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Abstract 
A simple rigorous method for the geometric processing of 
SPOT images is formulated and evaluated. This method is 
based on the Direct Linear Transformation [DLTJ model, which 
is employed affer correcting the image coordinates for system- 
atic distortions caused by Earth rotation and cell size varia- 
tions due to off-nadir viewing. Corrections for other types of 
systematic errors are considered through the adjustment. 

Several experiments are presented using synthetic and 
real data to evaluate the new method. Simulated data are 
generated from a general model that imitates the SPOT orbit 
using the Eulerian parameters, satellite deviations, and ve- 
locity vectors, as well as sensor attitude angles as functions 
of time. The results show that sub-pixel accuracy can be 
achieved with as few as six control points, if control point 
errors are kept small. Different parameters that influence the 
accuracy of the resulting ground coordinates are studied; 
they include the number and quality of ground control 
points, image coordinate errors, and base-to-height ratio. 

Introduction 
During the past decade, spatial topographic mapping from 
space gained popularity. Satellite photogrammetry has the 
potential of becoming the favorite method for fast and sys- 
tematic map production on a regional and global basis. Satel- 
lite images are near orthographic projections of the Earth's 
surface, are already separated in color, and are available in a 
digital form that can be easily incorporated into geographic 
information systems. The SPOT system is able to acquire high 
resolution stereo imagery of almost all of the Earth's surface. 

A SPOT scene is built up by combining a sequence of 
scan lines which are recorded over a 9-second period, result- 
ing in a 6000- by 6000-pixel image for panchromatic mode, 
and a 3000- by 3000-pixel image for the multispectral mode. 
The orientation of the scene as well as the positions of the 
frame center and corners can be determined using the well 
known orbit characteristics recorded by the satellite's atti- 
tude and altitude control systems. The predicted ephemeris 
is available from SPOT Image Corporation for each scene. De- 
viations of the exposure centers from their nominal posi- 
tions, together with the effects of the changes of the attitude 
angels, introduce errors of about 500 metres between the true 
and the calculated ground positions of the scene (SPOT 
user's Handbook, 1988). 

SPOT scenes must be geometrically rectified in order to 
reach accuracies that are suitable for the production of 1: 
100,000- or 1:50,000-scale topographic maps. A commonly 
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used modeling technique is to apply a low-order polynomial 
to correct distortions of the scene relative to the map. The 
advantages of this approach are the simple implem&tation 
and no need for the satellite orbit and sensor calibration par- 
ameters. However, its disadvantages are the necessity of a 
large number of well distributed ground control points, the 
lack of a physical interpretation of the model, and the. de- 
pendency of the chosen polynomial on image and terrain 
characteristics, because different polynomials are required 
for each image. Another modeling approach combines a 
priori orbit data with ground control points in a simultane- 
ous adjustment. Better results can be achieved and the num- 
ber of ground control points is reduced. This model is gen- 
eral and suitable for any SPOT image. 

Numerous articles have been published on various tech- 
niques of modeling the SPOT imaging system (Dowman, 1985: 
Gugan, 1987; Gugan and Dowman, 1988; Konceny and Loh- 
mann, 1987; Mikhail, 1988; Nagy, 1988; Kratky, 1989; Wes- 
tin, 1990; Makki, 1991; Mikhail and Paderes, 1991). In this 
paper a new method will be developed to precisely rectify 
SPOT imagery. The image coordinates are first geometrically 
corrected for the effects of Earth rotation and cell-size varia- 
tions due to oblique viewing angles. Other systematic errors 
are considered through the least-squares adjustment proce- 
dure. The general collinearity equations for push-broom 
scanners are modified to the Direct Linear Transformation 
(DLT) equations. A least-squares adjustment solves these 
equations using a minimum of six ground control points to 
determine the 11 orientation parameters of a scene. Ground 
point intersection is implemented to calculate independently 
the ground coordinates of object points. The model is tested 
using synthetic and real data. The results show the potential 
of using the new technique for rectifying SPOT imagery. 

In the following, we first define image and ground coordi- 
nate systems, and then derive the linear mathematical mod- 
el. Equations used for the geometric corrections of the sys- 
tematic errors are formulated next. Then we describe the im- 
plementation of the model and the performed tests using 
simulated and real data. Finally, the accuracy of the com- 
puted ground coordinates is evaluated. 

