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Visualization of the Quality of Surfaces
and Their Derivatives

K. Kraus

Abstract
Continuous geographic information, sucrl os terrain eleva-
tions or temperature, can be represented either as vectors,
e.g., isolines, or as raster, e.g., pixel graphics. This paper
dials with the quality of these representotions' Speciol ot-
tention is paid to the accuracy of secondary information,
such os teuain slopes, derived from digital elevation models,
For a mathematical analysis, synthetic surfaces ate em-
ployed. In analyzing reality, sur/oces ond tJreir derivotives
are considered to be affected by random errors. As a conclu-
sion, new ways of how to visualize the equality of surfaces
and of their deriva.tives are shown. Thus, the misuse of land'
related data stoted in geographic information systems can be
considercbly rcduced.

Preliminary Remarks
Worldwide, much effort is being invested in data acquisition
for geographic information systems (cISs). Until recently, lit-
tle attention has been paid to the quality of geographic data
stored in clss and of derived products. Disregarding aspects
of accuracy often results in misuses of geographic data
(Beard,1989).

This paper deals with land-related data which can be
represented by a function of geographic coordinates. In other
words, the value of the function, Z, depends on X and Y, i'e.,
Z6n.The mathematical form of function Z(XY) is not con-
sidered here, but the function must be continuous. The first
derivatives 4,6Y) and 4,(XY) may, however, show discon-
tinuities. This means thit the surface represented bV Z{XY)
contains break lines.

Function Z(XY) may describe any continuous variable
such as temperature or terrain elevation. Without limiting
generality, we can assume a special case of function Z(Xl')
describing terrain elevations.

Many GISs have the capability to derive isolines from the
function Z(XY), i.e., Z(XY) : constant. Such isolines can be
intersected with other data such as cadastral boundaries.
Sometimes, isolines of different functions are intersected
with one another. In these cases, accuracies specified in the
form of standard deviations o" arc of no use; rather, what is
needed is the accuracy of the isolines in the Xl'-plane, i.e.,
o,o1. This accuracy can be obtained as

o.o : o,ltan a : oIAZpl AZ (1)

tan a is the maximum terrain slope at a specific point,
AZ is Ihe isoline interval (usually constant over the en-

tire area of interest), and
AZ, is the distance to the neighboring is.olines in the

Xf-plane (AZrvaries along the isoline).-
We hive to givd careful consideration to the distance

AZ. of. neighboring isolines' It may become very large. As a
.o.it.qtttti., the Jtandard deviation c,, of isolines may be-

"om" 
'u.ty large, as well. Therefore, processes that depend on

the intersection of isolines may yield bad or even unaccepta-
ble results. It has to be emphasized at this point that the
above conclusion is valid for isoline information, i.e', Z(XY)
: constant, in any form, either vector or raster.

The above problem will be examined in this paperfrom
various view polnts. We start in in the next section with the
behavior of diJtances between neighboring isolines of analyt-
ical surfaces, In this context, derived surfaces are of special
interest. In the final section, function Z(XY) and its deriva-
tives become stochastic variables; this means that we con-
sider random errors 4, and create accuracy models for the
cls. That section also describes the visualization of these ac-
curacy models.

lsolines of Analytical Surlaces
Figure 1 shows a set of analytical surfaces with contours' To
tne teft there are two helicoidal surfaces; straight contours of
the first surface intersect in point Sr, and those of the second
surface in point 52, In the center of this figure we show a
cone of revolution with center point C of the contours. In the
oblique plane intersecting the cone from the right, contours
are pa.allel equidistant straight lines. The surface to the very
righi is a hypirbolic paraboloid; its contours are hyperbolas.

The distance AZobetween neighboring contours is in-
versely proportional to the (terrain) slope, tan a' In horizon-
tal surfaces the distance AZ, of. neighboring contours is
infinitely large. A horizontal area of the surface with an ele-
vation not equal to that of any contour cannot be represented
by those linei. However, in the case of a horizontal area at
the elevation of a contour, the corresponding contour covers
the entire area, i.e., it is undefined as a l ine. In other words,
for surfaces that incorporate horizontal areas, one has to deal
with both lines and areas of equal (tenain) elevation'

The problem becomes more interesting if one considers
lines andareas of equal (terrain) slope' For the analytical
surfaces mentioned above, Figure 2 shows the slope-lines.where

'By applying these accuracy characteristics, it becomes possible to
derive the accuracy of those areas using formulae by Prisley ef o1.
f l  q 8 q l .
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Figure 1. A set of analytical surfaces with the
corresponding contours.

Figure 2. Slope-lines on the surfaces defined in
Figure 1.

