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TABLE 8. OBJECT POINT ERROR FOR SOME POINTS (FIGURE 9) - AFFINE FILM DEFORMATION

for points 138, 149, and 165 (distances are in the X
direction) .

The overall size of image residuals is very small
(less than 1 f-lm), and the additional constraints have
little effect on them.
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CONCLUDING REMARKS

The effectiveness of the combined adjustment as
a tool for error detection depends on the following
two factors:

• Error size. Large errors are very effectively detected
by the combined adjustment. Points with originally
low or no reliability could have a 0.7 or more redun
dancy number when two or more distances are mea
sured to these points. Systematic errors, due to their
small size, could not be detected any better, by the
residual, using the combined adjustment. However,
the effect on the adjusted object coordinates (exter
nal reliability) has, in most cases, been reduced sig
nificantly, and thus the overall accuracy of the
adjusted coordinates has increased.

• Error direction. As a rule, terrestrial observations are
very effective in eliminating the effect of image er
rors on the adjusted coordinates in the direction of
the observations. If the observations are distances in
the X-direction, for example, then about 90 percent
of the error in this direction is eliminated compared
to only 10 to 35 percent in the Y-coordinate. The use
of height differences eliminates virtually all errors in
Z.

Although more detailed studies are still needed (us
ing other types of terrestrial observations at more
different configurations), it is safe to say that, by