Definition of Image and Ground Coordinate Systems 
The image coordinate system defined in a SPOT scene is two- 
dimensional. It has its origin at the left upper corner of the 
image, the u-axis is in the direction of increasing row num- 
bers, and the v-axis is perpendicular to it (see Figure 1). The 
pixel coordinates (u,v) can be converted to metric image co- 
ordinates (x,y) by 
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Figure 1. Definition of image coordinate systems and the 
SPOT sensor geometry. 

where u is the image row number, v is the image column 
number, and d  is the image pixel resolution (13 pn for 
SPOT). 

The ground coordinate system is a Shifted Geocentric 
Ground Coordinate System (sGCGCS). The Geocentric Ground 
Coordinate System (GCGCS) has its origin at the center of grav- 
ity of the Earth, its XG and Y, axes are in the equatorial plane, 
the X, axis is directed towards the Greenwich meridian, the 
ZG axis points towards the north pole, and the three axes 
constitute a right-handed system. Ground control coordinates 
are measured from large-scale topographic maps or by using 
the Global Positioning System (GPS). They are transformed to 
the GCGCs knowing the characteristics of the reference ellip- 
soid (GRS8O) and then are shifted to the center of the area 
covered by the scenes (see Figure 2) as follows: 

pressed as functions of the image row number (u), the image 
column number (v), the row and column numbers of the 
frame center (u v) and the image pixel resolution (4 (see 
Figure 1) as folfb6vls: 

Scan-line coordinates (Makki, 1991): 

where X, are ground coordinates in the SGCGCS, X, are 
ground coordinates in the GCGCS, and D, are GCGCS coordi- 
nates of the center of the ground area. 

Derivation of the Mathematical Model 
The SPOT sensor is a moving-perspective-center imaging sys- 
tem. Different scan-line coordinate systems can be dehed at 
different time intervals (AT) with respect to its frame center. 
On the other hand, a regular frame photograph has only a sin- 
gle image coordinate system defined at the time of exposure. 
The transformation between this system and the ground is de- 
scribed by the regular collinearity equations. For push-broom 
systems, each scan line has its own central perspective rela- 
tionship with the ground. Its parameters are time dependent 
and highly correlated between neighboring scan lines. 

The metric image coordinates of any point can be ex- 

Figure 2. Definition 
of the Geocentric 
and Shifted Geocen- 
tric Ground Coordi- 
nate Systems. 

Frame coordinates: 

x,, = (u - u,J d 
Y, = (v - v,) d 
zp = -fp = -1.082 m 

where xp, y, are the metric image coordinates with respect to 
the frame coordinate system; x,, y, are the metric image coor- 
dinates with respect to the scan-line coordinate system; and f , ,  
f; are the focal lengths of the two systems (int means trunca- 
ted). 

In order to apply the regular collinearity equations to the 
image coordinates of a point, they must Grst be transformed 
to the kame coordinate system by adding certain corrections 
to their values. Additionally, one must correct frame coordi- 
nates for the effects of satellite deviations from nominal posi- 
tions, perturbations in satellite velocity vectors, and rate of 
changes of the sensor attitude angles. The corrections to the 
image coordinates (Sx,Sy) can be written as follows: 

where c,, c,, ..., c,, and c, are constant values for the whole 
scene; AT is the time with respect to the frame center (u - 
uf)S,; and S, is the sampling time = 0.0015 second per scan 
line. 

Geometric corrections of systematic distortions caused 
by Earth rotation and off-nadir viewing are applied to the 
image row and column numbers before the adjustment, in or- 
der to reduce the effects of scan-line shifts and relief dis- 
placements, respectively. 

Equations 5 and 6 can now be reduced as follows: 

Thus, the corrected image coordinates (x', y') can be written 
as 

Y; = Yp + Sy 
= (v-  vr) d +  c9 + cInvd  + c,, u d  (10) 
= [c, - v,d] + [c,, + 11 v d + cIl u d 
= d 3 + d 4 ( v d ) + d 3 ( u 4 = d 3 + d 4 y + d 5 x  

In matrix form, we get: 

Equation 11 establishes a direct relationship between the 
measured image coordinates (x,y) relative to the left upper 
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corner of the image, and corrected frame coordinates (x;, Y'pl 
that can be used in the regular collinearity equations. Thus, 
this relationship transforms pixel coordinates of a push- 
broom image into corrected central perspective coordinates 
of a frame image. 