The slope value of the line is chosen to be smaller than that
of the oblique plane, and larger than that of the cone of revo-
lution. Figure 2 (the right part) illustrates a way of construct-
ing slope-lines on a contour map. Circles with a diameter
corresponding to the slope value sought are fitted in between
neighboring contours, The line connecting the centers of the
circles defines the slope-line (Killian and Kraus, 1992). We
obtain three line sections. The one in the hyperbolic parabo-
loid is part of an ellipse,. Line sections in both helicoidal
surfaces on the left of the figure are circles with center
points S1 and 52. At breakline B there is a displacement.
This phenomenon can be generalized in the following way:
non-symmetry of contours on both sides of a breakline shows
up as a displacement of slopeJines at the breakline,

In Figure 3, the spacing of isolines corresponds to the
slope of the oblique plane, while in Figure 4 it corresponds
to the slope of the cone of revolution. Figures 3 and e facili-
tate the following generalizations:

o In surfaces of constant maximum slope (planes, cones of rev-
olution, ...) the distance AZobelween neighboring slope-lines
becomes infinitely large. The error of these isolines in the
XY-plane becomes infinitely large, too.

2I am grateful for this information to Prof. Dr. Paukowitsch, of the
Institute for Geometry at the Vienna University of Technology. He
called my attention to the work of Burmester (1871) on "isophots"
in analytical surfaces. Isophots correspond to lines of equal slope for
the case of vertical lighting. In his publication, Burmester shows that
isophots of hyperbolic paraboloids are ellipses.
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Figure 3. Lines and area (plane) of equal slope
on the sufaces defined in Figure 1.

Figure 4. Lines and area (cone of revolution) of
equal slope on the surfaces defined in Figure 1,

o Should the slope of a surface of constant maximum slope be
equal to that represented by an isoline of slope, then th'e
slope-line is not defined within the area of this surface. The
corresponding slope-line covers the entire area. Conse-
quently, in surfaces that contain areas of constant maximum
slope, one has to deal with both lines and areas of equal (ter-
rain) slope.

lsofines Affected by Random Erors
Knowing the behavior of isolines in analytical surfaces helps
us interpret their behaviour in natural surfaces. Isolines in
natural surfaces are affected bv random errors that are caused
on the one hand by the roughness of the terrain, and on the
other hand by data acquisition. In the next chapter, contours
will be analyzed, followed by an analysis of slope-lines.

Conlours Aflected by Random Erors
In Figure 5, contours with an interval of 10 m are shown;
they were derived from a digital elevation model (DEM). This
DEM does not contain any horizontal areas, and therefore the
derivation of contours does not cause any problems. The
DEM consists of a rectangular grid with intermeshed break-
lines (Kraus et al,, 7982).

There are numerous ways of expressing the vertical ac-
curacy a, of contours (e.g., Li, 1982; Tempfli, 1980). In this
paper we are not primarily interested in the vertical accu-
racy, but in the planimetric accuracy of the contours in the
Xl-plane. Therefore, we are going to apply a simple formula
to express the vertical accuracy. This formula proved to be
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Figure 5. Contours with a 10-m interual.

adequate for describing the accuracy of contours derived
from a DEM (e,9,, Ackermann, 1978):

o " : e + b * Z '  ( 2 )

wherc Z'(= tana) is the maximum slope at individual terrain
points, coefficient b expresses the influence of the maximum
terrain slope on height accuracy, and coefficient o denotes
the component of the vertical accuracy that is independent
of the maximum terrain slope. Thus, the two coefficients o
and b describe the quality of products such as DEMS or con-
tour maps, e.g., for the 1:5,000-scale German Base Map, a =
0.4 m and b : 5 m, There is an interdependence between
coefficients a and b on the one hand, and flying height and
image scale on the other hand (Kraus, 1987). Therefore, aer-
ial photography can be planned in a way to conespond to
pre-defined quality characteristics o and b.

However, as mentioned before, we are not interested in
the vertical accuracy o, of points along contours but rather in
the accuracy of these lines in the Xl-plane o,o. This value
can be derived using Equations 1 and 2: i.e.,

o ' o : Q l z ' + b '  ( 3 )

For contours in Figure 5, estimates based on the flying
height and the image scale yield (Kraus, 1987)

o,ofml : (0.41 Z') + 3. (4)

According to this formula, the accuracy in the XY-pIane
at a terrain point with a slope of 100 percent is 3.4 m and, at
a terrain point with 20 percent slope, 5.0 m. For the entire
area of interest, o,o is visualized as a pixel graphic in Figure
6 with class boundaries 3.4 m [white), 3.8 m, 4,2 m, 4.6 m,
and 5,0 m (black). The values of the terrain slopeZ' for each
pixel were derived from the nrM, The values Z' represent the
inverse values of the distances ATobetween neighboring
contours,

In the future, Glss should include a model of accuracy
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for the contours in the Xl'-plane, in addition to the DEM.
Based on this model of accuracy, one could provide the posi-
tional accuracy of contours in the Xlz-plane at any point.