Next, the collinearity equations are combined with the 
corrected image coordinates as follows: 

Simplified in matrix form, this transformation becomes 

Mt . xi = S . M . (X, - X,) (13) 

where 

x, = image coordinate vector, 
X, = ground control point vector, 
S = scale factor, 
M = rotation matrix between the SGCGCS and the Corrected 

Frame Coordinate System (~Fcs), 
X, = coordinates of the exposure center of the CFCS, and 
M, = matrix of the corrections and transformation parame- 

ters between the original image coordinate system 
and the CFCS, as defined in Equation (11): 

that is, 

Therefore, the image coordinates can be expressed as func- 
tions of the ground coordinates as follows: 

where 

a,, = d4 h,, + d, dl m,,, a,, = d4 fm,, + d4 dl ma, 
a,, = d4 f m 1 3  + d4 dl m,,, a,, = -4 fA1 + 4 dl As, 
a,, = -4 fm,, + d2 fm,, + d2 d3 - dl d5 msl, 
a,, = -d5 fm,, + d, fm,, + 4 d, m ,  - d, d5 ma, 
a,, = -d5 fm,, + d, fm,, + d2 d3 m3, - dl d5 m,,, 
a,, = d5 fA1 - d, fA, - d, d, A3 + dl dB A,, 
a, = - d, d, m , ~ ,  aaa = - d, d4 m,~, 
a,, = -da d4 mS3, aa4 = dZ d4 A,, 
A , = m , , X c + m , , Y c + m , , Z c ,  
A, = m,, X, + m,, Yc + m,, Zc, 
A, = m,, X, + m,, Yc + ZC 

After some modifications, Equation 15 can be written as 

Equations 16 and 17, which are identical to the conventional 
Direct Linear Transformation model (Abed El-Aziz and Kar- 
ara 1971): i.e., 

Equations 16 and 17 can be rearranged as Equation 18: i.e., 

F, = x - L, X, - L, Y,, - L, Z,, - L4 + L9 x Xm 
+ L,, x Y,, + L,, x Z,, = 0 (18) 

F , . = y - L 5 X c , - L ,  Y ~ - L Z Z c s - L 8  +LByXc, 
+ Ll, y Y ,  + L,, YZ,, = 0 

where L,, &, ..., L,, and L,, are the eleven linear orientation 
parameters between two-dimensional image space and three- 
dimensional object space. They are functions of the five cor- 
rection and transformation and transformation parameters 
(d,,  ..., d,) and the six exterior orientation parameters of the 
CFCS: 

Ll = -a1,/a34, Lz = - a , , / ~ 1 ~ ~ ,  L3 = - ~ 1 ~ , / a , ~ ,  L4 = -aY4/a3*, 
L5 = -aP1/a34, L6 = -a22/a341 L, = -a23/a34, L8 = - ~ , ~ / a , ~ ,  
L, = a,,/a,,, L,, = a,,/a,,, L,, = a,,/a,,. 

Geometric Corrections 
The image coordinates (u,v) have to be corrected for system- 
atic errors caused by the rotation of the Earth and off-nadir 
viewing before the above model can be practically applied. 
The analytical formulas are explained below. 

Earth Rotation 
The Earth rotates around its axis with a mean velocity (Ve) of 
0.00007272205 radlsec. This introduces errors in the image 
coordinates in the row and column directions. The distor- 
tions of the scene depend on many factors, such as orbit in- 
clination (17, incidence angle of the scene (0, and latitude of 
the frame center (a). They can be corrected using the follow- 
ing equations: 

where 

D,, D,, = corrections to the row and column numbers, re- 
spectively; 

Q0 = geocentric latitude of the ground point = tan-' 
[(b:laZ) tan( @)I; 

Rn = b,l(l - (cos(@~,))~/149)o~; 
a,, be = semi-major and semi-minor axes of the GRS 80 el- 

lipsoid; 
Y = orientation angle of the scene, which is the angle 

made by the meridian with the perpendicular to 
the center line of the scene; 

and 
= ground pixel resolution, which has a nominal 

value of 10 m. 

Off-Nadlr Viewing 
SPOT off-nadir viewing causes cell-size variations in the di- 
rection of increasing column numbers. Knowing the off-nadir 
viewing angle of the scene, column numbers of any image 
point can be corrected using the following equations (see 
Figure 3): 
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vT age Figure coordinates 3. Correction for off-nadir of im- 

\ viewing. 
\ 

\ Ground 

E D 2 - ?  

Across track - 
coverage 

Left Image Right Image No. of B-to-H 
Experiment roll pitch yaw roll pitch yaw Terrains GCP. ratio 

A (1,2,3) 10 -0.3 1.0 -10 0.5 -1.0 Hilly 6,9,12 0.4 
B (1,2,3) 20 -0.3 1.0 -20 0.5 -1.0 Hilly 6,9,12 0.8 
C (1,2,3) 27 -0.3 1.0 -27 0.5 1 . 0  Hilly 6,9,12 1.1 
D (1,2,31 20 0.0 0.0 -20  0.0 0.0 Flat 6,9,12 0.6 

a = tan-' [dlf) (20) 
D, = H tan(w, - vp) (21) 
D, = H tan(w, - vp + va)  (22) 

where d is the image pixel resolution; a is the angle sub- 
tended by one image pixel at the frame center; H i s  the satel- 
lite height above the ellipsoid; wj is the off-nadir viewing 
angle of the scene; and D,, D, are the ground distances from 
the nadir point to the left hand corner of the scan line and 
the image point, respectively. 

Measured and corrected ground distances in the v direc- 
tion (dm, d,) are determined as follows: 

d,,, = v dg, 
d, = D, - D, 

Thus, the corrected column number (V,) is given by 

TABLE 1. SPECIFICATIONS OF TERRAINS AND SPOT STEREC-PAIRS USED FOR 
SIMULATION 

Implementation 
The total restitution process is shown in the flow chart (Fig- 
ure 4). The image coordinates as well as the coordinates of 
the ground control points (latitudes, longitudes, and heights 
above the ellipsoid) serve as input to the program, which is 
written with MATLAB on a Sun workstation, but could be eas- 
ily implemented on any inexpensive 486 microcomputer. 
The data to be extracted from the leader file of the SPOT 

stereo-pair are the off-nadir viewing angles, which can be 
easily determined from the mirror step numbers or the inci- 
dence angles of the left and the right images, the orientation 
angles of the scenes, as well as the latitude and longitude of 
the ground nadir point. The adjustment yields the following 
parameters: 

-$ Coordinab- (u,tr) 

1 
ElVth Rotation Comction 

The eleven linear orientation parameters (L, ,  ..., L,,) of the 
left and right images, 
Three-dimensional coordinates (X,, Y,, 2,) of tie and check 
points, and 
Variances and covariances of the unknowns. 

0.od.U~ ooordhdinta %tan 

1 
OcOcS S9et-k 

Rectification Results 
Many experiments were conducted using synthetic data in 
order to evaluate the new method. The data were generated 
from a strict analytical model that relates the image to the 
ground using the Eulerian orbital parameters (longitude of 
ascending node, orbit inclination, true anomaly, orbit semi- 
major axis, and orbit eccentricity). The true anomaly is con- 
sidered to be variable with time together with the distance 
from the sensor exposure center to the center of gravity of 
the Earth. The general model transformation equations con- 
tain the effect of the attitude angles, their rates of change 
with respect to time, satellite deviations from nominal posi- 
tions as functions of the perturbations in the satellite veloc- 
ity and acceleration vectors. 

Different sets of check point distributions were simu- 
lated, including completely flat terrains and hilly terrains 
with elevations varying up to 500 metres. The number of 
check points ranged from 25 to 50 for different tests. The 
RMS errors in the X,, Y,, and Z, directions and their stan- 
dard deviations were calculated by comparing triangulation 
results with known check point coordinates. Then, the error 
components in the Northing, Easting, and Height directions 
were also obtained. The results show that the errors do not 
exceed one pixel for any kind of terrain with elevation dif- 
ferences less than or equal to 500 metres and a base-to-height 
ratio equal to 0.8 . Tables 1 and 2 show samples of the re- 
sults for some of the test cases. 

In similar tests, the effects of satellite deviations from 
their nominal positions and rates of changes of the attitude 
angles were studied. Different values for the perturbations in 
the satellite velocity and acceleration vectors were used. Var- 
iations of the attitude angles were taken from the leader files 
of some real SPOT stereo-pairs. The results show that the RMS 
errors of the ground coordinates are nearly the same as in 
the previous tests. 