Slope-Lines Affected by Random Enors
In a DEM it is possible to derive the components of the nor-
mal vector to the terrain surface at each point of the rectan-
eular srid, and at every intersection of a breakline with the
Erid ((raus, 1987). Tha component of the normal vector
itong th" maximum slope iiused as the function value of
the digital slope model (ostr.t). From this DSM the slope-lines
can be derived. Figure 7 shows the slope-lines with an inter-
val of 10 percent and the breaklines of the DEM displayed as
bold lines, A comparison with the contours (Figure 5) con'
cludes that

o There are displacements of varying size in the slope-lines
along breaklines, and

o The distances 4So between neighboring slope-lines become
very large in areas of constant terrain slope.

The area of the terrain with elevations below 1450 m
shows a fairly constant slope of 70 percent.-The p-osition of
the isolines of slope in this area is more or less arbitrary.
Given the arguments in the last section, one can easily detect
a high degree of uncertainty in these lines. A raster image
with a thieshold of 70 percent would yield in this area a so-
called "salt-and-pepper" pattern.

The uncertainty in slope-lines can be weII visualized as
a band of corresponding width at both sides of the slope-
lines, The borders of these bands can be derived from the
DSM as isolines of equal slope, e'g', for a slope-line of 7o per-
cent at 69 percent and at zf percent' In this-example,-the
bandwidtlr-corresponds to i1 percent. The bandwidth varies
with the curvature of the terrain surface. In raster graphics,
pixels within the band could be painted black, and all other

ilixels outside the band white. Figure e !s srlc-h an image rep'
iesenting the bands of slope with a bandwidth of t 1 per-
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Figure 6. Accuracy of contours in the )ff-plane.

Figure 7. Slope-lines with a 10 percent interval,

cent. Variations in the width of the bands visualize the
uncertainty of the position of the slope-lines. Overlaying
these bands with the vector graphics (Figure 7) is of great
value to GIS users.

This accuracy overlay can be made even more impres-
sive, as shown in Figure L It shows the probability of the
position of ihe lines in the Xl'-plane in correspondence with
the Gaussian distribution. Gray shades in Figure 9 are ob-
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tained as a sequence of overlapping bands along the slope-
Iines. To derive the borders of the bands in the sequence, a
series of percentages was used that correspond to a Gaussian
distribution, and to a standard deviation. Empirical studies
have shown that o" = -t 1.5 percent is an adequate value for
the standard deviation. The black band corresponds to
+ 0.375 percent, representing one-quarter of the standard de-
viation oq. Further values in this series were obtained as
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Figure 8. Bands of slope with a band width of + 1 percent.

Figure 9. Gaussian distribution for slope-lines.

-f 0,75 percent (= aJz), 'r '1..725 percent (: 3oJa), + 1.5 per-
cent (: o"), -+'7.875 percent (: 5o"14), etc. Tables of the
Gaussian distribution can be found in many books on statis-
tics, Using them, one can state the probability of the position
of the slooe-lines in the Xl'-plane. Within the black band
this probibility equals 20 percent, Further bands represented
by lighter gray shades correspond to probabilities of 38 per-
cent, 55 percent, 68 percent, 79 percent, and so on.
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Similar to creating a model for the horizontal accuracy
of contours of a DEM, a model for the horizontal accuracy of
the slope-lines can be established for a DsM. There are only a
few references to the accuracy of terrain slope values derived
from DEMs. The following is based upon Equation 2:

L c Jc " : C + d " Z '
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wherc Z'is the maximum slope of the surface as defined by
the slope-lines, coefficient d expresses the influence of ter-
rain cuivature on the accuracybf the terrain slope values,
and coefficient c denotes the component of slope accuracy-
which is independent of terrain curvature. Determining val-
ues for these ioefficients will be the subject of extensive em-
oirical studies in the future,^ 

For the model of accuracy of slope-lines, the value o"o is

necessary to express the accuracy in the Xl'-plane' This
value can be ob,tained from considering Equations 1 and 5:
i p

Lackins *,tt-uu,.J.l";", ti J.l;cients c and ,, *" 
tu'

are forced t-o omit any visualization of models of the accu-
racy of slope-lines irrthe Xl'-plane. It should be stressed,
however, tlat future GISs should provide a model of accuracy
for lines of equal slope in addition to the DSM. For this pur-
pose, the second derivative Z' aI each terrain point is
needed. These values are obtained as "slopes of slopes," i 'e',

subjecting the model with the first derivatives Z', being the
DsM, to a second process of derivation.

Conclusion
cISs must be extended to contain models that represent both
seoeraphic data and their qualitv. Information systems
ltto"uta yield both the value of a function and its accuracy'
cts useis have to be informed about the accuracy of all direct
and derived products of the system' Accuracy models must
be visualized in a graphic form so that they can be easily in-
terpreted and undJrstbod by the user. In this way, the mis-
use of geographic data yielded by GISs can be reduced
considerably.
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