The developed method was also tested using real data. A 
SPOT panchromatic stereo-pair taken over Nevada was used 
(see Figure 5). The off-nadir viewing angles are 7-36' and 
10.04' to the east and the west, respectively. The area cov- 
ered by the scenes extends from latitudes 37"3'30.5"N to 
37'37'47.7"N and longitudes 116"3'37"W to 116°32'36.6"W. 
The mean ground elevation is 548 metres above the ellip- 
soid, and height differences vary up to 310 metres. The area 
is covered by 36 USGS 1:24,000-scale quad sheets. On these 
maps 12 well defined points were digitized with a mean ac- 
curacy of 10 metres. The marking of the positions of these 

1 1 
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TABLE 2. GROUND COORDINATE RMS ERRORS DERIVED AT THE 50 CHECK 
POINTS FOR SIX OF THE TEST CASES 

TABLE 3. GROUND COORDINATE ERRORS DERIVED FOR THE SPOT SCENE SHOWN 
I N  FIGURE 5 

Case number XG YG ZG 

Control points 
Check points 

S: Standard deviation at the six control points computed from ad- 
justment; and mean errors at the 12 check points. 

C-1 refers to experiment C using six control points, C-2 uses nine 
control points, etc. 

points in the scenes was made by manual pixel pointing, us- 
ing the cursor on a computer screen with an accuracy of 1 
pixel. Six control points were used in the adjustment. The 
RMS errors were calculated for the control and check points, 
respectively. The results are presented in Table 3. 

Model Analysis and Evaluation 
A complete simulation study was conducted in ordcr to ex- 
amine each factor that may affect the ground coordinate ac- 
curacy, such as the number and quality of ground control 
points, the measurement accuracy of the image coordinates, 
and the base-to-height ratio. Different numbers of control 
points (6 to 15 points) were used with error free image coor- 
dinates (Table 2). In other tests, random errors were added to 
the image and ground control coordinates. Random errors 
have normal distributions with standard deviation values 
ranging from 1 to 4 pixels for tho image coordinates and 0.1 
to 5 metres for the ground coordinates of the control points. 
Finally, the effect of the base-to-height ratio was examined 
and samples of the results were graphically represented. 

Figure 6 shows the KMS errors in the simulated data sets 
at the 50 check points for the flat and hilly terrains, when 
using different numbers of ground control points. Ground co- 

Figure 5. A SPOT panchromatic stereo-pair, taken over Ne- 
vada. 

ordinate errors are increasing with an increase of the eleva- 
tion differences between the terrain points. More control 
points than the minimum (six control points) do not improve 
the accuracy, when image and ground control coordinates 
are precisely measured. 

Figure 7 displays the effects of the measurement accu- 
racy of the image coordinates on the ground coordinates of 
the check points. The ground RMS error at any image coordi- 
nate measurement accuracy is nearly equal to the ground er- 
ror at one pixel coordinate accuracy times the measurement 
accuracy in pixels. The accuracy is not improved by increas- 
ing the number of ground control points. 

Figure 8 shows the effect of the measurement accuracy 
of the coordinates of the ground control points. The relation- 
ship between ground coordinate random errors and the re- 
sulting ground RMS errors are basically linear for all cases, 
and for any number of ground control points. Adding more 
control points reduce the ground RMS errors. It may be de- 
creased by 3 to 5 metres when increasing the number of the 
control points from 6 to 9 and 12,  respectively. 

The distribution of the control points is very important, 
and the resulting positional accuracy is affected by a weak 
distribution. The effects of the attitude rates of changes and 
the small perturbations in the satellite velocity and accelera- 
tion vectors are absorbed by the adjustment. 

Figure 9 represents the relationship between the base-to- 
height ratio and the resulting ground coordinate accuracy. As 
expected, the accuracy is improved by increasing the base-to- 
height ratio, which results in a better intersection geometry. 

Conclusions 
A new direct linear model for orienting SPOT scenes was pre- 
sented in this paper. The results of simulations and real 
scenes show the potential of using the new method for rectify- 
ing SPOT imagery. Accuracies better than a pixel can be 
achieved with a small number of ground control points, if 
control and image point errors are kept small. The whole pro- 
cedure takes a very short time (less than 3 seconds). After de- 
termining the linear orientation parameters, image and ground 
coordinates can be determined using the image and ground 
point intersection algorithms in a very simple manner. 
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Figure 6. Ground RMS errors at the check points, using 
different numbers of ground control points. 
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Figure 7. Ground RMS errors at the check points, depend- 
ent upon the image coordinate measurement accuracy. 
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Figure 8. Ground RMS errors at the check points, d e  
pendent upon the ground control measurement accu- 
racy. 
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